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EXISTENCE, UNIQUENESS AND STABILITY OF TRAVELING
WAVEFRONTS FOR NONLOCAL DISPERSAL EQUATIONS
WITH CONVOLUTION TYPE BISTABLE NONLINEARITY

GUO-BAO ZHANG, RUYUN MA

ABSTRACT. This article concerns the bistable traveling wavefronts of a nonlo-
cal dispersal equation with convolution type bistable nonlinearity. Applying a
homotopy method, we establish the existence of traveling wavefronts. If the
wave speed does not vanish, i.e. ¢ # 0, then the uniqueness (up to translation)
and the globally asymptotical stability of traveling wavefronts are proved by
the comparison principle and squeezing technique.

1. INTRODUCTION

In this article, we consider the traveling wave solutions of the delayed nonlocal
dispersal equation

% :J*u—u—du+/K(y)b(u(x—y,t—ﬂ)dy, (1.1)
R

in which x € R, t > 0. Equation represents the dynamical population model
of a single-species with age-structure in ecology [14l, 35l B6]. Here u(z,t) is the
density of population at location x and at time ¢, d > 0 is the death rate, and b(-)
is the birth function. The parameter 7 > 0 is the maturation time, we call it the
time-delay. J * u — u is a nonlocal dispersal operator, which can be interpreted as
the net rate of increase due to dispersal, where, J(x) is a non-negative, unit and
symmetric kernel, and J * u is a spatial convolution defined by

(J xu)(z,t) = /RJ(;U —y)u(y, t)dy.

As stated in [3, 2] 18], if J(z — y) is considered to be the probability distribution

of jumping from location y to location x, then (J *u)(z,t) fR y,t)dy is
the rate at Wthh 1nd1v1dualb are arrivmg to location x from all other placeb while,
the term —u(z,t) = — fR x — y)u(z,t)dy is the rate at which they are leaving

location z to travel to all other places.
Throughout this article, we assume that the kernel functions J € C!(R) and
K € C?(R), and the birth function b € C1(RT,RT) satisfy:
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(H1) J(z)=J(—z) >0, K(z) = K(—x) >0 for z € R.

(H2) [ J(x)dx =1, [ K(x)dex = 1.

(H3) [oflz[J(x) +[J'(z)[}do < o0, [p{lz|K (2)+ |K'(x)| + K" (z)[}dz < +o0.
(H4) b(0) = da — b(a) = d — b(1) =0 for some 0 < a < 1.

(H5) ¥'(u) > 0 for u € (0,1), d > max{b/'(0),v'(1)}.

(H6) () > d.

A specific function b(u) = pu?e 8% with p > 0 and 3 > 0, which has been
widely used in the mathematical biology literature, satisfies the above conditions
for a wide range of parameters p and 8. From (H4)—(H6), we can see that 0, «
and 1 are constant equilibria of , and the equilibria 0 and 1 are stable and «
is unstable for the spatially homogeneous equation associated with . We are
interested in bistable waves of nonlocal dispersal equation , i.e., traveling wave
solutions connecting the two stable equilibria 0 and 1. A traveling wave solution
of always refers to a pair (U, ¢), where U = U (&) is a function on R and ¢ is
a constant, such that u(x,t) := U(§), £ = x + ct is a solution of and satisfies
the following asymptotic boundary conditions

U(—o0) =e1, U(+0) = eq,

where e; and es are two equilibria of . Since we are interested in traveling waves
connecting 0 and 1, in this paper, e; = 0 and es = 1. We call ¢ the traveling wave
speed and U the profile of the wave solution. If ¢ = 0, we say U is a standing wave.
Moreover, If U(€) is monotone in £ € R, then it is called a traveling wavefront.
For some special cases of the equation , many well-known results have been
obtained. Some of them can be summarized as follows:
(i) If K(x) =6(z), 7 =0 and —du + b(u) =: f(u), then reduces to
%:J*ufquf(u). (1.2)
Equation has been extensively studied recently due to its wide applications
in material science [I], population dynamics [3], [7, 8], epidemiology [24] and neural
network [4I]. Many excellent results about traveling wave solutions of are
obtained, see Bates et al. [I], Chen [4] and Yajisita [34] for the bistable equations;
Coville et al. [71[8], Carr and Chmaj [2], Pan et al. [27), 28] for monostable equations;
Zhang et al. [37, B8] for degenerate monostable equations and references cited
therein.
(ii) If K(x) = d(x), then becomes
%:J*u—ufdqub(u(:c,th)). (1.3)
Pan et al. [28] considered the equation with monostable nonlinearity. They
established the existence and asymptotic behavior of traveling wavefronts by con-
structing proper upper and lower solutions, and proved the asymptotic stability
and uniqueness of traveling wavefronts by applying the idea of squeezing technique.
In particular, when b(u) = ae " u(z,t — 7) and du is replaced by Bu?, Li and
Lin [I7] gave the existence of traveling wavefronts in view of a pair of admissible
upper-lower solutions. Recently, Zhang and Li [39] further proved that the traveling
wavefronts with large speed are globally exponentially stable by using the weighted
energy method together with the comparison principle.
Note that the birth rate function b(+) in is considered to be local. In ecolog-
ical context, there is no real justification for assuming that the birth of individuals
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of the population is a local behavior (see [13], 21, 25| 26] [32] 42]). The species’
activities always involve the whole space and they move and marry in all region
but not isolated in one spot. For that reason, many people begin to generalize the
equation by incorporating nonlocal effects in birth rate function. Inspired by
the nonlocal reaction-diffusion model [31},[16], by introducing the nonlocal dispersal
into an age-structured population model

ou  Ou 0%u

ot " aa - PV
and integrating along characteristics, Zhang [36] and Yu and Yuan [35] indepen-
dently derived the model , which has a nonlocal nonlinearity term. Although
the nonlocal dispersal operator J *u — u lacks compactness and regularity, it main-
tains a maximum principle, which consequently enables a comparison principle, see
[12]. Zhang [36] combined Schauder’s fixed point theorem with upper-lower solu-
tions to investigate the existence of traveling wave solutions when the nonlinearity
function is monostable and crossing-monostable. Very recently, Zhang and Ma [40]
further proved that the minimal wave speed of traveling waves is also the spreading
speed for the solutions of with initial functions having compact supports. In
[14], Huang et al. proved that the planar traveling waves of with monostable
nonlinearity are globally asymptotically stable. We should point out that the above
authors only considered with monostable nonlinearity. When the nonlinearity
is of bistable type, the existence, uniqueness and stability of traveling wavefronts of
(1.1)) remain an open problem. As we know, such a problem is also very significant,
see [20] for the corresponding local diffusion case. Hence, the aim of this paper is
to solve this problem.

In view of the existence of traveling wavefronts for both the nonlocal monos-
table equation and the bistable non-local delayed diffusion equation [20], it is
then expected that the nonlocal bistable equation supports the existence of
traveling wavefronts. Typically for bistable dynamics, the existence of a traveling
wave solution is proven by a homotopy method or vanishing viscosity techniques
[T, [6] O] 18], or a recursive method for abstract monotone dynamical systems [34],
or by taking the asymptotical limit, as t — o0, of a solution to with an
appropriate initial data [4]. In this paper, we shall take the first method to prove
the existence of traveling wavefronts of . Although our method is based on the
work of [I], 6l [18], the technical details are quite different, due to the combination of
nonlocal dispersal and nonlocal nonlinearity. In order to study the uniqueness and
asymptotic stability of traveling wavefronts with nonzero speed, we shall construct
various pairs of super- and subsolutions and utilize the comparison principle and
the squeezing technique, which is introduced in [4, [I0], and applied in many other
papers [19] 20, [30, [33].

