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HOMOCLINIC ORBITS OF SECOND-ORDER NONLINEAR
DIFFERENCE EQUATIONS

HAIPING SHI, XIA LIU, YUANBIAO ZHANG

ABSTRACT. We establish existence criteria for homoclinic orbits of second-
order nonlinear difference equations by using the critical point theory in com-
bination with periodic approximations.

1. INTRODUCTION

Homoclinic orbits play an important role in analyzing the chaos of dynamical
systems, and have been the subject of many investigations. If a system has the
transversely intersected homoclinic orbits, then it must be chaotic. If it has the
smoothly connected homoclinic orbits, then it cannot stand the perturbation, its
perturbed system probably produce chaotic phenomenon. So homoclinic orbits
have been extensively investigated since the time of Poincaré, see [12] [13] 14, [15]
16l (17, [26], 28] and the references therein.

Difference equations [I, @] are closely related to differential equations in the
sense that a differential equation model is often derived from a difference equation,
and numerical solutions of a differential equation are obtained by discretizing the
differential equation. Therefore, the study of homoclinic orbits [4 5] 6] [7, 8, 10} 111
20, 21, 221 23] [30] of difference equation is meaningful.

Here N, Z and R denote the sets of all natural numbers, integers and real numbers
respectively. For any a,b € Z, define Z(a) = {a,a+1,...}, Z(a,b) = {a,a+1,...,b}
when a < b. The symbol {2 denotes the space of real functions whose second powers
are summable on Z. Also, * denotes the transpose of a vector.

This article considers the existence for homoclinic orbits of second-order nonlin-
ear difference equation

Lu(t) = ft,u(t+ T),u(t),u(t =T)), teZ (1.1)

containing both advance and retardation. Here the operator L is the Jacobi oper-
ator

Lu(t) = a(®)u(t + 1) + a(t — Du(t — 1) + b(t)u(t),
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where a(t) and b(t) are real valued for each t € Z, T is a given nonnegative integer,
f € C(Z x R3 R), a(t), b(t) and f(t,v1,ve,v3) are M-periodic in t for a given
positive integer M. Jacobi operators appear in a variety of applications [29].

We may think of as being a discrete analogue of the second-order nonlinear
differential equation

Su(s) = f(s,u(s +T),u(s),u(s —T)), s€eR, (1.2)

where S is the Sturm-Liouville differential expression, f € C(R* R). Equations
similar in structure to arise in the study of homoclinic orbits [I3] 15} 16} [17]
of functional differential equations.

For the case T' = 1, Chen and Fang [3] obtained the existence of periodic and
subharmonic solutions of the second-order p-Laplacian difference equation

Alpp(Au(t — 1)) + f(t,u(t+1),u(t),u(t—1)) =0, teZ,

and Chen and Tang [4] obtained the existence of infinitely many homoclinic orbits
of the fourth-order difference equation

Atu(t —2) 4+ q(t)u(t) = f(t,ult + 1), u(t),u(t — 1)), teZ

containing both advance and retardation.

It is well known that critical point theory is a powerful tool that deals with the
problems of differential equations [2, 12, [13] 14l [15] 16, 17, 24, 27]. Only since
2003, critical point theory has been employed to establish sufficient conditions on
the existence of periodic solutions for second-order difference equations [I8] [19].
Along this direction, Ma and Guo [22] (without periodicity assumption) and [23]
(with periodicity assumption) applied variational methods to prove the existence
of homoclinic orbits for the special form of (with T' = 0). The Ambrosetti-
Rabinowitz condition plays a crucial role to ensure the boundedness of Palais-Smale
sequences. This is very crucial in applying the critical point theory.

Some special cases of have been studied by many researchers via variational
methods, see [I8, 19, 22| 23]. However, to our best knowledge, the results on
homoclinic orbits of are scarce in the literature. Since contains both
advance and retardation, there are very few manuscripts dealing with this subject,
the traditional ways of establishing the functional in [10] 18] 19} 20] 22| 23] 25] are
inapplicable to our case.

