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HOMOCLINIC ORBITS AT INFINITY FOR SECOND-ORDER
HAMILTONIAN SYSTEMS WITH FIXED ENERGY

DONG-LUN WU, SHIQING ZHANG

ABSTRACT. We obtain the existence of homoclinic orbits at infinity for a class
of second-order Hamiltonian systems with fixed energy. We use the limit for a
sequence of approximate solutions which are obtained by variational methods.

1. INTRODUCTION AND MAIN RESULTS

In this article, we consider the second-order Hamiltonian system
w(t) + VV(u(t)) =0 (1.1)
with .
5|u(t)|2 + V(u(t)) = H. (1.2)

where u € C*(R,RY), V € C*(RM,R). Subsequently, VV (z) denotes the gradient
with respect to the x variable, (-,-) : RY x RY — R denotes the standard Euclidean
inner product in RY and |- | is the induced norm. In this article, we say a solution
u(t) of problem (L.I))-(1.2) is homoclinic at infinity (following the terminology of
Serra [19]) if |u(t)| — +oo and |u(t)| — H as t — foo.

In previous two decades, many mathematicians have considered the existence of
homoclinic and periodic orbits for problem ; see [1-4,6-10,12-18,20-23] and the
reference therein. Equation can be used to describe the motion of heaven bod-
ies under the law of universal gravitation. But in celestial mechanic, the potential
V possesses singularities at any collision points. In 2000, Felmer and Tanaka [§]
considered the existence of hyperbolic orbits for problem — with singular
potential. Recently, Wu and Zhang [24] obtained the similar conclusion under some
weaker conditions. As to the smooth potential, it can be referred to the restricted
three-body problems which is a reduced model of N-body problems. The restricted
three-body problem consists in determining u such that

.. au(t

i(t) + . ®) Svais
(lu@®)? +|r()[*) =
where 7(t) = r(t + 2m) > 0 for any ¢t € R. Obviously, the potential in (1.3) has
no singularity. In 1990, Rabinowitz [I5] used variational methods to study the

=0, (1.3)
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existence of orbits for which are homoclinic to zero with the so called (AR)
condition. Since the pioneering work of Rabinowitz, there are many works on the
existence of homoclinic solutions to zero for problem . But as to the homoclinic
orbits for non-singular Hamiltonian systems with a fixed energy, there are only few
paper involving this topic. In 1994, Serra [19] obtained the existence of a class of
homoclinic orbits at infinity for a class of second order conservative systems. In his
paper, He treated the systems with zero energy and the approximated homoclinic
orbits with a sequence of brake orbits which are obtained by variational methods.
He obtain the following theorem.

Theorem 1.1 ([19]). Suppose that the potential V € C*(RYN R) satisfies

(A1) V(z) <0 for all z € R,
(A2) there exist Ry > 0, v > 2 such that

1
Vi(z)= Tl +W(x), Vl|z| = Ro,
(A3) lim|y|—j 0o W(z)|2[” =0,
(A4) (2, VW (x)) > 0, for all |x| > Ry.
Then there exists at least one homoclinic solution at infinity for (1.1)-(1.2) with
H=0.

Motivated by above papers, we shall obtain the homoclinic orbits at infinity for
problem ([1.1)-(|1.2)) with the symmetrical potential V', but we do not (A2). Through
out this article, we assume V € C'(RYR) and the following conditions:

(A5) (z,VV(z)) — 0 as|z| — +o0.
(A6) there exist constants 8 > 2, My > 0 and ro > 0 such that |z|?|V (z)| < My
for all |z| > ro.

Remark 1.2. It follows from (A6) that V(z) — 0 as |x| — +oc.

We set
A=inf{V(z)|lz € RN}, B=sup{V(z)|lz € RV}. (1.4)

Since V is of C?! class in RY and satisfies (A6), we can conclude that —co < A <
B < 400. Under above conditions, we have the following theorem.

Theorem 1.3. Suppose V € C*(RN,R) (N > 2) satisfies (A5)-(A6). If V(—x) =
V(z) for all z € RN, then (L.1)-(1.2) possesses at least one homoclinic orbit to
infinity for any given H > B.

Remark 1.4. It follows from Remark [[.2] that B > 0. So the total energy H must
be positive.

Remark 1.5. In Theorem V' can change sign. The potential in (|1.3]) satisfies
the conditions of Theorem [I.3| for o > 2. There are functions satisfying Theorem
but not Theorem For example,

—2(|z|+1)?+1 for0< |z <1,
V@) =9_L | 1 for |z| > 1
“LE TR or faf 2 1.
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2. VARIATIONAL SETTINGS

We obtain the homoclinic orbits at infinity as the limits of solutions for the
following equations

(6) + VV(alt)) =0 Vi € (T, Tp) (21)
SO + V(a(t) = H ¥ € (~Th, Th) (22)

Where T is a suitable number defined in the proof of the following lemma. We

consider equations (2.1)-(2.2]) on the set
1
Gr={a€ Er:qlt+5)=—aqt)},
where
Eg = {q€ H'(R/Z,R") : |q(0)| = |¢(1)| = R}.