Now, we state the main result as follows.

—d(a)u,

Theorem 1.1 (Existence). Assume that (H1)—(H6) hold. Then there exists a non-
decreasing traveling wavefront (U, c) to (1.1) connecting two equilibria 0 and 1.

Theorem 1.2 (Uniqueness). Assume that (H1)—(H6) hold. Let (U, c) be a traveling
wavefront with ¢ # 0 as given in Theorem |1.1l Then the traveling wavefronts of
(1.1) are unique up to a translation in the sense that for any traveling wavefront
Uz + &) with 0 < U(E) <1, £ € R, we have é = ¢ and U(-) = U(- + &) for some
& e R
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Theorem 1.3 (Stability). Assume that (H1)—-(H6) hold. Let (U,c) be a traveling
wavefront with ¢ # 0 as given in Theorem . Then U(x + ct) is globally asymp-
totically stable with phase shift in the sense that there exists k > 0 such that for
any ¢ € [0, 1]¢ with

limsup max ¢(z,s) < a < liminf min ¢(z,s),
T— —00 SE[*T,O] T—+00 SE[*T,O]

the solution u(x,t; ) of (1.1) with initial data ¢ satisfies
lu(z, t;0) — Uz + ct + &)| < Me ™, 2 eR,t >0,
for some M = M(p) >0 and & = & (p) € R.

We remark that by the continuity of b and the assumption (H5), we can obtain
that du > b(u) for v € (0, ) and du < b(u) for u € (o, 1). Moreover, we can make
an extension by choosing a positive constant dy > 0 such that du < b(u) < 0 for
u € [—00,0] and du > b(u) > 0 for u € (1,1+7dg]. We can also assume that b’ (u) > 0
for u € [—dp, 1+ dp]. By the first part of (H5), this can be achieved by modifying (if
necessary) the definition of b outside the closed interval [0, 1] to a new C'-smooth
function and applying our results to the new function b.

The rest of this paper is organized as follows. In Section 2, we establish the
existence of traveling wavefronts of . In Section 3, we give some results on the
corresponding initial value problem of . In Sections 4 and 5, the uniqueness
(up to translation) and stability of traveling wavefronts are proved by applying the
elementary super- and subsolution comparison method and squeezing technique.

2. EXISTENCE OF TRAVELING WAVEFRONTS

Substituting U (x+ct) into ([1.1)) and denoting x+ct as £, we obtain the following
wave profile equation

cU':J*U—U—dU—l—/RK(y)b(U({—y—CT))dy (2.1)

with the boundary conditions
U(-0) =0, U(+o0)=1. (2.2)

In this section, we shall use a homotopy method, i.e., continuation method to
prove the existence of traveling wavefronts of (1.1)). The main ideas of this method
can be described in the following three steps:

Step 1. We embed (2.1)) into a family of equations continuously parameterized by
0 € [0,1] as follows:

9(J>(<U—U)+(1—9)U”—cU’—dU—i—/RK(y)b(U(ﬁ—y—CT))dy:0. (2.3)

When 6 = 0, the equation is already known to admit a unique (up to trans-
lation) traveling wavefronts (see [20]), and when 6 = 1, the equation becomes
).

Step 2. Applying a continuation argument given by the Implicit Function Theo-
rem, we pass in increments from 0 to 1 in 6, obtaining existence for all values in
the process.

Step 3. We extract a converging sequence when 6 goes to 1.
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Lemma 2.1. For 6 = 0, . ) has a unique non-decreasing solution U satisfying
0<U'(e) < ) U2 for all § € R.

The proof can be found in |20, Theorem 4.3, Lemma 2.5] and so is omitted.

Lemma 2.2. Let § € (0,1) and U satisfy [2.3) and (2.2). Then U(E) € (0,1) for
all £ € R.

Proof. Firstly, it is clear that any L solution of is of class C3 . If U reaches
its global maximum at & with U(&) > 1, then U'(§) = 0, U”"(&%) < 0 and
U(&) < U(&) for all € € R, which together with [, J(z)dz =1 and [, K(z)dz =1
imply that

(J«U—-U)(&) <0, (2.4)
(/K gw——wfdy</K' U(€))dy = b(U (&) < dU(),  (25)

and by -, one has

0T U= U)(&) = dU(0) + [ KHU(& —y=crdy>0. (26
Taking into account -, we further get from ) that
0(J U — U)(EO) > 0. (2.7)

Combining (2.4) and (2.7)), we obtain that (J * U — U)(&) = 0. That is,

U*U—w&w=AJ@—&Mww—U%»@=Q

which implies that U(y) = U(&) for all y € & + supp(J). By an iteration of this
process, one can show that U(y) = U(&) for all y € R, which contradicts to the
fact that U is not a constant. Hence, we obtain that U(£) < 1 for all £ € R. A
similar argument shows that U(£) > 0 for all £ € R. The proof is complete. (]

Now assume that (Uy, ¢p) is a solution of and for some 6y € [0,1) and
that Uj(&) > 0 for all £ € R. We shall apply the Implicit Function Theorem to
obtain a solution for 6 > 6.

We take perturbations in the space:

Xo = {uniformly continuous functions on R which vanish at +oo}.
Let £ = L(Uy, co; 6p) be the linear operator defined in Xy by
Lv=0p(J xv—20)+ (1 —0g)v" — cov' — dv
+ [ K@ Wl =y = ar)ot = = cor)iy
where
dom(L) = X; ={ve Xp:v" € Xo}.
Lemma 2.3. £ has 0 as a simple eigenvalue.

Proof. Tt is easy to see that LU} = 0, which means that 0 is an eigenvalue of £ with
eigenfunction U}). Thus, we need only to prove the simplicity of the eigenvalue 0.
Suppose that ¢ is another eigenfunction with eigenvalue 0 and assume also that ¢
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is positive at some points. We shall show that U} and ¢ are linearly dependent by
considering the family of eigenfunctions

¢s =Us+ B¢, BER
Let

B =sup{B < 0:¢s(&) <0 for some & € R}.

Then f3 is well defined since ¢ is positive at some points and U}, > 0 on R. For 8 < 3,
let 3 be a point where ¢g achieves its negative minimum. Thus, (Jx¢g—¢3)({z) >
0 and ¢j3(§s) > 0 and ¢5(§s) = 0. In fact, (J * ¢5 — ¢5)(€s) > 0, since otherwise
¢3 becomes a constant. It then follows that

Oo(J * ¢p — D) (Ep) + (1 — 00)d5(Es) — dop(Ep)
/K "(Uo(ép —y — co))pp(ép —y — coT)dy = 0.

