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INVERSE COEFFICIENT PROBLEM FOR THE SEMI-LINEAR
FRACTIONAL TELEGRAPH EQUATION

HALYNA LOPUSHANSKA, VITALIA RAPITA

ABSTRACT. We establish the unique solvability for an inverse problem for semi-
linear fractional telegraph equation

D¢u+ r(t)DPu — Au = Fo(z, t,u, DPu), (x,t) € Qo x (0,7

with regularized fractional derivatives D§ u, Dtﬁu of orders o € (1,2), 8 € (0,1)
with respect to time on bounded cylindrical domain. This problem consists
in the determination of a pair of functions: a classical solution w of the first
boundary-value problem for such equation, and an unknown continuous coef-
ficient 7(t) under the over-determination condition

/Q u(z, t)p(x)dz = F(t), te€[0,T]

with given functions ¢ and F.

1. INTRODUCTION

The existence and uniqueness theorems for fractional Cauchy problems were
proved in [2, [, Bl [7, [1T], 12, 13} 14 [15] 16, 24] and other works. The conditions of
classical solvability of the first boundary-value problem for equation

DPu(z,t) — Az, D)u(z,t) = Fy(x, t)

with regularized fractional derivative (see, for example, [4]) and some elliptic dif-
ferential second order operator A(z, D) were obtained in [I8] and [19].

Equations with fractional derivatives are applied in studying of anomalous diffu-
sion and various processes in physics, mechanics, chemistry and engineering. The
telegraph fractional equations in theory of thermal stresses is considered, for exam-
ple, in [21I]. Inverse problems to such equations arise in many branches of science
and engineering. Some inverse boundary-value problems to diffusion-wave equation
with different unknown functions or parameters were investigated, for example, in
[T, 13, [6], @ [17, 20} 22, 25]. In particular, the article [I] was devoted to determina-
tion of a source term for a time fractional diffusion equation with an integral type
over-determination condition.
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In this note we prove the existence and uniqueness of a classical solution (u,7)
of the inverse boundary-value problem

Du+r(t)DPu — Au = Fy(z,t,u, DVu), (z,t) € Qo x (0,77, (1.1)
u(z,t) =0, (x,t) €0 x[0,T], (1.2)

u(z,0) = Fy(z), z € Q, (1.3)

ug(r,0) = Fy(z), x € Qo, (1.4)

/Q w(z, t)po(x)de = F(t), te€]0,T] (1.5)

for regularized telegraph equation, where o € (1,2), 8 € (0,1), g is a bounded
domain in RN, N > 3, with a boundary 9 of class C'** s € (0,1), Fy, F1, Fy,
F, ¢y — given functions. We shall use Green’s functions to prove the solvability of
this problem.

2. DEFINITIONS AND AUXILIARY RESULTS

We shall use the notation: @y = 9Qp, Q; = Q; x (0,T], i = 0,1, Q2 = Qo,
D(R™) is a space of indefinitely differentiable functions with compact supports in
R™ m=12,...,9(Q) ={veC=Q): (&) rv=r =0, k=0,1,...},

D'(R™) and D'(Q,) are spaces of linear continuous functionals (generalized func-
tions [23] p. 13-15]) over D(R™) and D(Q,), respectively, (f, ¢) stands for the value
of f € D'(R™) on the test function ¢ € D(R™) and also the value of f € D'(Q,)
on'p € D(Qy)-

We denote by f * g the convolution of generalized functions f and g, use the

function .

o(t)tr~

A = ey for A >0

fipa(t) for X <0,

where I'(z) is the Gamma-function, and 6(t) is the Heaviside function. Note that
In fu = Pavu-

Also note that the Riemann-Liouville derivative v,ﬁ“) (z,t) of order o > 0 is defined
by

vga)(:r,t) = f—a(t) * ”U(:ZZ,t)

and
o B 1 o [ v(x,T) v(x,0)
D) = 55 [&/0 G-~ ]
= v,fa) (z,t) — fi—a(®)v(z,0), for a € (0,1),
while
o B 1 o [t wve(x,T) v (z,0)
pivtet) = gy [ |, G A T e

= 0 (@,t) = fioa(O)0(@,0) = foa(t)vi(2,0) for a € (1,2).