Here R stands for the constraint on the Euclidean norm of the functions in Er at
the end of the time interval. If ¢ € G, it is easy to check that fol q(t)dt = 0, then
by Poincaré-Wirtinger’s inequality, we have the equivalent norm

gl = (/01 |Q(t)|2dt)1/2.

Let L>(]0,1],RY) be a space of measurable functions from [0,1] into R™ and
essentially bounded under the norm

191l Lo (j0,1), k™) = esssup{|q(t)] : t € [0,1]}.
Then functional f: Gr — R can be defined as

@) = 3llalP [ (= Viatt)ar (2.3
Then
o) =l [ (7= Vi) = 5TV a®))ar @4

To prove Theorem [1.3] we approach the homoclinic orbits with a sequence of ap-
proximate solutions obtained using minimizing theory. The following lemma shows
that the critical points of f are the solutions of (1.1)-(1.2]) after some kind of time
scaling.

Lemma 2.1 ([3]). Let

1 1 ) ) 1
== d H-V d
fla) =5 [ lioPa [ (= viaen)
and G € H' be such that f'(§) =0, f(q) > 0. Set

1,2
o bl liPd
o (H =V (a(t))dt
Then @(t) = ¢(t/T) is a non-constant T-periodic solution for (1.1) and (1.2)).
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Lemma 2.2 ([2I]). Let o be an orthogonal representation of a finite or compact
group II in the real Hilbert space H such that for any o € 11,

flo-x) = f(a),

where f € C1(H, R'). Let S = {z € H|ox = x,Yo € 11}, then the critical point of
fin S is also a critical point of f in H.

Remark 2.3. Since V(z) is even in z, by the principle of symmetric criticality, we
can see that all the critical points of f on G'r are the critical points of f on H!
if we set the group Il = {—e,e}, P: H' — H' such that Pq(t) = —q(t + 3) and
o(—e) = P, o(e) = P? = id, where id is the identity operator.

3. EXISTENCE OF APPROXIMATE SOLUTIONS

Firstly, we prove the existence of the approximate solutions, then we study the
limit process.

Lemma 3.1. Suppose the conditions of Theorem [1.3 hold, then for any R > 0,
there exists at least one approzimate solution on Gg for systems (2.1)-(2.2) with
some suitable Tg.

Proof. We notice that H' is a reflexive Banach space and Gg is a weakly closed
subset of H'. By the definition of f and H > B, we obtain that f is a functional
bounded from below and

1
fla) = 3llal® | (1 = Viao))

H-B
2

Furthermore, it is easy to check that f is weakly lower semi-continuous. Then, we
can see that for every R > 0 there exists a minimizer gz € G such that

f'(qr) =0, flqr) = qie%fR f(g) > 0. (3.1)

v

lgl* — +o0 s [lql] — +oc.

It is easy to see that ||qr||* = fol |qr(t)|?dt > 0, otherwise we deduce that qr(t) =

Reg for some ey € SV~1, which is a contradiction, since the anti-symmetry of ¢g.
Let

o _ 3 Jo lan(t)dt
R ™ 1 ’
Jy (H = V(ar(0)dt

Then by Lemma up(t) = qR(t;Tj;{R) : (=Tr,Tr) — H' is a non-constant

approximate solution satisfying (2.1]) and (2.2]). The proof is complete. O

(3.2)

Remark 3.2. In Lemma (3.1}, we minimize the functional on the set Gg, but we
can not show that ug(t) solves the equations at +Tx. But we do not need ur(t)
to be a solution at these two moments, since we will let R — +o00 in the end.

4. ESTIMATIONS ON APPROXIMATE SOLUTIONS

Subsequently, we need to let R — +o0. But before doing this, we need to prove
ug can not approach infinity as R — 400, which is the following lemma.
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Lemma 4.1. Suppose that ur(t) : (=Tr,Tr) — H' is the solution obtained in
Lemma then minge(_7, 7,y [ur(t)| is bounded uniformly. More precisely, there
is a constant M > 0 independent of R such that

min  |ur(t)| <M for all R > 0.
te(—Tr,Tr)

Proof. Since qr € G is a minimizer of f, we have f’(¢r) = 0 which implies that

[;2H—@me»+WVWﬂmmMWth.