Hence,

0> dip(En) > / K ()b (Un(Es —y — cor))da(s — y — cor)dy

> 6a(6s) [ K@V (Unlés v~ cor)
R

which implies

/ K U() 5,3 -y — CQT))dy Z d. (28)
It is easy to verify that {{s}5.5 is bounded. Indeed, suppose that there exists a
sequence {(3,} with 8, < 8 such that |£s,| — 400 as n — oco. Then without loss
of generality, we assume that {3, — +o00. By Lebesgue’s dominated convergence
theorem, we obtain from (2.8) that &'(1) > d, which contradicts to the assumption
(H5). B

Thus, we choose {3, }nen, a sequence which converges to 3. Let {£g, }nen be the
corresponding sequence of negative minimum. Since {£3, }nen is bounded sequence
in R, we can therefore extract a converging sub-sequence {¢ B, }reen such that £ B,
converges to some &. Observe that qSB(f) =0 < ¢5() for all £ € R and gb’B(g) =0.
Thus, we obtain at £ that
(7 %05~ 05)€) 20, 64(6) >0

and
/R K@)V (Us(E —y — cor)) b3 —y — cor)dy
> 65(6) / K()¥ (Uo(€ — y — cor))dy = 0.

We also have
Oo(J * 5 — ¢5)(5) + (1= 60)¢3(€)
/ K@)V (Uo(€ =y — co1))$5(E —y — com)dy = 0.

It then follows that
(J*d5—05)(E) =0
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By a similar argument as in the proof of Lemmal[2.2] we obtain that ¢5 = 0. Hence,
U} and ¢ are linearly dependent. The proof is complete. ([

The formal adjoint of L is given by
L =0p(J *v—v) + (1 —0p)v" + cov’ — dv

/ K(y)b' (Ug(- —y — coT))v(- —y — coT)dy.

It is easy to show that 0 is also a simple eigenvalue of £*, and Uj(—¢§) is an
eigenfunction corresponding to 0. Moreover, 0 is an isolated eigenvalue, since the
same holds for the operator M:

Mo =" + cqv’ —dv + / K(y)b'(Uo(- —y — com))v(- —y — coT)dy
R

and the added term 6y (J * v — v) leaves the essential spectrum unchanged (see [I]).

By the Fredholm Alternative, for f € Xy, Lu = f has a solution in X7 if and only

if fR fo*dr = 0 where ¢* is the eigenfunction associated to the eigenvalue 0 of L*.
We now state the continuation result.

Lemma 2.4. Let (Uy, co) be a solution of [2.3) and [2:2)) such that Uy > 0. Then
there exists n > 0 such that for 6 € [0y, 00 + 77) the problem (2.3) and [2.2) has a
solution (U, c).

Proof. We shall use the Implicit Function Theorem. Without loss of generality, we
may assume Up(0) = a. For (v,¢) € X1 X R and 0 € R, we define

G(v,c,0) = (0(,] * (Up+v) — (Ug+v)) + (1= 0)(Uy +v)" — (co+ ¢)(Uy +v)
Uy )+ [ K@ 40~y - (ot Ay, (U +0)0)

Clearly, G : X1 x RxR — X x R is of class C'!. Also, we have G(0,0,60y) = (0,Up)
and

oG
DG : = 0.0 (0,0,60)
_ <£ —Uf =7 J[o KV (Uo(- =y — cor))U(- —y — COT)dy>
) 0 ’

where dv = v(0).

If we can show that DG : X7 x R — X x R is invertible, then the lemma would
follow from the Implicit Function Theorem. To this end, let (g,b) € Xy x R. We
want to show the existence of a unique (v,c) € X; X R solving

DG(v,c) = (g,b).
That is,
Loty —cr [ K@V O~y - eon)Us(- ~y—rldy =g, (29)
R
v(0) = b. (2.10)
As we observed above, (2.9)) is solvable if and only if

—e [ (v 7 [ KW@~y — Uiy - cnar) 6 = [ 0. 1)
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We shall prove that the integral on the left of (2.11]) is not zero. Suppose for the
contrary that this is not true, then there exists vg € X; such that

Lo =Ug 7 [ K@Ul ~y = cor)Upl- —y - cordy. (212)
R
Multiplying (2.12)) by Uj(—£) and integrating over R yield

0= [ vstw = [ Ui{vs+7 [ K@Y -y - @n)Ti —y - )iy} >0
R R R

which leads to a contradiction. Hence, (2.11]) holds.
Furthermore, (2.11]) determines

fR 99"
Je UG +7 [ K b’(UO( —y —con))Ug(- — y — coT)dy) ¢*
With this value of ¢, the solutlon of (2.9) is determined up to an additive term oU},
where o € R. That means, any solutlon of LU =g+ cUj+cr fR ' (Uo(- —y —
coT))UL(- — y — ¢oT)dy can be written as © = v + oU], where v is the solution of
(2.9). Now (2.10) is satisfied by a unique choice of & since U}(0) > 0. Thus, DG is
invertible. This completes the proof. O

C = —

Remark 2.5. We need to point out that the solution Uy obtained by the Implicit
Function Theorem also satisfies the boundary condition (2.2)).

To prove Lemma we needed the condition U} > 0. Thus, if we want to apply
this lemma we must to show that for all 6 € [0y, 0y + 7], any smooth solution Uy of
(2.3) previously constructed satisfies Uy > 0.

Lemma 2.6. Let 6§ € [0y,00 +1n) and (U, cy) be the solution given above. Then
Uj(&) >0 for all € € R.

Proof. We first prove that Uy(£) > 0 for all £ € R. By contradiction, we assume
that there exists 6 € [0y, 0y + 1) such that there exists £ € R with Uj(§) < 0. Let

0 =inf{0 > 0y; U,(&) < 0 for some ¢ € R}.

It is well defined, since 0y < 0 < 0y +n. It also implies that Uy exists. From the
definition of 0, there exists a decreasing sequence 6, — 6 on which Uy (£) has a
negative minimum at some point & . At this minimum, Uén satisfies

On(J Uy, — Up,)(&,) + (1 = 0,)Ug’ (€0,
(2.13)
/K (&0, —y —co,7))Up (€0, —y — co,7)dy = 0.

From Lemma [2.4] . we obtain that Up, — U uniformly, and the sequence {£g,, }
is bounded. Hence, we can extract a subsequence which converges to §. It is easy
to see that Uj(§) = 0 < Ug(§) for all £ € R. Hence, UJ (£) = 0 and U"(§) > 0. By
taking n — oo in (2.13)), we have

=0(J * U — Up) (&) + (1 = O)UF" (€)
+ | KW (Us(€ ~ y = car)U3(€ ~ = cqm)dy.
Since Uz(&) € (0,1) for all £ € R, we have b’ (Uz(§)) > 0. Hence,

/R K ()b (Us(E —y — cgr))U(E —y — cgr)dy > 0.

(2.14)
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It then follows from (2.14) that (J U} — Uf)(§) = 0. This implies that UZ(£) = 0.
That means that Uy is a constant. This is impossible. The proof is complete. [

To continue the solution branch to 6 € [0,1), we need some a priori estimates on
the solution Uy of (2.3)) for 8 € [0,1).

Lemma 2.7. Suppose that for 0 € [0,0), there exists a solution (Ug,co) of (2.3)
and (2.2)). Then {cp: 0 €[0,0)} is bounded.

Proof. We show this by contradiction. Suppose that this set is unbounded. Then
there would exist a sequence {6,,} with ¢, = ¢y, — +00 as n — oo. For the sake of
convenience, we write U, = Uy, . Since U} (£) — 0 as || — 400, |U},(£)| achieves
its maximum value at some point &, of R. At &,, we have U"(§,) = 0 and

lealpllLoe ) = lealp (§n)]
= wn(t] * Un - U?L)(§7z) - dUn(gn) + /]R K(y)b(Un(gn —Yy—- CnT))dy| (215)

<2+d+b(1).
It then follows that
U | ) — 0 asn — oo.