We denote Div = 2¢.
Let C(Qo), C(Qy), C[0,T) be spaces of continuous functions on Qo, Q, and
[0, 77, respectively, C7(€2) (C7(£20)) be a space of bounded continuous functions

on Qg (o) satisfying Holder continuity condition, C7(Q;) (C7(Q;)), ¢ = 0,1, be a
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space of bounded continuous functions on @; (Q;) which for all ¢ € (0,T] satisfies
Hélder continuity condition with respect to space variables, C7(Qq x R?) be a space
of bounded continuous functions f(z,t,v,2) on Qo x R? which for all ¢t € (0,77,
v, z € R satisfies Holder continuity condition with respect to space variables z € Qy,

C5(Qo) = {v € C(Qu) : Dv € C(Qu)},
C(Qo) = {v € C7(Qu) : Df'v € C7(Qo)},
C2,a(Qo) = {v € C(Qo) : Av, Di'v € C(Qo)},
C2.0(Qo) = {v € C2,4(Qo) : v,v, € C(Qo)}-
We use the following assumptions:
(A1) Fy € C(Qo x R?), v € (0,1), |Fo(z,t,v,w)| < Ag + Bo[|v]? + |w|],
|Fo(z,t,v1,w1) — Fo(z,t,v2,w2)| < Dol|vr — v2|? + |wy — walP]

for all v, w, vy, ve,w;, ws € R where p,q € [0,2], Ag, By, Dy are some posi-
tive constants,
(A2) F1 € C7(Q), Fila, =0,
(A3) Fy € C7(£y),
(A4) F,DPF,D°F € C[0,T], there exists f := inf;e(o7] [DPF(t)| > 0,
(A5) @o € C?*(), vola, =0.
Definition 2.1. A pair of functions (u,r) € C2.(Qo) x C[0,T] satisfying (1.1)) on
Qo and the conditions (1.2)-(|1.5) is called a solution of the problem (|1.1))-(1.5).

From (1.3)), (1.4) and (1.5)), it follows the necessary agreement conditions

A Fi(x)po(z)dx = F(0), A Fy(x)po(x)dx = F'(0). (2.1)

We introduce the operators
(L) (z,8) = v (2, 1) — Av(x,t), (2,t) € Qy, v €D (Qy),
(Lregv)(x,t) = D?”U(iC,t) - Av(x,t), (l’,t) € @Oa v e CQ,OL(QO)'

Definition 2.2. A vector-function (Go(z,t,y,7), G1(z,t,y), G2(x,t,y)) is called a
Green’s vector-function of the problem

(Lregu)(xvt) = gO(xat)a ((E,t) € QOa (22)
u(z,t) =0, (z,t)€Qy,
U(Q?,O) = gl(ﬂf), ut(x,O) = QQ(l'), HAES QOa

if for rather regular gg, g1, go the function
t 2
MMF/WQ&MWMMWW+ZA@WWM@W (2.5)
0 0 j=1 0

for (z,t) € Q, is the classical solution (in C2 4 (Qo)) of the first boundary-value
problem ([2.2))—(2.4]).
It follows from Definition 2.2 that
(LG())({L',t,y,T) :5($_yvt_7-)7 (!I?,t),(y,T) € Q07
(Lreng)(x?t’y) = 07 (SC,t) S QOa Yy S QO) ,7 = 172a
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0
Gl(xa()?y) = 5(‘1" - y)a EGl(xa()?y) = 07

0
7G2($>Ovy):6(m_y)7 9579690

G2($707y):07 at

where § is Dirac delta-function.

Lemma 2.3 ([I5]). The following relations hold:

t
G](x7t7y) :/ fj—a(T)GO(mvtay)T)dT? (l’,t) S QO) Y S QOv j = 1a2
0

Lemma 2.4. A Green’s vector-function of the first boundary-value problem (2.2)—
(2.4) exists.

