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FERMAT TYPE DIFFERENTIAL AND DIFFERENCE
EQUATIONS

KAI LIU, XIANJING DONG

ABSTRACT. This article we explore the relationship between the number of dif-
ferential and difference operators with the existence of meromorphic solutions
of Fermat type differential and difference equations. Some Fermat differential
and difference equations of certain types are also considered.

1. INTRODUCTION

Some classical results on the meromorphic solutions of Fermat type functional
equation
fR)" +g(2)" =1 (1.1)
can be stated as follows. Gross [2] proved that has no transcendental meromor-
phic solutions when n > 4, and Montel [I1] showed that has no transcendental
entire solutions when n > 3. Iyer [5] concluded that if n = 2, then has the
entire solutions f(z) = sin(h(z)) and g(z) = cos(h(z)), where h(z) is any entire
function, no other solutions exist. We remark that can be rewritten as

f(2)" +91(2) + -+ gm(2)]" =1, (1.2)

it is easy to see that there is no relationship between the number of m with the
existence of meromorphic solutions of , since that n and functional fields are
the determinants of the existence of solutions. In this paper, we will explore the
corresponding problem when g;(z),i = 1,2, ..., m, are some differential or difference
operators of f(z). Our aim is to explore the relationship between the number of
differential or difference operators with the existence of meromorphic solutions of
Fermat type differential or difference equations.

Let us begin from a result given in [I5]. Yang and Li considered the entire solu-
tions of Fermat type differential equations. Here, we rewrite the original theorem
as follows for the goal of this article

Theorem 1.1. Let n be a positive integer, by, b1, . ..,by_1 be constants, b, be a non-
zero constant and let L(f) = > p_obxf®. Then the transcendental meromorphic
solution of the following equation

L2 =1 (13)
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must have the form f(z) = 1 (Pe** + Le™**) = ch(Az + A), where e = P, P is
a non-zero constant and X\ satisfies the following equations:

n . 1 n w 1
> bk = = > bi(=N) =-= (1.4)
k=0 k=0

In fact, all the transcendental meromorphic solutions of should be tran-
scendental entire solutions. Let L(f) = f(™. From of Theorem we see
easily that if n is an odd, then has transcendental entire solutions. If n is
an even, then has no transcendental entire solutions. Some related results on
2+ R(2)(f™)? =1 also can be found in [I3], where R(z) is a rational function
and n is an odd. Let L(f) = by f™ + bpy1 f™TY. Yang and Li also obtained the
following result.

Theorem 1.2 ([I5, Theorem 2]). Let b, and b,1 be non-zero constants. Then
F2 4 b f™ + b fHV]2 =1 (1.5)
has no transcendental meromorphic solutions.

It is not difficult to see that b, 1 f**t1 can be replaced by by ors1 f 24D in
Theorem where k is a non-negative integer. However, if f("+1) is replaced by
ft2) op fn42K) then can admit some transcendental entire solutions from
Example [T.3] below.

Example 1.3. The function f(z) = cos z satisfies
3 1
2 / 1112
2 z -1
Frlp e ire=n,

and f(z) = sin z solve
1 1
2 / M2
L
Pf - 3
In fact, a necessary condition of existence of transcendental solutions of

£ 4 onf™ + by fEIP? =1
is that m» must be an odd. Furthermore, the necessary condition of existence of

solutions of f2 4 [b,f™ + b,,f(™]?> = 1 is that m,n are odds, which can be

obtained by (|1.4) of Theorem

Let us consider the case of L(f) = by f™ + by fOH) 4+ b0 2. From
Theorem we see that if n is an even, then

f2 + [bnf(n) + bn+1f(n+1) + bn+2f(n+2)]2 -1 (1.6)

may admit some transcendental solutions. If n is odd, then has no tran-
scendental solutions. From the above statements, we conclude that the necessary
conditions for to admit transcendental solutions are as follows:
(i) k is an odd (it is also a sufficient condition), provided that L(f) = f*),
(i) m+n is an even and m,n are odds, provided that L(f) = b, f™ +b,, f™),
(iii) n + p + ¢ is an odd, provided that L(f) = b, f™ + b, f®) + b, f(®.
We give two notations for more convenient statements. Denoting D(L(f)) by
the number of differential operators in L(f), for example D(L(f)) = n + 1, if
L(f) = Y r_obxf® and by # 0,k = 0,1,...,n. Denoting W (L(f)) by the sum

of order of all differential operators in L(f), for example W (L(f)) = @, if
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L(f) = Y obef® and by # 0,k = 0,1,...,n. So far, we have obtained that
if D(L(f)) is odd (even), the necessary condition of existence of transcendental
solutions of is that W(L(f)) is odd (even), provided that L(f) has no more
than three terms. A natural question happens as follows.

Question 1.4. Can we get the parity of D(L(f)) and W(L(f)) are same for any
L(f), provided that there exist transcendental solutions of (1.3))?

Unfortunately, Question [1.4]is not true for L(f) with four terms by Example
below.