We now assert that for any € > 0 and any closed interval I C (0,1) of positive
length there exists &, such that U,(&,) € I and |U}/(&,)| < e. If this were not the
case, there would exist such an interval Iy and a number ¢y > 0 such that |U}/| > €
on the interval [ay,, by,], where Uy, ([an, bs]) = Iy. Then

2||U7/L||L°°(R) > |Urll(bn) - UrlL(an” = |U7/L/(b’ﬂ - an)‘ > E(bn — an), (2.16)
and by the Mean Value Theorem, the length of Ij is
[To] = Un(bn) = Un(@n) < Ul ) (bn — @n) < |Upllzee @) (bn —an),  (2.17)
where @y, by, € [an, b,] with

U,(a,)= min U, and U,(b,) = max U,(&).
(@n) i () (bn) cmax ()

Combining (2.16) and (2.17)), we obtain that 2\|U;L||2L(X,(R) > €g|lo|, which contradicts
to the fact that ||U},||L~@®) — 0 as n — oo. Thus, the assertion is established.
Now take r > 0 small and let I be such that

du—b(u) < —r foralluel
in the case that ¢,, — —o0, and such that
du—>b(u) >r foralluel

in the case that ¢, — +00. Take e = r/2 and {&,} to be the sequence given by the
assertion above. Without loss of generality, we assume that ¢, — 400, then (2.3)
with 8 = 60,,, c = ¢, and U = U,, evaluated at &, gives

—r > —c,Ul — dU, (&) + b(Un (&)
> —c, Ul — dU,, (€,) + b(Un(én — cnT))
> —(J*Up —Up)(&n) — (1 - Hn)Ur/Ll(fn)

- / DU (En — 5 — ea)) — B(Un (€ — e )IK (1)dy
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> —=|(J# Un = Un)(&n)| = U7 (§n)] = blna IV | Lo ) /R YK (y)dy

> —[Unll=ey [ 1170 = € = Vone U 1oy [ 1K)
Since [|U},|| oor) — 0 as n — oo and [ |y|J(y)dy < +o0, and [ |y|K (y)dy < +oo,
taking n — oo, we have r < e = r/2, a contradiction. The proof is complete. (I

Lemma 2.8. Suppose that for 6 € [0,0), there exists a solution (Ug,cp) of (2.3)
and (2.2). Then {Uy : 6 € [0,0)} is bounded in C3(R).

Proof. Tt follows from ([2.3) that vy = U satisfies
O(J *vg —vg) + (1 — O)vy — covy — dug

2.18
+ [ KW On(e —y = n)uale —y - en)dy =0 (215)
Notice that
[ K@ Wole =y = eom)Uite =y = cor)iy
= WU €~y = DKW + | MU (€~ = com) K ()
= [ bl — v~ cor)K )y,
Then equation becomes
O(J * vg — vg) + (1 — O)vy — couy — dug
(2.19)

+ / b(U (€ — y — com)) K" (y)dy = 0.
R

Since Uj(§) — 0 as || — o0, vg = Uy achieves its positive maximum at some
point & € R, which implies that vj,(£s) = 0 and vy (§¢) < 0. Thus, we obtain from

that
0 < dvg(&p) < / b(Ug (&9 —y — co7))K'(y)dy < b(l)/ |K' (y)|dy.
R R
Hence,
b(1
lvgll Lo ) = vo(&o) < (d)/R|K/(y)|dy-

Differentiating (2.19)), one has
O(J * vy — vp) + (1 = O)vg’ — covy — duvy

s [ K@~y - Uiy -emay=0. 4P
R

Since

/R K () (Ua (€ —y — com))Up(E —y — cor)dy
BTN — y — e K ()T + /R b(Us(€ — y — com)) K" (3)dy

- / DU (€ — y — com)) K" (4)dy,
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equation ([2.20) reduces to
O(J x vy —vy) + (1 — O)vy" — covy — duy

+ / b(Up(& —y — com)) K" (y)dy = 0. (2.21)
R

It is easy to see that vy(§) — 0 as || — oco. Thus, |vj| achieves its maximum
at some point yg € R. Without loss of generality, we assume vp(x) > 0. Then
vy (xe) = 0 and vy’ (xg) < 0. Thus, we have from ) that

(o) < [ HOE —y = com) K"y < b01) [ |l
which shows that
el = o) < 23 [ 1" wlay
Furthermore, differentiating , we get
O(J xvy —vy) + (1 — 9)vé4) — couy’ — duy
+ [ ¥l =y~ camunté — v - com) K" w)dy =0,

By a similar argument, we obtain

1
o5 1=@) < gacloolzme) [ 1K 0)Ids
The proof is complete. O

Proof of Theorem[I. Since for § = 0 there exists a positive increasing solution
Up, we may apply Lemma 2.4 to get the existence of a solution Uy of and
for each § € (0,v) for some v > 0. By Lemma we further obtain that
Uy(&) > 0 for € € R. Define

6 = sup{f > 0 : there exists a positive increasing solution Uy of (2.3)}.

Clearly, 6 > v. We shall show that § > 1. We argue by contradiction, assume that
6 < 1. Choose a sequence (0,,)nen such that 6, — 6, and for each n, (2.3) has a
positive increasing solution denoted by (U, c,). Recall that (U,, c,) satisfies

0,(J % Uy — Up) + (1 = 0,)UL — ¢, Ul — dU,

/ K()b(Un(€ — y — car))dy =0, (2.22)
U (—00) =0, Un(+00) = 1.

Without loss of generality we may also normalize U,, by U,(0) = «. By Lemmas
and there exists a positive constant C' independent of n such that for each
n we have ||Uy||cs®) < C and |c,| < C. Since {c, }nen is bounded, we can extract
a converging subsequence {cp, }jen, such that c,, converges to some real number
¢. Let {U,,} be the corresponding wave profile of wave speed c,,;. Note that {U,,}
consists of positive uniformly bounded increasing functions. By Helly’s theorem
and C? estimates, it then follows that there exists a subsequence, still denoted
by {Un,}, which converges pointwise and C’foc to a positive smooth function U as
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j — 4o0. Hence, (Uy,,cn,) — (U,€) as j — +o0. Therefore, by letting j — +oo

in with n = n;, we get
6T —0) + (1 B)0" — e’ — dU + / K)b(0(¢ —y—ar))dy = 0. (2.23)
R

Clearly, this solution satisfies U’ > 0. Therefore, if # < 1 and U satisfies (2.2),
then by Lemma U(€) € (0,1), and hence the proof of Lemma again shows
that U’ > 0. Since we have assume that § < 1, then it can be shown that there
exists a positive increasing solution of for 6 € [0,0 +n) for some positive 1 by
applying Lemma again with U instead of Up. It leads to a contradiction with
the definition of #. Thus, # > 1 and the equation has a solution for every
0 €10,1).

We can get a solution for # = 1 in the same way above. Let (6,,)nen such that
0, — 1 and (Uy,cp)nen be the corresponding normalized sequence of solution.
From Lemmas and we have ||Uy||c,®) < C and |c,| < C for some positive
constant C. Thus, by Helly’s theorem and a priori estimate, there exists a non-
decreasing function U and a constant ¢ such that Uy, — U pointwise and ¢, — é.
From the C? estimates, up to extraction, we have Uy, — U in C} .. Therefore, U

satisfies (2.1)), i.e.,

J«U U —eU' —dU + /R K(y)b(U(€ —y — ér))dy = 0. (2.24)

It remains to prove that U satisfies the boundary condition . This will be
done with the proof of the assumption below , i.e., U satisfies . Since
U is positive bounded non-decreasing function, it admits limits as £ — +o0o0. By
Lebesgue’s dominated convergence theorem, we see from that these limits
are zeros of the function du — b(u), u € [0, 1].