The main purpose of this article is to give some sufficient conditions for the
existence of a nontrivial homoclinic orbit for without the classical Ambrosetti-
Rabinowitz condition. In particular, our results generalize and improve the existing
results; see Remarks and The motivation for the present work stems from
the recent papers [3} [7, [17].

Let

A= min (b(t) —la(t = 1] = a(t)]), A= s () + Ja(t = D] + la(0).

In this article we use the following hypotheses:
(H1) b(t) — |a(t — 1)| — |a(t)| > 0, for all t € Z;
(H2) there exists a functional F(t,v1,v2) € CY(Z xR? R) with F(t+M,vq,v2) =

F(t,v1,v2) and it satisfies
6F(t_T7 1}271}3) aF(t7U17’02)
_|_
Ovsy O0vg

= f(t,v1,v2,v3);
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(H3) there exist positive constants d; and a; < A/4 such that

|F(tvvlav2)| <a (U% +U§)

for all t € Z and \/v? 4+ v3 < dy;

(H4) there exist constants py,c; > A\/4 and by such that
F(t,v,v2) > 1 (vf —|—v§) + by

for all t € Z and \/v} + v3 > py;

(H5)
aF(t,Dl,Ug)vl + aF(t,Ul,Ug)v2 . ZF(t,'Ul,’Ug) > 07
(9’01 6’02
for all (¢,v1,v2) € Z x R?\ {(0,0)};
(H6)

8F(t,’01,1}2) 8F(t,1)1,’l)2)
vy +
ovy O0vy

as \/v? +v3 — +0o0.

Vg — 2F(t,1}1,1}2) — 400

Our main results are the following theorem.

Theorem 1.1. Suppose that (H1)-(H6) are satisfied. Then (L.1) has a nontrivial
homoclinic orbit.

Remark 1.2. By (H4), it is easy to see that there exists a constant ¢; > 0 such
that

(H4") F(t,v1,v2) > c1 (v +03) + b1 — (q, for all (t,v1,v2) € Z x R?.
As a matter of fact, letting

G =max {|F(n,vi,v2) —c1 (v +v3) —b1| :n € Z,\Jv? +v3 < pi },
we can easily get the desired result.

Remark 1.3. As a special case of Theorem [I.I|with 7' = 0 and a(t) < 0, we obtain
[23, Theorem 1.1].

Remark 1.4. In many studies (see e.g. [I8|, 19} 22] 23]) of second-order difference

equations, the following classical Ambrosetti-Rabinowitz condition is assumed.

(AR) There exists a constant S > 2 such that 0 < 8F(t,u) < uf(t,u) for all
te€Zand u e R\ {0}.

Note that (H4)—-(H6) are much weaker than (AR). Thus our result improves that
the existing results.

For the next theorem, we use the hypotheses:

(HT7) there exist positive constants &, and as > 4 such that

|F(t,v1,v2)| > as (v] + v3)
for all t € Z and \/v? + v3 < 0y;

(H8) there exists a constant 1 < p < 2 such that

OF(t OF(t
< (7U1’U2)’U1+ (7v17U2)

vy O0vg

for all (¢,v1,v2) € Z x R?\ {(0,0)}.

0

V2 S MF(t’UhUQ)?
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Theorem 1.5. Suppose that (H1), (H2), (H7), (H8) are satisfied. Then (1.1 has
a nontrivial homoclinic orbit.

Remark 1.6. By (HS8), there exist constants az > 0 and be such that

)% 4 by for all t € Z,

F(t,v1,v2) < az (v + 03

which implies that there exist constants ps > 0 and co < % such that

(H9) F(t,v1,v2) < c2 (v} +v3) + by for all t € Z and /v +v3 > po.

By (H9), it is easy to see that there exists a constant (2 > 0 such that
(H9") F(t,v1,v2) < ¢ (v +v3) + by + o, for all (t,v1,v2) € Z x R?.

The remainder of this paper is organized as follows. In Section 2, we shall
establish the variational framework associated with (|1.1)) and transfer the problem
of the existence of homoclinic orbits of (1.1]) into that of the existence of critical
points of the corresponding functional. Some related fundamental results will also
be recalled. In Section 3, we shall complete the proof of the results by using the
critical point method. Finally, in Section 4, we shall give two examples to illustrate
the results.