The above lemma is proved following the strategy in [I7, Lemma 2].
Theorem 2.5. If go € C?(Qy), v € (0,1), g; € C?'(Q), 7 = 1,2, g1|a, = 0 then
there exists a unique solution u € Ca,,(Qo) of 7. It is defined by
u(x,t) = (Bogo) (z,t) + (G191)(z,t) + (G292)(z,t), (2,t) € Qo (2.6)
where

t
(Bogo)(x,t) =/ dr | Go(x,t,y,7)g0(y, 7)dy,
0 %

(®jgj)($7t) = Gj($7t7y)gj(y)dya j=12.
Qo
Proof. Taking Lemmas and into account, as in [7], 8] 10, 24] for the Cauchy
problems, we show that the function (2.6) belongs to Cs ,(Qo) and satisfies the
problem ([2.2))—(2.4). We use the estimates founded in [7), [T}, [15] 24]:

O*
G 7ta 9 < 0 5 - 2 < 4 t— a,
| O(x Y T)| = (t_7)|x_y|]\],2 |l‘ y| ( T)
Crti=l=a
G5t b o)l < W j=12, |z —y> <4,
Co(t =7)*7' |z =y \Hae s _o(lev® yots
‘G0<x7tﬂy77—)| S ‘I7y|N (4(]5*7-)04) e (’(4ag(t*7) )
Colt — 7)ot ,
< — T — > 4(t — 1)
‘.Z‘—y|N ) ‘ y| ( T)
il — Y2\ 55 o2 sl
ot = G (I
x—y ‘
Cjtj_l 9
s J=12, [z —y|® >4
=z —y|¥ J lz =yl

where ¢, C7, Cj, C’j (j = 0,1,2) are positive constants;
|Gj(x + Az, t + At,y,7) — Gj(z,t,y,7)| < Aj(z, t,y, 7)]|Az| + |At|/2]7,
ID]Gj(x + Az, t + At,y,7) — D] Gj(x,t,y,7)|
< Agj(,tyy,7)[|Az] + |t
V(z,t), (z + Az, t + At) € Qo, (y,7) € Qj, j=0,1,2
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with some 0 < v < 1 where non-negative functions A;(z,t,y,7), Ag ;(z,t,y,7) have
the same kind of estimates as G (x, t,y, T), DtﬂGj (x,t,y,7), 7 =0,1,2, have, respec-
tively, and G;(z,t,y,7) = G,(z,t,y), Aj(z,t,y,7) = Aj(z,t,y), Ag iz, t,y,T7) =
Ag j(z,t,y) for j = 1,2. Note that for the general boundary-value problem to a
parabolic equation with partial derivatives the last properties of a Green’s vector-
function were obtained in [I0]. O

3. EXISTENCE AND UNIQUENESS THEOREMS FOR THE INVERSE PROBLEM

Now we prove the existence of a solution for the inverse problem (|1.1)—(1.5).
It follows from the theorem that under assumptions (A1), (A2), (A3) for a
given r € C[0,T] the solution u € Cs (Qg) of the first boundary-value problem

(1.1)—(1.4) satisfies

t
u@@z—/rmm- Gola t,y,7)DPu(y, 7)dy
0 Qo
+h0(:r,t,u,Dtﬁu)+h(x,t), (:E,t) EQ0

where

t

ho(ZE, ta U, DEU) = / dr G0($7 ta Y, T)FO(ya T, U(y, T)v Dfu(ya T))dya
0 Q

’ (3.2)

2
wm=24@mwm@m<mmm

Conversely, any solution u € Cg(Qo) of (B-1) belongs to Cs (Qo) and is the solution

of (1) (T3)

It follows from the equation (1.1 and assumption (A5) that

D u(x, t)po(x)dz + r(t) Dtﬁu(x7 t)o(x)dx
Qo QO

=/ u(x,t)Acpo(m)dx+/ Fo(x,t,u(x,t),Dt’gu(x,t))apo(x)dx, t € (0,T].
Qo Qo

Using (|1.5) we obtain
DeF(t) +r(t)D°F(t)

= / u(w, t) Apo(z)ds + / Fo(z,t,u(z,t), DPu(x,t))po(x)dx
Qo Qo

(here D*F(t) = DYF(t) and so on); that is, by using (A4),
r(t) = [/ u(zx, t)Ago(z)dx + Fg(x,t,u(m,t),Dfu(x,t))tpo(a:)dx
Qo

o (3.3)
- DaF(t)] [DPF(H)]~Y, te(0,T).
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Note that, for u € C’g(Qo), the function r(¢), defined by (3.3)), belongs to C0,T].
By substituting the right-hand side of (3.3) into (3.1) in place of r(t) we obtain