Example 1.5. The function f(z) = cos(—,/ Z—jz + Ai) is an entire solution of
P2 ouf b f s " b f O =1,
where b1by + babs = by Z—Z. Here D(L(f)) = 4 and W(L(f)) = 10. The function
f(2) = sin z solves the equation
1
P+ S5 o b S fOR =1
Here, D(L(f)) = 4 and W(L(f)) = 13.

If we add the condition that all |b;| = 1, Question [1.4]is also not true, which can
be seen by the Example [I.6]

Example 1.6. Assume that A satisfies

1
bsAS 4+ by At + b\ +Dp = =,
1

1
bs[—A]® + ba[~A]* + by [~A] + by = 5

Then f(z) = ch(Az + A) solves f2 + [bsf®) 4+ by f®) 4+ by f' +bof]? = 1, where A is
a constant. If ¢ satisfies

1
b5t5 + b4t4 + bltz +byg=—

’I: bl
1
bs[—t]° + ba[—t]* 4 ba[—t]* + by = E
then f(z) = ch(tz + B) solves f2 + [bsf®) + byf® + baf” + bof])? = 1, where B is
a constant.

We always considered that there is just one term f(z)? in the beginning place of
(1.3), we proceed to consider the following equation

F+FP+IF+ 7 =1, (1.7)
and obtain the following result.
Theorem 1.7. The equation has no transcendental meromorphic solutions.
Furthermore, we want to explore when the following equation
laf +bf >+ [ef +df")? =1, (1.8)

can admit a transcendental meromorphic solution, where a, b, ¢, d are constants. We
obtain the following result.
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Theorem 1.8. If (1.8) admits transcendental meromorphic solutions f(z), then
one of the following holds:

(i) a=0,c=0,b#0,d#0 and f(z) = 4sh(%z— B) + A, where A is a

constant. )
st c _ 1—e? . _ -2z
(ii) a,b,c,d are non-zero constants and 5 = {Topi, then f(z) = De % +
ep+67P

e where p s a constant, D is a non-zero constant.

(iii) a=0,b#£0, c#0 and f(z) = %sh(eﬁr“_“‘) + B, where d+ b%dﬁ =0

and A, B are constants.

Recently, using the difference analogues of Nevanlinna theory, the meromorphic
solutions of complex difference equations or differential-difference equations with
certain types also be considered, such as [0, [7, 8, @ 10, 12]. The first author and
his colleagues considered Fermat type difference equations, such as Liu, Cao and
Cao [8] investigated the finite order entire solutions of

FE2 f(z 402 =1, (1.9)
Here and in the following, c is a non-zero constant, unless otherwise specified. The
result can be stated as follows.

Theorem 1.9 ([8, Theorem 1.1]). The transcendental entire solutions with finite

order of (1.9) must satisfy f(z) = sin(Az + B), where B is a constant and A =

W, with k an integer.

When f(z+ ¢) is replaced by f(z 4+ ¢) — f(z) in (1.9), that is
@+ [fz+0) = f() =1, (1.10)
Liu [6] proved the following result.

Theorem 1.10 ([0, Proposition 5.3]). There is no transcendental entire solutions
with finite order of ((1.10)).

Let ag, a1, ...,a, be non-zero constants. If
f(2)? +laof(2) +arf(z+ci)+...+anf(z+cn)]? =1 (1.11)

admits transcendental entire solutions with finite order, we hope that n is an odd.
However, it is not true again by Example below.

Example 1.11. The function f(z) = sin z is a solution of
FEP+RF@ +F+5) + fa+m) =1
and also a solution of

PP+ ()4 T+ 00+ %f(z )t gf(z Fam2 =1

If we put the additional condition that |a;| =1 for i = 0,1,2,...,n, then Ques-
tion [T4] is also not true; we will construct an example as follows.
Example 1.12. The function f(z) = sin z is a solution of
F? +[if(2) + flz+er) + fz +c2) + fz +e3))* = 1,
where et = A, e®?2 = B, €% = C and
A+B+C=0,

111 1.12
St =t =2 (1.12)
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it is also a solution of
FE? +1if(2) + fz 1) + fz + ) + flz +t3) + f(z + )] = 1,
where el' = A, et? = By, e's = (), e* = D; and
A1+ B+ Ci1+ Dy =0,
1 1 1 1 _ (1.13)

As a generalization of (1.10)), we want to consider when the following equation
D*f(z)? +[Af(z+¢)+ Bf(2)]> =1 (1.14)
admits transcendental entire solutions, we get the next result.

Theorem 1.13. Let A, B be constants. If there are transcendental entire solutions
with finite order of (1.14)), then A?2 = B? + D2,

Example 1.14. We see that f(z) = sin(az 4+ b) is an entire solution of
FEP+[V2f(+ o)+ f(2)) =1,
hereDzl,le,A:fﬂandc:ﬁ.

Finally, we also consider a difference equation similar to (1.7)), and get the fol-
lowing result.