2. PRELIMINARIES

To apply the critical point theory, we shall establish the corresponding variational
framework for and give some lemmas which will be of fundamental importance
in proving our results. We start by giving the basic notation.

Let S be the set of sequences

u=A{ut)brez = (..., u(=1),...,u(—=1),u(0),u(l),...,u(t),...);
that is,
S={{ul®)}:ult) eR, t €Z}.
For any u,v € S, a,b € R, au + bv is defined by
au + bv = {au(t) + bv(t)};->°

=2 o
Then S is a vector space.
For any given positive integers M and m, we define
E,, = {u € Slu(t +2mM) = u(t), Vt € Z}.
Clearly, E,, is isomorphic to R?™M . E,. can be equipped with the inner product

mM—1

(w,0) = Y u(t) v(t), Vu,v€ Ey,, (2.1)

t=—mM
by which the norm || - || can be induced by
mM—1 ) 1/2
ul| = ( Y o (t)) ., Yue BEp. (2.2)
t=—mM
It is obvious that E,, with the inner product (2.1)) is a finite dimensional Hilbert
space and linearly homeomorphic to R2™M
In what follows, we define a norm in E,, by

[ulloo = max lu(t)], Yu € En,.
teZ(—mM,mM—1)
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For u € E,,, we define the functional J,, by
1 mM—1 mM—1
T (1) = 5 S Lu()-u(t)— Y F(tu(t+T),ut)). (2.3)
t=—mM t=—mM
Clearly, J,, € CY(E,,,R) and for any u = {u(t)}scz € E, by the periodicity of
{u(t) }+ez, we can compute the partial derivative as
OJm (u)
Ou(t)
Thus, w is a critical point of J,,, on F,, if and only if
Lu(t) = f(t,u(t +T),u(t),u(t —T)), YVt € Z(—mM,mM — 1).

Due to the periodicity of u = {u(t) }rez € Em and f(¢,v1,v2,v3) in the first variable
t, we reduce the existence of periodic solutions of to the existence of critical
points of J,, on E,,. That is, the functional J,, is just the variational framework
of .

Let E be a real Banach space, J € C'(E,R), i.e., J is a continuously Fréchet-
differentiable functional defined on F. J is said to satisfy the Palais-Smale condition
(PS condition for short) if any sequence {u(t)} C E for which {J (u(t))} is bounded
and J' (u(t)) — 0 (t — 00) possesses a convergent subsequence in E.

Let B, denote the open ball in £ about 0 of radius p and let 0B, denote its
boundary.

= Lu(t) — ft,u(t +T),u(t),ult —T)), ¥t € Z(—mM, mM —1). (2.4)

Lemma 2.1 (Mountain Pass Lemma [27]). Let E be a real Banach space and
J € CY(E,R) satisfy the PS condition. If J(0) =0 and

(J1) there exist constants p, o > 0 such that J|sp, > o, and

(J2) there exists e € E'\ B, such that J(e) < 0.

Then J possesses a critical value ¢ > a given by

¢= Inf max J (9(s)), (2.5)
where
I'={g € C([0,1], E)|g(0) =0, g(1) = e}. (2.6)

Lemma 2.2. Assume that (H1) holds. Then there exist constants A and X\ inde-
pendent of m, such that

mM—1
Alal> < Y Lu() - u(t) < Mul. (2.7)
t=—mM
Proof. Let
mM—1
> Lu(t) - ult) = (Pyu, u),
t=—mM
where u = (u(—mM), ..., u(—1),u(0),u(1),...,u(mM —1))* and
b(—mM) a(—mM) 0 0 a(—mM-—1)
P o— a(—mM) b(—mM+1) a(—mM+1) ... 0 0
me 0 0 0 o b(mM—2) a(mM-2)
a(mM—1) 0 0 ... a(mM—-2) b(mM-1)

which is a 2mM x 2mM matrix. By (H1), P, is positive definite.
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Let Amnrs Ammmit1, -5 A1, A05 AL, -+ s Ama—2, Amam—1 be the eigenvalues of
P,,. Applying matrix theory, we see that A < A\; < A, i € Z(—mM,mM —1). From
the definition of the norm || - ||, (2.7) is obviously true. O

3. PROOF OF MAIN RESULTS

In this section, we shall prove the results stated in Section 1 by using the critical
point theory.

