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EXISTENCE AND UNIQUENESS OF LOCAL WEAK
SOLUTIONS FOR THE EMDEN-FOWLER WAVE EQUATION IN
ONE DIMENSION

MENG-RONG LI

ABSTRACT. In this article we consider the existence and uniqueness of local
weak solutions to the Emden-Fowler type wave equation
t2upy — uge = [u|P" u in [1,7] X (a,b)

with initial-boundary value conditions in a finite time interval.

1. INTRODUCTION

In this article we focus on the existence and uniqueness of weak solutions in
He = CY([1,T), Hi(a,b)) N C?([1,T), L?(a,b)) for the Emden-Fowler type wave
equation

t2Usy — Uge = |[u|P"ru in [1,T) x (a,b) (1.1)
subject to zero boundary values and initial values
u(1l) = ug € H*(a,b) N Hy(a,b), and wu (1) =wu; € Hj(a,b).

Here p > 1, and a and b are real numbers.

The study of the Emden-Fowler ordinary differential equation is derived from
earlier theories concerning gas dynamics in astrophysics developed at the turn of
the 20th century. The fundamental problem in the study of stellar structures at
that time was to study the equilibrium configuration of the mass of spherical gas

clouds. The equation
d , du 9
—(t*—) +tuP =0 1.2
is generally referred to as the Lane-Emden equation. Astrophysicists were interested
in the behavior of the solution of ([1.2]) which satisfies the initial condition u(0) = 1,
u’(0) = 0. The mathematical foundation for the investigation of such an equation
and also of the more general equation
d , du
—(tP—) +t°w" =0, t>0 1.3
g g) Hw =0 120, (1.3)
was made by Fowler [I5] [16] 17, 18] in a series of four papers from 1914 to 1931.
The Emden-Fowler equation also arises in the study of gas dynamics and fluid
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mechanics [I2], there the solutions of physical interest are bounded non-oscillatory
ones which possess a positive zero. The zero of such a solution corresponds to
an equilibrium state in a fluid with spherical distribution of density and under
mutual attraction of its particles. The Emden-Fowler equations also appear in the
study of relativistic mechanics, nuclear physics and also in the study of chemically
reacting systems [I}, [7, 10, 1T, 13} 14} 19, 29, BI]. The Emden-Fowler equation
(1.3) can be transformed into a first order nonlinear autonomous system, in fact a
quadratic system, and information concerning its solutions can be obtained from
the associated quadratic systems through phase plane analysis. This approach was
first used by Emden in his analysis of the Lane-Emden equation .

For a general survey on the Thomas-Fermi equation, we refer the reader to March

[30]. The first comprehensive study on the generalized Emden-Fowler equation
2
% +a(t)|z|"sgnz =0, t>0
was made by Atkinson [2] 3] 4 [5] [6].

Recently, in [27], we considered positive solutions of the Emden-Fowler equation
t2u”" = uP and obtained some results on the non-existence of global solutions, the
estimates for the life-spans and the asymptotic behavior of solutions.

About the semilinear wave equation, Jorgens [21] published the first global ex-
istence theorem for the equation

Ou+ f(u)=0 in[0,T)xQ, (1.4)

in case 2 = R", n = 3 and f(u) = g(u?)u. His result can be applied to the equation
Ou + u® = 0; and Browder [9] generalized Jorgens’ result for n > 2.