Suppose that ¢ > 0. Notice that « is the intermediate zero of du — b(u). Take
a € (0,a) and translate Uy so that Uy(0) = & for each . We still may take a
sequence of § — @, a subsequence of the original one, so that Uy converges pointwise
to some U. Since ¢ is independent of translations, we still have cg — & Then
limg 0o U(€) = 0 and limg_, oo U(€) € {a, 1}. If limg_ ;oo U(€) = 1, then we are
done. Hence, we now assume that lim¢_, 4o U(€) = a. Due to the monotonicity of
U, it implies that dU (&) — b(U(€)) > 0 for £ € R.

If § < 1, from the above discussion, we can see that U is of class C? and satisfies
(2.3). Hence,

M B B M B B
0< / (dO(€) — (T (€))) dé < / (dO(€) — b(T (€ — er))) de

-M
= / N 07+ T = 0)(&) + (1= OT"(€) — eT'(€) (2.25)
M
+ [ B~y —en) ~ bU (€ — e )] de.
R

It is easy to show that

M B B M B B
/ (J T — 0)(€) dé = / / T[T —y) — U())dyde
M —M JR
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/ / J(y /0 —ty) dtdy d¢
‘/Ry‘](y)/o (/_M (¢ ~ ty) de) dt dy
[ [ O 1) 001 ) aeay
R 0
and
/ [ B~y =)~ U (e~ eI K )iy de
/ /K / yb' (U(E —ty —er))U' (€ — ty — er) dt dy dé
0
/ yK(y) / (UM —ty —er)) —b(U(~M — ty — er))] dt dy.
R 0
Hence, from it follows that

0< / HAU(©) b)) de

<=0 [ v [ OO t) =021~ 1)) dray
9)(U"(M)

U'(-M))
1
— / yK (y) / (UM —ty —er)) — b(U(—M — ty — er))] dt dy.
R 0

Taking M — +o0 in the above inequality and using Fubini’s Theorem, Lebesgue’s
Theorem and the evenness of J and K, we obtain

which leads to a contradiction.
If = 1, then U satisfies (2.1). Similarly, by using Lebesgue’s Theorem and the
evenness of J and K, we can see from (2.25]) that

It is a contradiction.
For the case ¢ < 0, we can use a similar argument by taking @ € (a,1). The
proof is complete. O
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3. INITIAL VALUE PROBLEM

Consider the initial value problem

@:J*u—u—du+/K(y)b(u(a:—y,t—T))dy, z€R,t >0,
R

ot (3.1)

u(z,s) = ¢(x,s), xe€R,se[-T,0].
It can be seen from [I4] that for the initial value problem (3.1)), we have the
following result on the existence of solutions.

Lemma 3.1. Assume ¢(z,s) € C([—7,0]; C(R)) with 0 < ¢(z,s) <1 for (z,s) €
R x [—7,0]. Then the solution to (3.1) uniquely and globally exists, and satisfies
that u(x,t) € C([0, +00); C(R)), and 0 < u(z,t) <1 for (x,t) € R x [0, +00).

Let X be the Banach space defined by
X ={p(@)|p(z) : R — R is uniformly continuous and bounded}
with the usual supremum norm | - |x. Let
Xt ={px) € X :p(x)>0,2 R}

It is easily seen that X is a closed cone of X and X is a Banach lattice under the
partial ordering induced by X .

Jz J(x = y)[u(y) — u(z)]dy : X — X is bounded linear operator with respect to
the norm |- |x. Then

/Jx— y,t) — u(x, t)]dy,
u(z,0) = p(x) € X

(3.2)

generates a strongly continuous analytic semigroup T'(¢) on X and T(t)XT C X,
that is T'(t)u(x) > 0 if u(z) > 0 has a nonempty support and ¢ > 0. Moreover, the
mild solution of (3.2]) can be given by u(x,t) = T(t)¢(x). For more details, we can
refer to Pan et al. [28]. The theory of the operator semigroup can be seen in Pazy
[29].

For any ¢ € [0,1]c ={p € C : ¢p(z,s) € [0,1],z € R,s € [-7,0]}, define

F(g)(x) = —dip(z,0) + / K(z - y)b(ply, ~m))dy, z€R.

Since b € CH(RT,R™), we can verify that F(¢) € X and F : [0,1]c — X is globally
Lipschitz continuous.
From (H5), it can be seen that for ¢ < 1),

F)(z) = F(o)(x)

= —d((@.0) = 6(2.0) + [ K@= p)bls ) = b~y (33)
Definition 3.2. A continuous function v : [—7,I] — X, I > 0 is called a superso-

lution (subsolution) of (1.1 on [0,1) if

v(t) > ()Tt — s)v(s) + / T(t — r)F(v.)dr (3.4)
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for all 0 < s <t < l. If v is both a supersolution and a subsolution on [0,1), then
it is said to be a mild solution of (3.1)).

Remark 3.3. Assume that v: [~7,1) x R = R with [ > 0 and v is C'in z € R, C*
in ¢ € [0,1), and satisfies the following inequality
Ov
ot =

Then by the positivity of T'(t) : X — X implies that (3.4) holds. Hence, v is a
supersolution (subsolution) of (1.1]) on [0,1).

> (< )J*v—v—dv—i—/K (v(z —y,t —7))dy, =e€R,t>0,

Lemma 3.4. For any supersolution u™ (x,t) and subsolution u™ (x,t) of . on
R x [0+ 00) with 0 < u™(x,t),u” (z,t) <1 forx € R, t € [-7,4+00), and u™(x,s) >
u”(z,8) for allz € R and s € [—T,0], there holds u™* (z,t) > u™(x,t) forx G R t>
0, and there exists a positive continuous function ©(x,t) defined on [0,+00) x
[0,4+00) such that

1
() —u(2,1) > O(zl. t) / et (4,0) — u™ (4, 0)]dy
0
forx e R, t>0 and z € R.

The proof of the comparison principle in Lemma [3.4] strongly depends on the
analyticity and positivity of semigroup T'(¢). For more details, we can refer the
readers to [22] 23]. Hence, we omit the proof here. It can also be seen in [14] for
another type of proof. Due to 7 the proof of the last inequality in Lemma
is only a minor modification of the proof of Lemma 2.3 in [37], so we omit it.

4. UNIQUENESS OF TRAVELING WAVEFRONTS

It is well known that standing waves (that is, traveling waves with speed ¢ = 0)
are not necessarily unique, see [4[5]. Hence, we consider the uniqueness of traveling
wavefronts only when ¢ # 0.

Lemma 4.1. Let U(x+ct) be a non-decreasing traveling wavefront of (1.1). Then
forc#£0,

0<U'(¢) < ||(1+b( )) forall £ € R, (4.1)
ggrfoo U'(¢) =0. (4.2)

Proof. By Lemma we have that for £ = x + ct and every h > 0,

Ule-+1) = U(©) = 0(al.0) [ U+ h) = Ulw)ldy >0
Then,
U'(€) = ©(lz|,t)(U(1) = U(0)) > 0.
It is easy to see that for ¢ # 0,

where
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Hence,

5 d+1
U(© = HU©O +3 [ (= D) FEIHO) s, (43)

When ¢ > 0, we obtain

£ d+1
U(e) < 1/ (D) e 2D U (s)ds < (1 + b(1).