Then there exists tg € (—Tr, Tr) such that
2H — (2V(ur(to)) + (VV (ur(to)), ur(to))) <0,
which implies
2H S QV(UR(to)) + (VV(UR(to)),UR<t0)).

It follows from Remark that H > 0. Then by hypotheses (A5) and Remark
that there exists a constant M; > 0 independent of R such that

min up(t)| < M.
te(*TR;TR)| Ol < M

Then the proof is complete. [l

Lemma 4.2. Suppose that R > max{M,ro} and ug(t) is the solution for (2.1))-
(2.2) obtained in Lemma where M is from Lemma and ro is defined in
(A6). Set

t. =sup{t € (~Tr.Tr) : lur(t)| < L}, (4.1)
t_ =inf{t € (T, Tr) : Jur(t)| < L} (4.2)

where L is a constant independent of R such that max{M,rq} < L < R. Then we
obtain
Tp—ty — 400, t_+Tr — +0 asR— +oo.

Proof. By the definition of B, we have
TR TR
VH—V(ugr(t))|ir(t)|dt > VH - B |ar(t)|dt
ty

> VH - B| /TR ap(t)dt| (4.3)
>VH - B(R - L).

Similarly, we can get
t_

. VH —V{ug®)lur(t)|dt > VH — B(R - L). (4.4)
It follows from ‘and that
R¢H—VWMWMMM&=¢§t?H—VWﬂWMt

ty
< V2(H — A) (Tg — t4)
From this inequality and (4.3]), we obtain
VH —B(R—L) < V2(H - A) (Tr — t).
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Then we have Tr — t4 — +00, as R — +o00. The limit for t_ + Tx is obtained in
the similar way. The proof is complete. ([

Lemma 4.3. Suppose that ur(t) is the solution for (2.1) —(2.2) obtained in Lemma
3.1l Then there exists a constant Ms > 0 independent of R > rg such that
T

" H = V(un()in()|dt < 2VER + Mo,
Tr

where ro comes from (A6).

Proof. Define the function £(¢) on [1,+00) as a solution of the differential equation

£(t) = V2(H = V(£(t)e))
5(1) =To,
where e € SV~1. Let 7 > 1 be a real number such that &(7g) = R. Furthermore,

&(t) can be odd extended to (—oo, —1] and define 7_r = —7x such that {(7_g) =
—R. Then we can fix p(t) € H'([-1,1],RY) such that 45 (t) € G where

&e fort € [r—r,—11U[L, mr],

Yr(t) =Yr(t(Tr — 7-r) + T-R), Yr(t) = {Sp(t) for t € [-1,1].

Subsequently, we set u,(t) = Jr(4E). And it is easy to see that u,(t) = vg(t) if
T+r = *r. Similar to [§], we can deduce that for » > 0

@GR = inf = [ i (OF + H = Vi )

1 TR 1 (45)
< — R[>+ H — V(yr(t))dt.
<z Al (vr(1))
Since [—7g,Tr] = [-7r, —1]U[-1,1]U[1, Tr], by (A6), we can estimate (4.5) by

three integrals. Firstly, we estimate the integral on [1,7g], which is
1 TR
I o) = — —ArO]? + H — V(yg(t))dt
o = o5 | 5l (va(®)
= -vieweaa
= — H—-V(&(t)e)dt
V2 )i
TR . R
:/ VH =V (&(t)e)e(t)dt :/ VH—V(se)ds
1 70
R R
< / VH +/|V(se)|ds = VH(R — ro) +/ VIV (se)|ds
70 To
R s +oo 5
<VHR+ \/Mo/ s~ 2ds <VHR+ \/Mo/ s 2ds

0

<VHR+ M;

where

@
E
14

Similarly, we have
Iigp—1) < VHR + Ms.
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Since I|_y 1) is independent of R, we obtain that
1 (™1
Va2

for some My > 0 independent of R. Then by (4.5) and gg(¢) is the minimizer of f
on G, we have
T

TR VH —V{ug®)|ur(t)|dt < ( B
= (2f(qr))"* < 2f(3R))"/?
< SR + H — V(yn(0)dr

<2VHR + Ms.

r(t)? + H — V(yg(t))dt <2VHR + M,

Tr Tr

H-— V(uR(t))dt>1/2 (/

1/2
[ (t) 2t
7TR

This completes the proof of this lemma. (I

5. PROOF OF THEOREM
Subsequently, we set
t* = inf{t € (—Tg,Tr)||ur(t)| = M},
up(t) = ur(t” —t),
where M is defined in Lemma Since all the functions in Gg are continuous, it

follows from Lemma[4.1|that {t € (—Tr, Tr)||ur(t)| = M} is not empty when R is
large enough.