For local Lipschitz f, Li [25] 26] proved the nonexistence of global solutions of the
initial-boundary value problem for the semilinear wave equation in a bounded
domain 2 C R™ under the assumption

£(0) = | Dul3(0) + 2 /2 F(u)(0,2)dz < 0,

nf(n) —2(1+ 2a) /Onf(?“)drg)\lom2 Vn € R

with o > 0, Ay := sup{||ull2/||Vull2 : w € Hj(?)} and a’(0) > 0. There we have
obtained a rough estimate for the life-span
—an1/2
T < By = 2[1 — (1= ksa(0)~*)""*] /()
with
k== aa(0)~*7'/a/(0)2 — 4E(0)a(0), ko = (—4a”E(0)/k7)*/ (12,

For n = 3 and f(u) = —u?, there exist global solutions of ([1.4)) for small initial
data [24]; but if E(0) < 0 and a’(0) > 0 then the solutions are only local, i.e.
T < o0 [26]. John [22] showed the nonexistence of solutions of the initial-boundary
value problem for the wave equation Ou = Aful’, A > 0, 1 < p < 1 + /2,
Q) = R3. This problem was considered by Glassey [20] in the two dimensional case
n = 2; for n > 3 Sideris [32] showed the nonexistence of global solutions under
the conditions |Juglly > 0 and |lui|ly > 0. According to this result Strauss [33, p.
27] guessed that the solutions for the above mentioned wave equation are global

for Q@ = R™, p > po(n) = A, which is the positive root of the quadratic equation
(n—1A2— (n+1)A—2=0.
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We want to extend our results [27] on ordinary differential equations and the wave
equation [25] to the equation , therefore we will deal with the existence and
uniqueness theme of Emden-Fowler type wave equation with zero boundary
values and initial values u(1) = ug € H?(a,b) N Hi(a,b) and u¢(1) = uy € H(a,b),
where p > 1, and a, b are real numbers.

We are not aware of any other paper discussing this theme. We make a substitu-
tion t = e*, u(t,xz) = v(s,x) to avoid degeneration of the equation which can
be transferred into a nonlinear wave equation with negative linear damping (2.1))
below. The main difficulties in constructing our existence result for equation
are the use of the Banach Fixed Point Theorem in a suitable solution space and
the control of the boundedness of successive approximations solutions of equation
(2.1). We shall set-up the fundamental lemmas in section 2 and prove the main
result in section 3.

2. FUNDAMENTAL LEMMAS

To obtain the existence of solutions to (1.1]) with zero boundary values, u(t,a) =
u(t,b) = 0, and initial values u(1) = ug € H*(a,b)NH}(a,b), ut(1) = u; € Hi(a,b),
we need a fundamental Lemma from [28, p. 95], [23, p. 96].

Lemma 2.1. For f € WhY([tg,T), L?(a,b)) the linear wave equation
Ou:=ug — Uze = f(t,2) in[1,T) X (a,b)
u(to, ) == uo € H*(a,b) N Hy (a,b),
ug(to, ") :=u1 € Hy(a,b),
possesses exactly one solution u € Hy := C'([to, T), H} (a,b)) N C*([to, T), L*(a, b))

with u(t) € H?(a,b) for all t € [to, T]. Furthermore,

b b

% (uf + |Vul?)dx — 2/ uf(t,x)dr =0 a.e. in [to,T).

To prove the existence of a local weak solution of (L.1) in Hs, we make the
substitution s = Int, u(t,z) = v(s,z), then (1.1)) can be transformed into

Vs — Vg = Vs + [0[P 71w := —h(v), (2.1)
0(0,2) = u(l, ) = uo(x) := vo (), (2.2)
05(0,2) = ua (2) := vi(x). (2.3)

For T > 0, S =InT and v € Hy = C([0,5), Hi(a,b)) N C?([0,S), L*(a, b)),
we want to prove that h(v) € WHL([0,S5), L?(a,b)), thus we build the following
Lemma.