(o, 1) = /0 D'FE) i [ GGty

X [ Fo(z, 7, u(z,7), DPu(z,7))po(2)dz
Qo

+ /QO u(z, 7)Apo(2)dz — DaF(Tﬂ Dfu(y7 7)dy

+ ho(z, t,u(z, t), Dfu(a, t)) + h(z,t), (z,t) € Qo,

where the functions hg, h are defined by (3.2]). We have reduced the problem (1.1])—
(L.5) to system (3.3)), (3.4). Conversely, a pair (u,r) € Cj3(Qo) x C[0,T] satisfying

(3.3) and (3.4) is a solution of the problem (|1.1))-(L.5).
Thus, under assumptions (Al)-(A5) and (2.1), a pair of functions (u,r) €

C2.4(Qo)xC0, T is the solution of (T.1)-(T.5) if and only if the function u € Cg(Qo)
is the solution of (3.4)), with r € C[0,T] defined by (3.3]).

Theorem 3.1. Under the assumptions (A1)-(A5) and the condition (2.1), there
exists T* € (0,T] (Q§ = Qo x (0,T*]) and a solution (u,r) € Ca,4(QF) x C[0,T7]
of (L.1)-(1.5). The function w is the solution of (3.4)), and r(t) is defined by (3.3)).
Proof. From the previous conclusion, it is sufficient to prove the solvability of the
equation (3.4) in Cj(Qo). We shall use the Schauder principle. Let [|7]|cp,7) =
maxyeo,7) |7(t)], and

ol =max{ sup [o(@,t)l, suwp [DJv(z,1),

(z,t)€Qo (x,t)€Qo
Az, t) — t
ap L EABY —v@ b))
(z,t)€Qo,| Az|<1 |Az|
qp  |Dlv+ Aat) - Div(a,b) }
)
(z,1)€Qo,| Az|<1 | Az

Let R be some positive number, and
Mp = Mp(Qo) = {v € C5(Qo) : [vllcyqq) < R}

On My we consider the operator

(Pv)(x,t) := —/0 [DPF (7))~ tdr A Go(as,t,y,T)[/Q v(z,7)Apo(z)dz

+ Fo(z,7,0(2,7), D{v(2,7))po(2)dz — D{F(7)] Do(y, 7)dy
+ ho(z, t,v, DPv) + h(z,t), (,t) € Qo, v E Mg

with the functions hg, h defined by .

At the beginning we show the existence of R > 0, T* € (0,7] and therefore
My, = Mg(Qp) such that P : M}, — Mj.

For v € Mg, (z,t) € Qo we find the estimates

\ho(z, t,v, DPv)|
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! 1<)
= ‘ / dr GO(xvtvva)FO(vavU(va)7Dt U(y,’]’))dy’
0 Qo

t
< [ar [ e G0ty D Foly: 7o0(0.7), Doty
0 ly—el<2(1—r)*/2

[ e 1Gole Dl Fuy, 7,00, 7), DY v(y. 7)) dy]
ly—a|>2(t—7)"/

t
C*
q B P
< [ar[ [ menr T —as Ao+ ot rl? + Dot )Py
ly—a|<2(t—7)/?
C*
q B P
+ (y,7)E€Q0: (t—T)17a|y—£L"N [A0+|U(y77-| +|Dt U(va))| ]:|dy

ly—a|>2(t—7)"/?

t 1 2(t—7’)a/2 1 diam Qg dr
C d —_— — |d1|Ag + Bo(R? P
/0 [(t—T)/O rar+ (t—T)l_a /2(157')"‘/2 T:| T|: 0+ O(R +R ):|
t .
é/ [(t-ﬂ%%(t-ﬂ%lm diam (o
0

(=)
< kot™t [AO + Bo(Rq + Rp)]

IN

IA

[ar[40 + Bo(r? + R7)]

where C*, C, C', l%, ko are positive constants, and a; = a — o, with g an arbitrary
number in (0,1). Also we have

‘ A Gj(w,tvy)Fj(y)dy(

< [/(w)eﬂo: Gj(a:,t,y)dy+/(w)eﬂo: Gj(sc,t7y)dy]||Fj||C(Qo)
ly—=|<2t®/2 ly—z|>2t2/2
tj—l—a
<a / O o P——
ly—z|<2t>/?
Uy — ol s e(luzz?yeta
+/(y,r)690: |y—x|N( T )2(2 ) e~ c(H g ) dy}HFjHC(QO)
ly—az|>2t~/2
o diam Qg N N ,@<ﬁ)ﬁ
S’fjtjfl[1+/2 . rrma i emae ! dr}-llellc(m
tOL