C

Thus, (4.1)) is obtained. Finally, (4.2) follows from (2.2]) and (4.3). The proof is

complete. ([

Lemma 4.2. Let U(x + ct) be a non-decreasing traveling wavefront of (1.1) with
c# 0. Then there exist three positive numbers [y (which is independent of U), oy
and & such that for any 6 € (0,8] and every & € R, the function w™ and w™ defined

by
wE(z,t) = Uz + ct + & £ 0o (eP™ — e7Pot)) + ge—Pot
are a supersolution and a subsolution of on [0, +00), respectively.
Proof. By (H5), we can choose 3y > 0 and €* > 0 such that
d > o + %7 (max{b'(0), ' (1)} + €*).

Since ¥’ (u) > 0 for u € [0, 1], there exists a sufficiently small number §* > 0 such

that
0<b(n) <V(0)+€e forallne|[—6" 6,

0<V(n) <V(1)+e" forallpe[l—51+45%.

Let ¢ = |e|7 + (%7 — 1). By the boundary condition (2.2)), there exists My =
Moy(U, Bg, 6*,€*) > 0 such that

U(¢) <6 forall £ < —My/2+ o,

(4.4)

4.5
U)>1-6 forall € > My/2 — co (4.5)
and
“+o00
d> o + %7 (max{b/ (0), (1)} + ) + %78 | / / )dy|. (4.6)
Set
mo :=mo(U, B, 0", €") = min{U’(g) D€l < My} >0, (4.7)
and define
1
= BoTp! _ 4
90 - mOﬂO {( bmax d) +ﬁ0} > 0, ( 8)
N 1
= 1 = s*,—BoT 4
1) mln{go,ée } (4.9)

We only prove that wT (z, ) is a supersolution of (1.1]), since the similar argument
can be used for w™ (z,t). By a translation, we can assume that £ = 0. For any
given & € (0,6], let £(x,t) = x +ct +0od(e™ —ePot). Then for any ¢t > 0, we have

S(wh)(z,t)
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8w+ +
i= S = Trwt bt 4 dut /K(y)b(w (x—y,t—7))dy
R

=U'(&(x,1)) (¢ + aodfoe ) — Bode ™ot — /]R J()U(E(x,t) — y)dy
)) + dU(g( t)) + doe= "ot
/ Ky 2, t) —y — e + 0g6 (ePT — e PUTT)) — go5 (T — e_ﬁot)}

+ 56_B°(t_7))dy

= el (e(e.1) - / T)UE(.1) — )dy + U(E(e,0) + dU(E(x. 1))}
+ 000fge Pt (&(x,t)) — Bode Pt 4 diePot
— /RK(y)b(U {5(3@, t) —y — et + 0pd (6607— — e_BO(t_T)) — 000 (eﬁOT — e_ﬁot) }

+ 56750(7577))(13/

= a00fpe” P (¢(w, 1)) — Bode " 4 dge ! / K)blU(§(x,t) —y — cT)|dy
R

/ K(y)b (U [€(z,t) —y —em + 006 (1 — e7P07) et + 56750(1‘/77)) dy
= 00060V’ (5( 1) = Bod + doJe™"

- /RK(y)b'(ﬁ) U[f(xa t) —y — 1 + 00d(1 — e%07)e=Pot] 4 gePolt=7)
—U((z,t) —y— CT)}dy
= de~ 0! [ooﬂoU’(é(l’, t)) — fo+d+ / K@)V (7)[U"(€)oo(e®T — 1) — eﬁoqdy}
R

where
= 0U[¢(x,t) — y — e + 000(1 — %7)e= %]  goe=Pot=7)
+ 1 -0)U[¢(x,t) —y — cT]
and
={(x,t) —y — T + op(1 — ePoT)e ot
It is easy to see that O <n< 1+5e BT <14 8% Thus, V() > 0, and

S ). = e om0 (el 0) = o +d =" [ K@y} (410)

We need to consider three cases.

Case (i): |£(z,t)] < M. In this case, by (4.7), (4.8) and ([4.10)), one has
S(w)(x,t) > de” " aoBomo — Bo + d — b}, } = 0.

Case (ii): £(z,t) > My. For y € [—3&(w,t), $&(2,t)], we have

My < L6(n, 1) < E(e1) —y < SE(a, 1),
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By the choice of §, for any § € (0, 8], one has 0od < 1, and hence,
E(x,t) —y — e7 4 0¢d(1 — o )ePot
1 1
> §MO —cr 4 096(1 — 6507) > §M0 - ¢o,
and
1 1
E(zyt)—y—cr > §M0 —cr > §M0 —¢p.
Then by (4.5) and (4.9), we have
146" >1+0e™" >7>1-6"

Furthermore, by (4.4), we get b'(77) < (1) 4+ €*. Hence, by (4.6) and (4.10]), we
have

S(w*)(z,t) > 5e*ﬂof{aoﬁoU'(g(x, £)) — Bo +d — 7 /R K(y)b’(ﬁ)dy}
Le(et)

> e~ ﬁot{ Bo+d— e / ( )K(y)b'(f])dy
—5&(zt
L oo
o [ Widy e [ K@y}
oo %f(m,t)

> 5e—ﬁﬂf{ — Bo+d— P (H(1) + €)

, +o0o -4 Mo
— Y / + / K(y)dy) } = 0.
%Mo — 00

Case (iii): &(x,t) < —Mj. The proof is similar to that for the Case (ii) and is
omitted. The proof is complete. O

Proof of Theorem [I.3. Since U(£) and U(€) have the same limits as £ — 400, there
exist £ € R and a sufficiently large number p > 0 such that for every s € [—7,0]
and z € R,

U +ces+&) —d<U@+3) <U(x+es+E+p)+9,
and hence,
Uz + cs 4 € — 00d(e%7 — e7P0%)) — e ros
<U(z+és) <Ux+es+E+p+ogd(e® — e %)) 4 5e=Pos,

where (39, 0¢ and § are given in Lemma By the comparison principle, we obtain
that for all z € R and ¢ > 0,

Uz + ct + € — 0pd(e%7 — e7Pot)) — fePot
<Ulx+ét) <Ulx+ct+E+p+ opd (e — e=Pot)) 4 feFot,

Keeping £ = z+ct fixed and letting ¢ — 0o, we then obtain from the first inequality
that ¢ < ¢ and from the second inequality that ¢ > ¢. Thus, ¢ = ¢. In addition,

U(& 4 € — 0pde™T) —de Pt < T(€) < U(E 4 €+ p+ 006e7) for £ € R (4.11)
Define
¢ =inf{€:U() <U(+&} and &, :=sup{¢: U(-) > U(- +€)}.
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From (4.11)), we can see that both £* and &, are well defined. Since U(- + &) <
U(-) <U(- + £*), we have £, < €*.