Lemma 2.2. For T >0, S =InT, v € Ha, we have h(v) € WH1([0,5), L*(a,b));
that 1is,

s 9
/ (I[h(v)l2 + th(wllz)ds < oo if Jvllgo < oo
0

Proof. By the definition of h(v) we have

S 2
1@ = ( / (IRl + 115 (w)]12)ds)
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< [ras [T (el + 12 001) 0

<as | " (IIB + I-2h o)1) s,

and
s
F) 2
(] amo)te + 155w 12)ds)
5, b b
< 25’/ (/ (vs + \v|p_1v)2dx+/ (Uss—l—p|v|p_1vs)2dx)ds
0 a a
5 b
< 45’/ / (v? + [v]?P + 2, —|—p|v|2”_2v§) dx ds
0 a
S b
:45(/ / (v§+ufs)dxds+1+n),
0 a
where

5 b 5 b
I :/ / |v|*P dxds, II :p/ / |v|*P~20? da ds.
0 a 0 a

The boundedness of ||h(v)||1.. is equivalent to show the boundedness of these two
integrals I and II for some small S, near zero, and this can be deduced using the
Sobolev inequality, since that for any fixed s € [0,S5] and = € [a,b] we have the
following estimates

(5.0 < ([ lealsnan)” < @-or( [ dema)’ @

/ab [v[2P (s, z)dz < /a (/a ‘”z|(87n)dn)2pdx
= /ab(x - a)p(/j V(s m)dn) da

1 ) . (2.5)
< - a)p+1(/a v (s, m)dn)
< ]ﬁ(b - a)p“(srgl[%] /ab vi(sm)dn)p,
I< Iﬁ(b - a)p“S(SQ%] /ab vi(sm)dn)p, (2.6)
2p—2,,2 2p—2 2 ) ’
w[?P=202 (s, z) < 2[v]?P 73 (s, x)<v1(x)+ (/0 vss(f,w)df) ) .

< oo 2,0 (vt +s [ e ).
0

b S
II:p// |v|*P~ 202 (s, 2) ds dx

<2p/ / [v|*P~2(s, x) (V3 (x )+S/ S({,x)d{) dsdz (28)
0
— [T + 1V,
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where

IH—Qp/ / Vo*P~2(s, x) ds du,

Iv—zp/ / sl 2P~2(s x)(/ (€, )dg) ds dz.

By (2.4) and . we obtain
p—1 b
IIT < 2p/ / [v|?P (s, x) dac ! (/ 0P (x)dx) /P ds

<o [ (s, [ o2 sndn)p)pl((/ (n2an)") s

= p4—;|.i21 (b— a)P-HS(/ 2d77) (érenéué / (s n)dn) v

v s [ b / (- ar [ ) ([ o2 e ade) s

b p—1
§2pS(b—a)p_1< max / vi(s,x)dw)

s€[0,5] /4

x/ab/os(/osvﬁs(g,x)dg) ds dz
< 2pS%(b— a)P~ 1(313%/ (s, 2)dr) " 1/ / z)dédz.

The following Lemma is easy to check, we omit its proof.

and

Lemma 2.3. Suppose that X is a Banach space and f, : [to, T) — X are differen-
tiable functions and the sequence fy(t) converges uniformly to f(t). If the sequence
df,(t)/dt converges to g(t), then f : [to, T) — X is differentiable and df (t)/dt = g(t)
n X.

3. EXISTENCE OF SOLUTIONS FOR THE EMDEN-FOWLER TYPE WAVE EQUATION

From the three lemmas above, we can obtain the following local existence result.

Theorem 3.1. Suppose that p > 1, ug € H?(a,b) N Hi(a,b) and u; € Hi(a,b),
then the initial-boundary value problem for the semilinear wave equation with
u(l,2) = wo(x), w(l,2) = ui(z) and u(t,a) = 0 = wu(t,b) on [1,T], possesses
ezactly one solution in Hs for some T > 1.

Proof. Proof the existence of a local solution in
Hy = C([]-a T)7 H(}(av b)) N Cl([lv T)7 L2(av b))

By using the substitution s = Int, u(t,z) = v(s, ), equation (1.I) can be trans-
formed to

Vss — Vgx = Us + "U|p_1’0 = —h(U),
v(0,z) = u(l,z) = ug(x) := vo(x),
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v5(0,2) = uy (z) := v1 ().