<kt M Fjlle@y, 7=1,2
where cg, ¢, l;:j, k; (j = 1,2) are positive constants. Therefore,

h(z, ) < > kit Flloge,  (@,t) € Qo.
j=1,2

Similarly,
||| oot m). D20 (:)ay
0

< [Ao + Bo(R + R)] /Q eo(2)ldz W(y.7) € Qo
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and therefore

’/ [DPF(r)] " tdr Go(a:,t,y,T)Fo(z,T,v(zn'),va(z,r))tpo(z)dz

=7 s [Ao + Bo(R? + RP)] ; eo(2)ldz ¥(y,7) € Qo.

Then, given R > 1, we obtain the estimate
k _
(Po)(@, D) < Zt (R + 2R + Ho(t) < qot™ B+ Ho,  (x,8) € Qo

where

o = / dz - | D*Fllepy,

022230<f+/90

1
Ho(t) = Aokot™ (1 + ?/ |900(Z)|d2) + kil Pl + FatllFalle,) < Ho,
Qo

kol + o)
g =—"7F "
f

eo(ldz) + [ 1apo(:ldz,

0

In the same way for v € Mg, (z,t) € Qo, |Az| < 1 we obtain
|(Pv)(x + Az, t) — (Pv)(z, )|
|Az|y
Here and later g;, ¢;, H; (j=1,2,...) are positive numbers.
For every g € C7(Qo) we have

<@t R*+ Hy, (2,t) € Q.

¢ - T -8 T
D (@u)(e0) = [ CEG [ oty mlatn v, (ot) € @9

and, as previously, we find that

|Dtﬁ (609) (l',t)| < C70150‘1_6”g”C(Qo)7 ($7t) € Q07 (jO = const > 0.

Furthermore,

¢ — 1) Bdr
pi@r) =5 [ St [ e n A - hos R

t
:/ fl,ﬁ(t—T)(QﬁlFl)T(x,T)dT,
0
o [t(t—7)Pd
Dﬁ((’52F2)($ t) = at/ (tr(lT)_ﬁ)T/Qo Ga(x,7,y)Fa(y)dy — fap(t)Fa(x)
:/ fl,g(t—T)(QﬁgFg)T(x,T)dT.
0
Since (®ij)T (j = 1,2) are continuous functions on Qq, we have
D7 (8 F)) (@,6)] < capst' ™%, (,t) € Qo, j=1,2

So,
|D? (Pv)(,t)] < q2t®*R? + Hy, (z,t) € Qo
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and similarly
D} (Pv)(z + Az, t) — D] (Pv) (=, 1)]
|Az]
for all v € Mg with as = a1 — 8 and

S Q3ta2R2 +H37 (I,t) € QO’ |ASC‘ <1

Hy = c5 + c[| Fill o ag) + crtl P2l (e
Hjz = cs + o9l | Fill o) + cr0ll P2l o)

As a result we obtain

[Pl o)

< max, max{qot® R? + Hy, 1t R? + Hy, q2t**R* + Hy, q3t**R* + Hs}
te[0,T

< max [qR*t*? + H] Vv € Mg, R>1
te[0,T]

with ¢ = max{qoT”, 1T, q2, g3}, H = max{Hy, H1, Hy, Hs}.
To show the inequality
max{qR*t*? + H,1} <R vVt [0,T*], v € M} (3.5)

consider the function w(s) = ¢s?t*2 — s, s > 0. We find w'(s) = 2¢t*?s — 1 and
prove that sg = so(t) = [2¢t*2]~! is the point of the minimum of f(s). Then the
inequality
HPvHCg(QS) S R Yve MI*%

is satisfied for some R > max{l, H}, T* = min{t*, T} if qt*2s% — sp < —H and
2¢t*> max{1l, H} <1 for all t € [0,t*]. We have ¢t*?>sy — s9 = —4(1]5%2. There exists
t* > 0 such that 4¢t*>H < 1 and 2¢t*? max{1, H} <1 for all ¢ € [0,¢*]. Then
e o
4qH "2qmax{1, H}
Note that (2.1) and (A4) imply [[F1c(q,) > 0. We have proven the existence of
R>1,T* > 0 such that P: My — Mj5.