3.1. Proof of Theorem [1.1l

Lemma 3.1. Suppose that (H1), (H2)—(H6) are satisfied. Then J,, satisfies the
PS condition.

Proof. Assume that {u;};cn in E,, is a sequence such that {J (uj)}]eN is bounded.
Then there exists a constant K7 > 0 such that —K; < J,,,(u;). By (2.7) and (H4’),
it is easy to see that

mM—1

—K1 < I (uy) < *H%Hz Yo Aaldt+T) +ud0)] + b - G}
t=—mM

A ,
= Sl = 21 g+ 2mM (G4~ b1), ¥ €N
Therefore,
A
(2¢1 — 5)||uj||2 <2mM (¢ —by) + K. (3.1)

Since ¢; > /4, (3.1) implies that {u;};en is bounded in E,,. Thus, {u;};jen
possesses a convergence subsequence in F,,. The desired result follows. ([

Lemma 3.2. Suppose that (H1)—(H6) are satisfied. Then for any given positive
integer m, (1.1)) possesses a 2mM -periodic solution u,, € E,,.

Proof. In our case, it is clear that J,,(0) = 0. By Lemma Jm satisfies the PS
condition. By (H3), we have

mM—1
A
I (u) = §||u||2 —ay Y [W(t) +ul(t+T)]
t=—mM
A
> §||u||2 — 21 [|ulf®
A
= (g — 2a1)|\u||2.

Taking oy = (% — 2a1)d8? > 0, we obtain
Jm(u)|8351 Z a1 > Oa

which implies that J,, satisfies the condition (J1) of the Mountain Pass Lemma.
Next, we shall verify the condition (J2) of the Mountain Pass Lemma.. There
exists a sufficiently large number p > max{p1, 1} such that

A
(261 = 5)0? > 1. (3.2)
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Let 65,11) € F,, and

ift=0
W=t . ‘
0, ifte{jeZ:—mM<j<mM—1andj+# 0},

ew@+ﬂ={“?“9 | .
0, ifte{jeZ:—mM<j<mM-—1andj#0}.
Then
F(t,eg,ll)(t—i—T),e%)(t))
B {F(O,p,p), ift =0,
0, ifte{jeZ: —mM<j<mM—1and j#0}.

With (3.2)) and (H4), we have

1 mM—1
e =25 L)
P 1
Y rarn @)
< élleﬁi’uz —2c1p” by

:—QCl—épQ—blgo.
2

All the assumptions of the Mountain Pass Lemma have been verified. Consequently,
Jm Dpossesses a critical value ¢, given by (2.5)) and (2.6) with £ = F,,, and ' =T,
where

Iy = {gm € C([Ov 1]ﬂEm>‘gm(0) =0, gm(l) = 65711)7 67%) € Em\BP}'
Let u,, denote the corresponding critical point of J,,, on E,,. Note that ||u,,|| # 0
since ¢, > 0. O

Lemma 3.3. Suppose that (H1)—(HG6) are satisfied. Then there exist positive con-
stants &1 and 1y independent of m such that

Proof. The continuity of F(0,v1,ve) with respect to the second and third vari-
ables implies that there exists a constant 71 > 0 such that |F(0,v1,v2)| < 71 for

V2 +v3 < 6. Tt is clear that

1 mM—1
Im () < max {|§ Z L(se%)(t)) . (se%)(t))}

T 0<s<1
- t=—mM
mM—1
- Z F (t,seg)(t + T),se&}t)(t)) }

t=—mM

IN

A
Sl 2+ 7

)\2+
= — T1.
2,0 1
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Let & = %pz + 71. Then J,, (ur,) < &, which is a bound independent of m. From

(2.3) and (2.4)), we have

mM—1
Tnlun) =5 [ZEE u”é(t) =D, )
t=—mM
mM—1
+ ap(t,um(g;T%um(t))um(t)} B t:_;MF (€, um (t 4+ T), um(t))

mM—1
OF (t, um (t + T), um(t)) U (t +T)

:% Z [ vy

t=—mM
. 8F(t,um(ta-;T),Um(t))um@)} _ z:_ F(t, um(t+T),um(t))
t=—mM
<&.