Lemma 5.1. Let ug € Eg be the solution of (2.1)-(2.2) and u}, be defined as
above. Then there exists a subsequence {u} } of {uj}r>0 that convergences to uos

in Cloc(R,RY). Furthermore, us is a homoclinic solution at infinity of (1.1))-(1.2).

Proof. Step 1: We show that {u}}r>0 possesses a subsequence in Cioc(R,RY). By
the definition of L and t*, we can deduce that ¢, > t* > ¢_. Then it follows from
Lemma [£.2] that

~Tr+t"— —00, Tr+t*— +o0o0 asR — +oo.
By the energy equation , we obtain that
[ ()2 = 2(H — V(uy(t)) < 2(H — A), Vte (-Tgp+t*,Tr+1t*), (5.1)
which implies that

o (t) — wi(ta)| < | / i (s)ds| < / Jig(s)lds < V2 — Aty —ts] (5.2)

2
for each R > 0 and t1,ty € [-Tr+t*, Tg+t*], which shows {u};} is equicontinuous.
Subsequently, we show that u%, is uniformly bounded on any compact set of R.
Take a,b € R such that a < b. When R is large enough, by Lemma [4.2] we can see
that [a,b] C [-Tgr + t*, T + t*]. Then, for any ¢ € [a, b], it follows from and
the definition of t* that

ui(t)] = | / (1)t + 3 (0)
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t
<| / 5 (0)dt] + [ 0)]
0

<| / 3 (t)]dt] + Jur ()

V2(H = A)t| + M
V2(H — A)([a| + [b]) + M,

<
<

which implies

max |up(t)] < /2(H — A)(|a] +[b]) + M. (5:3)

t€(a,b]

We have shown that u¥ is uniformly bounded on any compact set of R and uniformly
equi-continuous on R. By Arzeld-Ascoli theorem, it follows from inequalities (5.2))
and that there is a subsequence {uj, };>0 converging to s uniformly in
Cloc(R,RY).

Step 2: We show that u., is a homoclinic solution at infinity of —. By
Lemma, and the definition of u};j, we have

g, (t) + VV(ug, (1)) = 0,
with
i, (0 + V(uf, (1) = H,
for each j >0 and ¢t € (—Tgr +t*,Tr +t*). Take a,b € R such that a < b. Since V'
is of C' class, iig, (t) is continuous on [a,b] and iig, (t) — —VV (£, ue(t)) uniformly

on [a,b]. It follows that iig; is a classical derivative of ur, in (a,b) for each j > 0.
Moreover, since g, — 1o uniformly on [a, b], we get

e (£) + VV (uno (1)) = 0,
with
S lisc (O + V(oo (1)) = 1,

for all ¢ € [a,b]. Since a and b are arbitrary, we conclude that ue, satisfies (1.1)) —
=)

Furthermore, we need to prove that |ue(t)] — +00 as t — +oo. First, we show
that |ueo(t)] — +00 as t — +oo. Otherwise, there exists a sequence, denoted by ¢,
such that ¢,, — +00 as n — +o0 and

[Uoo (tn)| < My, for all n € N* (5.4)
for some M., > 0. On one hand, it follows from Lemma (4.3) and (4.4) that
Tr; +t*
2VHR; + My > H —V(uby, (t)|ig (t)|dt
*TRj L J J
£+t Tr,+t* b4t
> (/ +/ +/ J\JH = V(g (0) ik, (0)dt
et to At —Tg, +t* !

t -ty
S /t*ﬂ_ H —V(up ()i, (t)]dt + 2VH(R; — L),
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The above inequality and (2.2 imply
t*+t+

2VHL + My > /Nt VH = V(uh, (0)]ig, (t)]dt

t g
- ﬁ/+ (H =V (ufy, (1) dt (5.5)

>V2(H - B)(ty —t_).
On the other hand, in the proof of Lemma we choose L > max{M, M., ro}.
By (4.2) and the definition of G, it is easy to see that ¢t_ < 0. From (5.5)), we
can deduce that there exists M5 > 0 independent of j such that ¢t < Ms. By our

assumption, we can choose t,, such that t,, > Ms and |t (tn,)| < Moo. By the
uniformly convergence of {ug; }, there exists jo > 0 such that

L— M
|U’Rj (tng) = Uoo(tny)] < TOO
for any j > jo, which implies that |ug, (ts,)| < % < L for any j > jo, which
contradicts (4.1). Then |ux(t)] — 400 as t — +o0o0. The proof for t — —oo is
similar. Then we complete the proof. (I

From the above lemmas, we have proved there is at least one homoclinic solution

at infinity for (1.1)-(1.2) with H > B. We finish the proof of Theorem
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