The operator P is continuous on

M;% ={v € Cp(Qp) : ||U||CH(Q3) = maX{HUHC(Qg)a HDfU||C(Qg)} < R};
thus, on M},. Namely, for v1,ve € Mz*:u (z,t) € QF,
[(Pv1)(@,t) — (Puz)(z,1)]

= ‘/ DBF 1cl7' Go(x,t,y,T)[/Q UQ(Z,T)AQDO(Z)dZ[DEUz(va)

0

/ey,

t* = min{][

— DPuy(z,7)] - / o (2,7) — va(z )] Ago(2)dz - DEun (g, 7)
Qo
4 / [Folz,7,01(2,7), DZwn (2,7) = Fol(z, 7,va(2,7), Divs (2, 7)]pol2)dz] dy
Qo
+ ho(z,7,v1(2,7), Div1(2,7) = ho(z,7, 032, 7), Diva(z,7)|

t
<o sup / IDPF (1) dr / (Gols t,y,7)|dy
(z,t)EQ Qo
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D%vy — DPusllc(qe) + 1D v1llcqqr)

x [llvallos) v —vallcay)

+2Dgll0n = w2l s + 2P0l D70r = DPvs 2 |
t
20y sup [ ar [ [Golast )y for ~ valgy)
(z,t)eQy Jo Qo ©
By, — DBy, |IP
+ 2Dy Dy, — D vﬂthSJ
< Clg(T*)alRuyl — 'UQHC;;(QS)-
Similarly, by using previous estimates,
D} (Pvy)(x,t) — D) (Pvg)(a,t)| < c13(T*)*2R|Jvy — v2lleriap)
for all vy, vy € Mg, (2,t) € Q*,.

The operator P is compact on ]\2[1*2 (and thus on Mj,): it was established earlier
the uniform boundedness of the set

PM}, := {(Pv)(z,t), (x,t) € Qf: v € Mj}

in addition, it follows from the properties of Green’s operators that for all ¢ > 0
there exists 6 = d(g) such that for all (z,t) € QF, |Az| < 4§, |At| < § and for all
ve Mg

sup |(Pv)(z + Ax,t + At) — (Pv)(z,t)| < e,

(z,1)€Qs
sup  |D?P(Pv)(z + Az, t + At) — DY (Pv)(z,t)] < e.
(z,t)€Q]
As a result, the operator P is equicontinuous on Mjy. According to Schauder
principle there exists a solution u € M}, of the equation (3.4). (]

Theorem 3.2. Assume that Fy € C*(Qo x R?) and is bounded, D°F € C0,T)]
and DPF(t) #0,t € [0,T], ¢ satisfies the assumption (A5) and o(x) # 0, x € Qq.
Then a solution (u,r) € C2.4(Qo) x C[0,T] of the problem (1.1))-(1.5) is unique.

Proof. Take two solutions (u1,71), (uz,72) € C2.4(Qo) x C[0,T] of (L.I)-(T.5) and
substitute them into equation (1.1). For w = u; — ug, 7 = r1 — ro we obtain the
equation

Du = Au— 71 (t)DPu — r(t) DPuy + Fy(x,t,ur, DPuy) — Fo(z, t,u, DY uy).
By Hadamard lemma
Fo(ZL', t, uy, Dtﬁul) — Fo(l', t, Uz, DtBUQ) = F()l(il?, t)u -+ FOQ(I', t)DtBu

with some known functions Fy;, j = 1,2, which are continuous and bounded on
Qo, depend on uq, us, Dful7 Dfug. Then the previous equation becomes

Diu+ (r1(t) — Foa(w, t))Dtﬁu = Au+ Foi(z,t)u — r(t)DPuy,  (2,t) € Qo.
It follows from the boundary condition that
u(x,t) =0, z€Q, tel0,T],
and from the initial conditions

u(z,0) =0, w(z,0)=0, =z
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Let G§(x,t,y,7) be the main Green’s function of the first boundary-value prob-
lem for the equation

Diu+ (r1(t) — Foa(w, t))Dtﬁu = Au+ Foi(z, t)u.
Then the function u(x,t) satisfies the equation
t
U($,t) = _/ dr GS(xvt7y7T)DEUQ(:%T)T(T)dya (.lf,t) € QO~
0 Q0

It follows from the over-determination condition (1.5 that

7“(t)D5F(t):/Q {u(x,t)Agoo(x)

3.6
+ (For (2, (@, 1) + Foa(, ) D} u(w, 1)) oo ) da, >

and then u(z,t) satisfies the equation
u(z,t) / DﬁF K*(%t,f) {(FOl(Z,T)QD()(Z) + Apo(2))u(z, 7)dz .