We need only to prove that &, = £*. By contradiction, we assume that &, < £*
and U(-) # U(- + £*). Since limg 1o, U'(€) = 0, there exists a large positive
constant B = B(U) > 0 such that

200€2TU’(€) < 1 for |£| > B.
Note that U(-) < U(- + £*) and U(-) # U(- 4+ £*), by Lemma it follows that

U() < U(-+ &) on R. Consequently, by the continuity of U and U, there exists a
small constant p € [0,5] with p < 52—~ %7 such that

200
U(€) <U(E+ €& —200pe™T), if E € [-B—1—¢* B+1—¢*]. (4.12)
When [ + £*| > B + 1, one has
U(§+ & = 200pe™T) = U() > U(§+ £ — 200pe™T) = U (¢ +¢7)
= —200pe®TU’ (€ 4 £* — 200¢peT) > —p.
Combining and (£.13), we obtain that for any z € R and s € [T, 0],
Uz 4 cs) < U(z 4 es + £ — 200pe™ + aop(e®™ — e=Fo%)) 4 pe=Fos,
Hence, by the comparison principle, for any = € R and t > 0,
Uz +ct) S Uz 4 ct + & = 200pe™T + opp(e®™ — e Pot)) + pe=Pot. (4.14)

Keep £ = a + ct fixed and let t — oo in ([@.14). Then we have U(£) < U(€ 4 &* —
aope®™) for all ¢ € R. This contradicts the definition of ¢*. Hence, &, = ¢*. The
proof is complete. O

PAGE 20

(4.13)

5. STABILITY OF TRAVELING WAVEFRONTS

Let ¢ € C*°(R) be a fixed function with the following properties:
C(s)=0,if s <=2; ((s)=1, if s > 2;
0<{'(s) <1, ifse(-2,2).

Lemma 5.1. For any § € (0,00], 60 < «/2, there exist two positive numbers
€ = €(8) and C = C(8) such that for every €& € R, the functions v*(x,t) defined
by

vt(z,t) =146 —[1 — (a—28)e |¢(—e(z — &1 + C1)),

v (z,t) == =0+ [1— (1 —a—28)e {(e(x — & — C1))
are a supersolution and a subsolution of on [0,400), respectively.
Proof. Since du — b(u) > 0 for u € (0,a) U (1,1 + J), we obtain

My = M;(6) = min{du — bu : u € [§,a — 6/2]} > 0.
By (H5), we choose 1 € [1/2,1) and v > 0 satisfying
dp >V (1) +~ (5.1)

and

0<V(n) <V (1)+~ forne(l,1+4].
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Let €* = €*(8) > 0 be such that €* < min{§/2,2(1 — p)d}, and let k = k() € (0,1)
be such that

0<((s) <e*/2, ifs<—-2+k, (5.2)

1>¢(s)>1—¢/2, ifs>2—k. (5.3)

Take v = v(0) < 0 small enough such that (1 + v)(2 — k/2) > 2 — k. Take

e = €(d) > 0 sufficiently small and My = My(5) > 0 sufficiently large such that
aem <1, eMy < —v(2—k),

—ca=2¢ [ gl Io)dy + d(1+ ) = 5(E(1) + 7) > 0 (5.4)
R
and
— M; +ea+ 26/ ly|J (y)dy + eTb! .
Mo (5.5)
B + 2| / / y)dy| <.
Mo
Define
o:=min{¢'(s): -2+ k/2<s<2—k/2} > 0.
Then take C' = C(d) > 0 large enough so that
Ce(l —a)o > ea + 26/ ly|J (y)dy + €Tb], e
R (5.6)
+ max{|du — b(u)| : u € [6,1 + 0]} + 2b] .-
It is easy to see that for t > —7 and z € R,
§<ovt(x,t) <146, —-d<v (2,t) <1-4.
Set £ =x — £T + Ct. Then
n vt
ST (x,t) : = W_J*U +ovt +dvt K -y, t—7))dy
= —e(a—28)e ¢ (—€€) + eC[1 — (a —28)e” ¢! (—€€)
11 o200 | [ T)6(-le - )y - (<9
R
ot = [ K@@= gt =)y
> —ea+eC(1—a)'(—€) +[1— (a—28)e ] (5.7)

x / T@)IC(—e(€ — ) — C(—cO)ldy
R
+dvt — / K(y)bvT (z —y,t —7))dy
R
> —ea+€C(1 — )’ (—€€) — 26/ lylJ (y)dy
R

+dvt — / K(y)b(v™(x —y,t —7))dy.
R
By a direct computation, it follows that for all t > —7,

8 —et —et] !
alﬁ(:r,t) = —e(la—20)e” " +eC[l — (o — 28)e™ ] (—€€)
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> —e(a—26)e " > —ee”
and hence, for all ¢ > 0,
b(vT(z,t — 7)) —bvt(z,t) =0 (m)[vT (2t — 7) — 0T (z,1)]
= b ) D (2, ) < € () < erbfye

where t* € [t — 7,t] and 1 = vt (2, t) + (1 — O)vT (z,t — 7).
On the other hand, for ¢ > 0, one has

vtz —y,t —7) —vt(z,t —7)]
= (1= (a=20)e " D)((=e(€ —y — OT)) = ((~e(¢ — CT))]
< [C(—e(€ —y = C7)) = ¢(—€(§ = C7))].

It then follows that

S(vt)(z,t) > —ea + eC(1 — a)('(—€f) —2€/|y\J
T+ du* (1) — bt () — (b (2,1 — 7)) — bo* (2, 1))
- / K(y)(b(o+ (@ — .t — 7)) — b (.t — 7)))dy
> —ea+ eC(1 — a)('(—€€) f2e/|y\J
T+ dv* (1) — b () — (b(o™ (2,1 — 7)) — bo* (2, 1))
- / K@) ()o* (@ —yt — ) — v* (z,t — 7)|dy
> —ea+ eC(1 — )¢’ (—€€) —26/|y\J
+dvt(x,t) = b(vT(z,t)) — eTb] e
- / KW)IC(—e(€ —y — Cr)) — ((—e(€ — Cr))ld,

where 7o = vt (z,t —7) + (1 — vt (z —y,t —7) € [§,1 + ).
We distinguish three cases:

21

(5.8)

Case (i): —e£ < —2+k/2. In this case, —e£ < —2+k. By (5.2), 0 < {(—€€) < €*/2.

Recall the €* < 2(1 — u)d, we then have
1+6>v (2, t) > 1+ —[1 — (a—26)e )" /2
>14+6—€/2>214+6—-(1—p)d=14+pud>1+46/2

for all t > 0.
It then follows from ([5.7) that

S(wh)(z,t) > —ea — QE/R lylJ(y)dy + dvt (z,t) — d
- /}R K()bo (2 — y.t — 7)) — b(1)]dy

> —ea — 26/ ly|J (y)dy + dpd
R
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- / K@) (1) (o™ (z — y,t —7) — 1)dy
R

> —ea— 2 / I (y)dy + dus — / Kb (") dy,
R R

where n* = 0vt(z —y,t —7)+ (1 —0) € [1,1 4 4].
Therefore, by (5.1)) and (5.4)), we get

S(H) (1) > —ea— 2 / 1T (y)dy + dud — § / K ()b (7°)dy
> —ea— QG/R 1T (y)dy + ds — 5K (1) +7) > 0.

Case (ii): —€£ > 2—k/2. In this case, —e£ > 2—k. By (5.3), 1—€*/2 < {(—€£) < 1.
It then follows that

6*

§<vt(z,t) < (1+6)— [lf(a—2§)676t](1—§)
§(1+6)—[1—a+2§](1—%)
<l+0—-1+a—20+¢€"

)
§a76+e*§a—§.