(1) For T > 0 and v € Hy = C* ([0 S) Hi(a,b))NC?%([0,S), L*(a,b)), by Lemma
we have that h(v) € WH1([0,S), L*(a,b)).

According to Lemma let w := Tv be the solution of initial-boundary value
problem for the equation

Ow+h(v) =0
w(0,) := vo(") € H*(a,b) N H(a,b),
ws(0,) := w1 (-) = vi(-) € Hy(a,b),
we have w € Ha, w(s) € H?(a,b) for all s € [0,5) and

b
IDwIB) + 2 [ wh(e)(s,m)de =

a

Suppose that vy := sug, then by Lemma we get —h(v2) = —h(sug) = uo +
sug|suplP~t € WH1([0,S), L?(a,b)) and therefore, there exists a function v3 € Ha
which satisfies the initial-boundary value problem for the equation

Ow + h(vg) =0,
w(0,-) := uo(-) € H*(a,b) N Hy(a,b),
ws(0,-) == v1(-) € Hy(a,b).

Let vyp41 := Tvp,, m > 2 be the solution of the initial-boundary value problem for
the linear equation

Ovmt1 + h(vm) =0 in [0,S5) x (a,b),
Vm11(0,°) = uo(-) € H?(a,b) N H}(a,b),
(Vm+1)s(0,-) = v1(") € Hy(a,b).
Therefore, by Lemma we have v,,11(s) € H?(a,b) for all s € [0,9), Vi1 €
Ho,m € N and

b b
% |Dvm+1(s,x)|2dx+2/ (Vmt1)sh(Vm(s,2))dz =0 a.e. in [0,5), (3.1)

a

where |Dv|? := v2 + |v, |2 Set Api1(8) := |[[Dvms1(s)]]2. Then by (2.5) we find
that

(Am11(5)2) < 24me1() |A(m(s))]]2 ae. i [0, 5)), (3.2)
A1 () < Apir 0 / 14 (o) ()|l (3.3)

and
Ami1 (3)

S
< Jluallz + llugll2 +/O 1((vm)s + [vm]P~ v [[2dr

s (3.4)
< IIlbll\erHuéller/0 (I(om)sll2 + [[vp, ll2)dr

p+1

s 1
< fuallz + Nl + / (wm)sllz + /—— (b — a)"

i (o) B)dr
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for every m — 1 € N, almost everywhere in [0, S), besides A, +1(s) = 0.
(2) Since that h(svg) = h(v2) € W1([0,5), L?(a, b)), we get v3 € Ha and by the
inequality (3.3)), we obtain —h(ve) = ug + sug|sug|P~1,

As(s)

< A3(0 / | (ruo)ladr
<l + sl + [l + ruolruoP ads
0
s b 1o 1/2
< Nl e+ [ ([ o+ ruofralr=2de) ar
0 a
l ° ’ 2 2p, 2p 1/2
< Nl + e+ V2 [ ([ G0+ r0iyan) Var
0 a
s b ) 1/2 b 9 1
< ||u1||2+||ug||2+f2/ ((/ wde) +,«p(/ w? (2)dz) /2 dr
0 a a

SpHuOHg )

(3.5)

= JJurll2 + [lugll2 + V25 ([Juol2 +

< uallz + llugllz + V25 (Jluoll2 +

75" luoll,)-

Set
[0]loo,s == sup{[[Dv(s)[]2 : 0 < 5 < S},
M =1+ 2([Jurl2 + [lugll2),
S:zlmin{ ! 5 ’(p—l—l)l/p’
2 1+ /p(b—a)zttMpr-1 1+ |luollzp
1+ Jluall2 + [lugll2 }
2(1+ Juollz) + M(1+ (b —a)* Mr=1) )
Then using , we obtain

As(s) = | Duslla(s) < As(0 / (o) 2

< fullz + llugll2 + v2(S = 0)(luoll2 + 7(5 0)?[luollz,) < M.