+ FOQ(Z,T)QO()(Z)DEU(Z,T)}dZ, (z,t) € Qo
where
K*(z,t,7) = A Gi(x,t,y, 7)DPus(y, 7)dy
0

is continuous with respect to x and integrable in time function.

If Fo1(z,7) = Foa(z,7) =0, (2,7) € Qo then by the uniqueness of the solution of
this linear second type Volterra integral equation we obtain u(x,t) = 0, (z,t) € Q.
Then it follows from that 7(t)DPF(t) = 0, t € [0,7]. Since D°F(t) # 0 on
[0,7] (under the assumptions of this theorem), it follows that r(¢t) = 0 for ¢ € [0, T7.

Assume that

[Foi(2,7)[ + [Foz(2,7)| # 0,  (2,7) € Qo. (3.8)
If Fya(z,7) = 0, (2,7) € Qo then by the uniqueness of the solution of the linear
second type Volterra integral equation (3.7) with integrable kernel

K*(z,t,7) (F01(z, T)eo(z) + A(po(z))

we obtain, as in previous case, that u(x,t) = 0, (x,t) € Qo and then, from (3.6]),
that 7(t) =0, ¢t € [0, T].
In the general case denote

V(z,t) = (Fou(z, t)eo(z) + Ao (z))u(z,t) + Foo(z, t)gpo(x)DtBu(:c, t).
Then implies

V(x,t):/o D;ZFT(T)/Q (F(n(:c,t)goo(z)+Agoo(:r))K*(:c,t,T)V(z,T)dz
todr N .
+F02(x,t)<p0(x)Df/0 DﬂF(T)/QOK (z,t, 7)V(z,7)dz;

that is,
¢
V(x,t) :/ dr K(z,t,z,7)V(z,7)dz, (x,t) € Qo,
Qo
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where
K(x,t,2,7)
T €T — T -B
- ﬁ(ﬂ {Fm(x’t)@o(fﬂ) + Apo(z) + Foal ’t??;)(—)g) ) K*(z,t,7).

By the uniqueness of the solution of this linear second type Volterra integral equa-
tion with integrable kernel K (z,t, 2, 7) we obtain V(z,t) =0, (z,t) € Qo.
Note that (3.8)) implies
|Fo1(x, t)po(x) + Apo(z)| + [Foz(z, t)po ()| # 0,  (z,t) € Qo.
Note also that
Dlu(z,t) =0 < f_g(t) % u(z,t) =0
— fa(t) * f_p(t) xu(z,t) =0
> u(z,t) =0, (2,t) € Qo,

for the function u(x,t) satisfying zero initial conditions.

Then it follows from the previous results that u(z,t) = 0, (z,t) € Qo and from
(36), by the assumptions of this theorem, we obtain r(t) =0, t € [0, T].

In separate case Fpi(z,t)po(x) + Ago(z) = 0 for all (z,t) € Qo we may put
Vi(z,t) = Foa(w,t)o(z)DPu(z,t) and, as before, obtain the linear second type
Volterra integral equation

t
Vi(x,t) :/ dr Ky(z,t,z, )Vi(2,7)dz, (x,t) € Qo
0 Q0

with integrable kernel
Ky (z,t,2,7) = Foa(x, t)po(x) K" (2, t,7)(t — T)_ﬁ/l"(l — B)DPF(7).

As before, from here we obtain Vi(z,t) =0, (z,t) € Qo and, as in the general case,
since Foa(x,t)po(x) # 0 on Qq, conclude that u(x,t) =0, (x,t) € Qp and r(t) = 0,
te0,T]. O

The similar result holds for the inverse problem on determination of a pair of
functions (u,b): a solution u of the first (or second) boundary-value problem for
the equation

Diu = Au+ b(t)u = Fo(z,t), (z,t) € Qo
and an unknown coefficient b(¢) under the same over-determinating condition .
We may study the cases N = 1,2 in the same way.
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