By (H5) and (H6), there exists a constant 1; > 0 such that

1 /0F(t,vy,v OF(t,v1,v
3 (2 S ) Pl > 6.

for all t € Z and /v? + v3 > 11, which implies that |u,,(t)| < n for all t € Z; that

is, lumllooc < m-
From the definition of .J,,,, we have

0= (T (ttm) m)
S [OF (= T (0, unlt=TY)

> Al ~ Y| a0,

t=—mM
L OF(um(E+T),um(®) -]
8’1)2

This inequality and (H3) yield

mM—1
6F t,unLt+T7umt
D o e TR

t=—mM
OF (t, U (t 4+ T), ()
+ 90s um(t):|
mM -1 OF (t,um(t+T), um(t))]2}1/2||um||

S{ Z [ Ovy

MU Ot up (t + T),um(t))]2}1/2||u IR

+{ Z [ Ovg

t=—mM

That is,
mM—1 OF (t, um(t +T), um(t))]z}l/z

Munll <{ > o

t=—mM
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mM—1

OF (t,um (t+ T), um(t))y271/2
+ { } .
t:;nM [ Ova ]
Thus,
mM—1
F(t, um(t+T),um(t)) 2
A2 flum||? < 2
|Um|| t_;]\/[ a’Ul ]
£ T), (1)) o
t um t + 2
23 R
t=—mM 8,02
From this inequality and (H3), we obtain
mM—1 mM—1
Mlunl? <2 Y Raunt+D)P+2 Y [2a1un(t)]® = 16a3]|u |
t=—mM t=—mM
Thus, we have u,, = 0. This contradicts ||u,|| # 0, which shows that
HumHoo 2 617
and the proof is complete. ([l

Proof of Theorem[I.1. Now we shall give the existence of a nontrivial homoclinic
orbit. Consider the sequence {u, (t)}tez of 2mM-periodic solutions found in Sec-
tion 3.1. First, by , for any m € N, there exists a constant t,, € Z independent
of m such that

[t ()| > 1. (3.6)
Since a(t), b(t) and f(¢,v1,v2,v3) are M-periodic in ¢, {un,(t + jM)} is also
2mM-periodic solution of (for all j € N). Hence, making such shifts, we can
assume that t,, € Z(0, M — 1) in . Moreover, passing to a subsequence of ms,
we can even assume that t,, = tg is independent of m.
Next, we extract a subsequence, still denote by u,,, such that

U (t) — u(t), as m — oo, Vt € Z.

Inequality (3.6) implies that |u(tp)| > £ and, hence, u = {u(t)} is a nonzero se-
quence. Moreover,

Lu(t) = f(t, u(t +T),ut), u(t = T))

= lim [Lupm(¢) — f(t um (@t + 1), um (t), um(t —T))] = 0.

m—00

So u = {u(t)} is a solution of (1.1).
Finally, we show that u € [2. For u,, € E,,, let

2
= {t EL: |un(t) < gél,—mM <t<mM — 1},

V2

Qm={t€Z: |unt)| > 751,—mM <t<mM —1}.

Since F(t,v1,v2) € CY(Z x R?,R), there exist constants £ > 0, £ > 0 such that

max{[aF(g;}j’Uz)r + [8F(lg;)21,v2)]2 20 < \Jvi4vi <, te Z} <¢,
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. 1 OF(t,vhvg) 8F(t,v1,112)
R

51§\/v%+vggm, tGZ}Zé.