Consequently ||vs||oo,s < M.
Suppose that ||vm|leo.s < M, then by the definition of S and (3.4)),

Am+1(5)

< falle+ Vol + | (Iomalla 4 ) =6 = @) N om)al) (i < 01,

Thus we get ||[vm+1|loo,s < M for all m € N.
(3) We claim thatwv,, is a Cauchy sequence in

Hy = C([0,9), H&(CL b)) N Cl([ov S), Lz(a7 b)).
By Lemma and ,
[1D(Vm+1 = vm)(s)l2(s)
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< [ 1h(om) = hor)adr
0
< [ (10m = vl + 0= 0P Kol = vl
0

where K, = [|[(vm)z|[5~" + | (vm—1)2[5~", therefore
[1D(Vm+1 = vm)(s)l2(s)
<s(1+/ 20— AP ) D — v )9l (36)
< s(1 + \/g(b - a)1+%MP*1)|\vm —Um—1llos,s Vs €[0,9),

and

Iemss = tmllos < (1 /26— /A o = vt s
It follows that
Fomees — vl s < (50 +VEb—a) EMP )™ 2 us — wafloes 57

1—S(1+/E(b—a)+sMr-1)
as m — 00. Since
R 114+ /2(b— S+1pp-1
S(l + \/E(b _ a)THMp_l) <= VE( a)pz <
2 2 1+\/ﬁ(b—a)§+1MP*1

(ii) We prove the uniqueness of the solutions in H;. Suppose that w is the limit
of vy, and v € H; is an another solution for (2), then

1
5"

b
%/ | Dvya1 (8, ) —Dv(s,x)\de

b
<2 / (Oms1)s — 02) (o) — h())|dz
< 2 D(vmsr — 0)[2(8)]|hvm) — h()]|2(s),

D1 ~2)(5) < [ Ihem) ~ ROl
0
< o1+ /20— 53 Do~ )0l

< 5(1 + g(b - a)1+%MP—1) [vm — vlls,s Vs € [0, 8).

Thus
[vmt1 — V|oo,s < S’(l + \/g(b — a)1+%Mp_1) [l — v|co,s-
It follows that

[w = vljoo,s < [Jw = Vmtilloc,s + [lvm+1 = Vlloc,s = 0

as m — 00, s0 w = v in H;.
(iii) Now we show the local existence u in Hy. Let S and M be the same as
above.
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(1) For a S > 0 and v, € Ha, we have h(v,,) € W1([0,S), L?(a,b)). According
to Lemma 2.1} we have vp,41(s) € H?(a,b) for all s € [0,5), m € N and

b b
dis/ | DUy (s, ) [2de = 72/ (Vm+1)sh(vm)dx  a.e. in [0,5)

also

d ) e o,

SIDvalB6) + 35 [ ohade
b b

_ / (vms) st (5, 2))da + 2 / (Vs 1 Jas + (Wmg1)2)dz
b

- 72/ (Um+l)s(s7:L')h(rum)daj
b

42 [ (omialoms)as = hon)] + (0ns0)?) (5 2)de

b b
=<2 [ (o + ) Dhom)(s,2)do +2 [ ((0ms2)? = (o)) (5 ),

and
2

D lB6) + oy [ (5,7
ds ds? J,

< 2([[vmrllz + 1 (vms1)s2) A (vm)12(5) + 2/ Dvm41[13(s),

for every m > 2, almost everywhere in [0, .5). B
(2) We claim that v, is a Cauchy sequence in Hy. By similar arguments as in
establishing inequalities (3.6)—(3.8)), we obtain

|i||D('Um+k —v)l[3(s) + - /b(vm+k — ) (s,2)de|

ds ds? J,

< 2([omik = vmllz + [[(msk = vm)sll2) |2 (vm+r-1) = B(vm—1)ll2(s)
+2||D vtk — vi)l[3(5)

— 0 asm — oo.

By (i), (ii) and Lemma [2.3] we obtain the assertions of Theorem O

(3.8)
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