Thus, we can see that
dvt(x,t) — b(vT (z,t)) > min{du — b(u) : u € [6,a — §/2]} = M;.
By the choice of € and v < 0, we have
2—k/2 > —v(2-k)
€

ng -V ZM(%

and for any y € [—v€, v¢],
—e(f—y—Cr) > —et(1+v)+eCT> (1 +v)(2—k/2) > 2 -k,
—e(—-C1)>2—-k/24+eCT>2—k.
Then, we obtain

vé vé
[ e —y—cm) —cids - CrpiK iy < /2 [ Ky <

Therefore, by (5.8)) and (5.5)), we get
St (x,t) > —ea — 26/ ly|J (y)dy — bl .. + My
R

23
. / C(—el€ —y — ) — C(—e(€ — Cr)|K (y)dy
£

—V

B Z3 +o0
[ [ [ K]
—00 vé
Z —€Q — 26/ |y|J(y)dy - 6Tb;na.xeﬂ— + Ml - b;‘ﬂaxe*
R

e too
—zb;nax[/_oo . K(y)dy] > 0.
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Case (iii): —24 k/2 < —e£ <2 — k/2. In this case, by (5.6), one has
S(wH)(z,t) > Ce(1 — a)o — ea — 26/ ly|J (y)dy — eTbl . .e
R
—max{|du — b(u)|: u € [§,1+ 6]} — 20, > 0.

Combining Cases (i)-(iii), we obtain

vt
Sz vt ot -t +/K<y>b<v+<x —yt—7)dy, zeRt>0.
R
Thus, vT(x,t) is a supersolution of (1.1]) on [0, +0cc). Similarly, we can prove that
v~ (z,t) is a subsolution of (1.1]) on [0, +00). The proof is complete. O

Remark 5.2. Clearly, the functions v™ and v~ have the following properties:
vh(e,8) =146, ifsc[-7,0,x>&" —Cs+2 7,
vt(z,5) >a—4, forallse[-7,0and z € R,
vz, t) =04 (a —26)e™, forallt>—7and x <&V — Ct — 21,
v (2,8) = =6, ifse[-7,0],z<ET4+Cs—2 1,
v (z,8) <a+d, forallse[—7,0]and z € R,
v (z,t)=1-0—(1—a—20)e ", forallt>—7andx>¢ + Ot + 2L

Let U(x + ct) be a non-decreasing traveling wavefronts of (1.1). We define the
following two functions:

wE(z,t,m,0) := U(x + ct + 1+ 0967 — e Pot)) £ et
where og and [y are as in Lemma [4.2

Lemma 5.3. Let U(x+ct) be a non-decreasing traveling wavefront of . Then
there exists a positive number €* such that if u(x,t) is a solution of on [0, +00)
with initial data 0 < u(z,s) <1 for all z € R and s € [—7,0], and for some £ € R,
h>0,6>0andT >0, there holds

wy (2, —cT + €,8)(s) < ur(e)(s) < wg (v, ~cT + &+ h, 5)(s)

for all z € R and s € [-7,0], then for any t > T 4+ 7+ 1, there exist £(t), 6(t) and
h(t) satisfying

€ —00(26 + ¢ min{1, h})e®™ < £(t) < €+ h+ 00(26 4 € min{1, h})eT,
d(t) = (¢* min{1, A} 4 §)e~Folt =TI+
h(t) = h — 200¢* min{1, h} + 00(38 + ¢* min{1, h})e®™ > 0,
such that
wy (1, —ct + &(1),8())(s) < up(w)(s) < wy (z, —ct +&(t) + h(t),6(t))(s)
forallz € R and s € [-7,0].

Proof. By Lemma wr(z,t,cT + &+ h,6) and w™(z,t,¢T + &£, 5) are a super-
solution and a subsolution of (1.1f), respectively. It is easy to see that v(z,t) :=
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u(z, T +t),t > 0, is also a solution to (1.1)) with vo(z)(s) = wr(x)(s). Then it
follows from the comparison principle that

w(z,t,cT +&,8) <u(x,t+T) <wh(x,t,cT + €+ h,d)
for x € R, ¢ > 0. That is,
Uz +c(t+T) + & — gp6(e?7 — e b)) — e Pt <z, t +T)
SU@+c(t+T)+&+h+ogd(e™™ — e Pot)) 4 ge=Fot

forx e R, ¢t > 0.
In view of Lemma [3.4] for z € R, ¢ > 0, we have

w(z, T +1t) —w (z,t,cT +&9)
> O(fal.t) | (0.7~ w (3.0.cT + €.5)dy

1 5.9
> 9(|~T|,lf)/0 [w(y, T) — Uy + cT + & — 006(e”™ — 1)) + 8]dy 59

> (|, 1) / u(y, T) — Uly + T + €) + 8ldy.

By Lemma [£.1} limy, o U'(r) = 0. Then we can fix a positive number M > 0
such that

Let
1 _
€1 = imin{U'(n) :nl <2} >0 and h =min{l,h}.

By the mean value theorem, we obtain

1
/ [U(y+cT+E+h)—U(y+cT +€)|dy > 2e1h.
0

Then at least one of the following two statements is true:

ool -
) Jo [u(y, T) = Uy + T+ ldy > exh.
(it) o [U(y + T +&+R) = uly, T)ldy > eiF.
Subsequently, we consider only the case (i). The case (ii) is similar and thus omitted.
Let J1 = Mz +|c|(1+7)+2, 20 = —cT'—§ and Jo = J1 +c+3. For [z —z| < Ji,
further letting t =14+ 7+ s in (5.9), and © := ©(J;,1 4+ 7+ s), then we get
w(z, T+14+7+s)
> U+ (T+1+7+8)+ & — 0pd(eloT — e Poll4rt)y)

1
— §ePo(l+T+s) o O(|z|, 14+ 7 +5)) /0 [u(y,T) = Uy + T+ &)]dy (5.10)

> Uz — 204 (1474 5) — 0p(e%7 — ¢~ Fo(1H7H9)y)
— e Po(l+7+s) + @615.
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In addition, we have
Uz — 29+ c(1+7 4 8) + 200" h — 00 (e®T — 6*50(1+T+S)))
—U(x—20+c(l4+7+s)— 00(5(6%7 — e—ﬁo(1+7+s))) (5.11)
=U'(m)200€"h < Oeyh,

where

" . 1 . O¢q
=i lg I S
m=x—z0+c(l+7+s)—00d(1—e ) +6-200e"h, 6e(0,1).
It follows that
Im| =z —z0| + c(1+7) + 000 + 2006 < J; + ¢+ 000 + 200€" < Jo.

Hence, by the monotonicity of U(+), (5.10) and (5.11)), we have
uwl@z, T+14+7+5)

SU(+c(T+1+7+5)+E&4 2006 h — (P07 — e Po(1F7H9)y)
— Se—Po(l47+s)

The remainder of proof is similar to that of [30, Lemma 3.1], so is omitted. The
proof is complete. ([

By Lemmas we can obtain the following Lemma [5.4] and Theorem
Their proofs are similar to the proofs of [37], so we omit them here.

Lemma 5.4. Let U(x + ct) be a non-decreasing traveling wavefront of (1.1), and
¢ €[0,1]¢ be such that

limsup max ¢(z,s) < a <liminf min @(z,s).

z——o00 SE[—T,0] r—+00 se[—7,0]
Then, for any 6 > 0, there exist T = T(p,8) > 0, £ = &(¢,8) € R, and h =
h(p,d) > 0 such that

wy (@, =T +€,0)(s) < ur(x,¢)(s) < wy (@, T + €+ h, 6)(s)
for allz € R and s € [-7,0].
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