’02] — F(t,vl,vg) :

For t € Q,n,
OF (t,um(t + T), um(t))72 OF (t, um (t + T), um (t))72
|: 8’1)1 :| +|: 8112 :|
< g{i[ 81}1 um(t + T) + 602 um(t)
F(t,um(t+T),Um(t))}
By (3.F), we have
22 12
<2} [3F(t7um<t8 ;T),um(t»r” 3 [8F<faum<t8 ;T),uma))]z
tePy, tePn,
OF (t,up (t +T), um(t)) 72 OF (t,um (t +T), U (t))12
+2 zQ: ( (801 ) ())} +2 zQ: ( (3’02 ) ())}
<23 Rayun(t+ )2 +2 Y 2010, (1)
teP,, tePpm,
f OF (t,um(t +T), um(t))
tezQ:m{ [ (9’[}1 Um(t+T)
G um(ta 1—2T), um(t))w(w] — Pttt + T), um (1)) |
2 2 gﬁ
< 16af ||um|® + ¢
Thus,
£&
lonl” < £

Since &, £,€1, A and ay are constants independent of m, passing to the limit, we have
Z uZ(t) < )\255116 ~.
t=—D é (7 - al)

By the arbitrariness of D, u € [2. Therefore, u satisfies u(t) — 0 as |t| — oo. The
existence of a nontrivial homoclinic orbit is obtained. O
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3.2. Proof Theorem [1.5l Let

1 mM —1 mM—1
Tm(w) = =3 S Lu)-ul)+ > Fltult+T),u(t). (3.7)
t=—mM t——mM
Then .
8177((7:;) = —Lu(t) + f(t, u(t +T),u(t), u(t = T)), (3.8)

for all t € Z(—mM, mM —1).

Lemma 3.4. Suppose that (H1), (H2), (H7), (HR) are satisfied. Then J}, satisfies
the PS condition.

Proof. Assume that {u;};en in E,, is a sequence such that {J} (u;)};en is bounded.
Then there exists a constant K > 0 such that —Ky < J (u;). By (2.7) and (H9),
it is easy to see that

. A :
—K> < T3 (uy) < =S llugl” + 2ea g |* + 2mM (G +b2) Vi €N,

Therefore,
A
— (2¢2 — 5) ;)| < 2mM (Co + ba) + Ko. (3.9)
Since ¢ < A/4, (3.9) implies that {u;}jen is bounded in E,,. Thus, {u;};en
possesses a convergence subsequence in F,,. The desired result follows. (Il

Lemma 3.5. Suppose that (H1), (H2), (H7), (H8) are satisfied. Then for any given
positive integer m, (1.1)) possesses a 2mM -periodic solution u},, € E,,.

Proof. In our case, it is clear that J7 (0) = 0. By Lemma J, satisfies the PS
condition. By (HT), we have
5\ mM—1
T (u) > —5Hu||2 + as t ZM[uz(t) +u?(t+1T)]
=—m

A
> — 2l + 2az]ul

A
= 7(5 — 2a) ||u®.
Taking as = —(é — 2a3)63 > 0, we obtain
J;(uﬂagéz > ag >0,

which implies that J}, satisfies the condition (J1) of the Mountain Pass Lemma.
Next, we shall verify the condition (J2) of the Mountain Pass Lemma. There
exists a sufficiently large number 1 > max{p2, d2} such that

A
(2¢2 — 5)772 > |bal. (3.10)

Let 65721) € F,, and

6(2)(t) _ , lf't:O7
" 0, ifte{jeZ:—mM <j<mM—1andj#0},
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6(2)(t+T)— n, ifE=0,
" o, ifte{jeZ:—mM<j<mM—1andj#0}.

Then
F(tef(t+T),el2) (1))
B {F(O,n,n), if t =0,
0, ifte{jeZ:—mM <j<mM—1and j#0},
With and (H9), we have

1 mM—1
Tn(@)==5 3 LER®) - (D)
t=—mM
mM—1
+Y F(he+T),eR0) (3.11)
t=—mM

A
< _EHGg)Hz + 2canm® + b

= —(% —2¢2)n” + by < 0.

All the assumptions of the Mountain Pass Lemma have been verified. Conse-
quently, J possesses a critical value ¢, given by (2.5) and (2.6) with F = E,,, and
I' =T,,, where

Ly = {gm € C([0,1], E)|gm(0) = 0, gin(1) = €2, e € E,\B,}.
Let u}, denote the corresponding critical point of Jj%, on E,,. Note that ||« || # 0
since c;, > 0. g

Lemma 3.6. Suppose that (H1), (H2), (H7), (H8) are satisfied. Then there exist
positive constants 6o and 12 independent of m such that

b2 < [Jtlloo < 2. (3.12)

Proof. The continuity of F(0,v;,v2) with respect to the second and third vari-
ables implies that there exists a constant 72 > 0 such that |F(0,v1,vs)| < 7o for

\Vv? + 03 < 8. Tt is clear that

mM—1
. 1
[y (t3) | < max {| = 5 2 L(sel () (sl 1)
mM —1
+ t,5e2 (t+T), e (t)
2 Vo e
A
< §II€53)||2 + 72
A
= 5’[’)2 —|— T2.

Let & = %772 + 72, we have that |J}, (u),) | < &, which is a bound independent
of m. Then by (3.7) and (3.8]), we have
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=-3 >

t=—mM

N OF (t,ul,(t+T)

602

Dy o]+ > F,

mM—1 u;kn(t+T),

U (1))

U (1)

mM—1
Up, (£ + 1),
t=—mM

:7% Z [8F(t,

t=—mM

OF (t,up (t+ 1) upn (1)
+
61}2

8’01

mM—1

> (35 Y R+ ),
t=—mM

Then
mM—1

> PG,
t=—mM
Since
mM—1

Uy (E+T), up, (1) <

u(t=1))

ur (t+1T)

mM—1

+ > F(tun,(t+1),

t=—mM

U (£)) -

)
I
t .

e w1 OF (t — T, u?,(t),
Jm(um) - 75 t:;nM |: 81}2

OF(t,up, (t + 1), uin (1)
+
(%2

> —&.

This inequality combined with (3.14) gives us

mM—1

mM—1

+ > F(tu

t=—mM

T, u

w0, (= T))

1 1 OF(t—T
Al <5 > |
un(t) .

t=—mM
OF (t,ul, (t +T),
| OF (U (t+T)

o 0

ng

mM—1
< > F
t=—mM
< M
> Q_M

)

o+ T),u

U (1)

m(t)) + &2

2(4 — )2

Izl < T3

A

13

U (1))

U (1))

(3.14)

m(t))

(3.15)

(3.16)

whose right-hand side is independent of m. Then |[u, || < 12, which implies

[umlloo < 12-

From the definition of J};,, we have

mM—1

> f,

t=—mM

0= (3 (up), upn) = —=Alur* +

m(t+T),up (1),

ur (t—T))ur, (t).

m
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This inequality combined with (HT7) yields

mM—1 * *
j‘Hu:@”Q > Z [8F(t_T’um(t)?um(t_T))u* (t)

t=—mM 8’02 "
OF (t,ul, (t+ T),ul (1)
+ o i, (0)]
B MZ [8F<t,urn<t+T>,u;<t>>
t=—mM avl
OF (t,ul, (t+ T),ul ()
+ o ()]
mM—1

>2a Yy [(un(t+ 1)) + (g, (1))

t=—mM

ur (t+1T)

= das||u,||*.

Thus, we have u}, = 0. This contradicts ||u},|| # 0, which shows that ||u},||c > 02,

m

and the proof is complete. O

The proof of Theorem [I.5] is done similarly to the proof of Theorem We
omit it here for simplicity.

4. EXAMPLES

As an application of Theorems [I.1] and we give two examples that illustrate
our main results.

Example 4.1. Let

vi + 3 v; £ v3 )
vi+vi+1  vi4vi+1/]
F(t,v1,v3) = %[v%—i—v% —In(v? + 03 +1)],

f(t,Uh’UQ,’Ug) = ’Y’UQ(

where v > \. If (H1) is satisfied, then it is easy to verify that all the assumptions of
Theorem [1.1] are satisfied. Consequently, there exists a nontrivial homoclinic orbit.

Example 4.2. Let
va(vF +03) 571 + (vF +03) 57,
f(t,v1,v9,v3) = if (v1,v2) # (0,0) and (vg,v3) # (0,0),
0, if (v1,v2) =(0,0) or (ve,vs3) = (0,0),
and
F(t,vn,02) = — (0 + 0372,
where 1 < p < 2. If (H1) is satisfied, thenuit is easy to verify all the assumptions of

Theorem are satisfied. Consequently, there exists a nontrivial homoclinic orbit.
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