Theorem 1.15. Let ay,as,as,aq be non-zero constants. If
[a1f(z +¢) + a2 f ()] + [asf (2 + ¢) + asf(2)]* =1 (1.15)
admits transcendental entire solutions with finite order, then a2 + a3 = a3 + a2 and

f( ) _ aszcos(aiz+bi)+a; sin(aiz+bi)
z) = a2a3—a1a4

, where a is non-zero constant and b is a constant.

Example 1.16. It is easy to see that

[+ +fEP+[f+0) - ()] =1 (1.16)
can admit a transcendental entire solution of f(z) = Y2sin(z 4 F) = szisinz

which implies that a = —i and b = 0 in Theorem [1.15

2. PROOF OF THEOREM [L.1]
For the proof of Theorem [I.7] we need the following lemma.

Lemma 2.1 ([I6l Theorem 1.46]). Suppose that f(z) is a transcendental meromor-
phic function and h(z) is a non-constant entire function. Then

. T(r,f(h
T
Now, we give the proof of Theorem Using the classical results of Fermat
equations in the beginning of the introduction, we have
f+ f"=sin(h(z)),
f+f" =cos(h(z)).
It is a system of differential equations, however we do not know what is h(z). Hence,

it is not convenient to slove using the basic theory of differential equations. Here,
we use the following method. Firstly, from (2.1]), we get

= f" =sin(h(z)) — cos(h(z)). (2.2)

(2.1)
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Then taking the first order derivative of first equation of (2.1)), we have

I+ " =N(z)cos(h(z)). (2.3)
Thus, combining the second equation of and , we have
f = f =cos(h(z)) — h'(z) cos(h(z)), (2.4)
then taking derivative of the above equation, we have
= f" = —h'(2)sin(h(z)) — h"(2) cos(h(z)) + [0/ (2)]? sin(h(z)). (2.5)
Combining and , we have
tan(h(z)) = Wz -1 (2.6)

(h'(2))? = W'(z) =1
which implies that h(z) should be a constant from Lemma By a simple com-

putation, we have f(z) should be a constant. So, there is no transcendental entire
solutions.

3. PROOF OF THEOREM

The method is a factorization. Here, we give the details. We easily get
ep(z) J'_ e_p(z)

af +bf = 5

(3.1)

and
, P —ep(2)
of +df" = ————, (3.2)

where p(z) is a transcendental entire function. Taking the first derivative of (3.1),

we have
'(2)eP) — pf (z)eP(2)

af +bf" =2 . (3.3)
Combining (3.2]) with (3.3), we have
) e
bef — adf’ = f[—bz —p'(2)d]. (3.4)
Combining (3.4) with , we have
p(z) —p(2) p(z) _ o—p(2)
l2d + b f = 2% J;“de + S Wi ped (35)
and
p(z) —p(z) p(2) _ o—p(2)
[a2d + 2]/ — Dee T bee e bai—p(2)ad.  (3.6)

2 a 2
Next, we talk about two cases.
Case 1: If a?d + b%c = 0, then from (3.5 we have

e ad — b%i — p(2)bd] = —ad — b%i — p'(2)bd. (3.7)

Subcase 1.1. If a = 0, d # 0 and b%i + p/(2)bd # 0, then ¢ = 0 follows. Thus, it
implies e2P(*) = 1, that is p(z) reduces to a constant, which is a contradiction with
f is transcendental. If @ = 0, d # 0 and b%i + p/(2)bd = 0, then ¢ = 0 and b # 0
(a,b are not zeros simultaneously) and p(z) = —%z + B, where B is a constant,
which implies that f(z) = &sh(%z — B) + A, where A is a constant.

Subcase 1.2. If a # 0, d = 0 and b%i + p/(2)bd # 0, then b # 0 and ¢ = 0 follows, a
contradiction. If a # 0, d = 0 and b%i + p/(2)bd = 0, then b = 0, thus f should be
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a constant from (L.8]).
Subcase 1.3. If ad # 0, then be # 0, thus p(z) should be a constant for avoiding a

. . . . —a p —p
contradiction. From a simple computation, we have f(z) = De™v* + % and
c _ 1—62132'

a ~ 1+4e2p

Case 2: If a®?d+b%c # 0, then taking derivative for and combining with ,
we have

e**P)[iba + p” (2)bd + ¢] = iba + p” (2)bd — ¢, (3.8)
where p/(2)b%i + [p'(2)]%bd + be = ¢, hence we have either iba + p”(2)bd = 0 and
¢ = 0 or p(z) should be a constant.
Subcase 2.1. If iba + p”’(2)bd = 0 and ¢ = 0, we assume that b = 0, form and

(13.2), we have

@ Ay e L WO by

c 1
. D)
a a a (2 a a a 2

(3.9)
hence either p(z) is a constant, then f(z) is a constant or T(r,e?’) = S(r,e?P)
which is impossible. Assume that b # 0, we can get p'(z) = —5;%; and a = 0, by a
simple computation, we have f(z) = %sh(eﬁz_ﬁx) + B, where d + b%’dﬁ =0
and A, B are constants.

Subcase 2.2. If p(z) is a constant p, we have e (iba + bc) = iba — be from (3.8,
if b = 0, then f should be a constant. If b # 0, we have e?’ = 2=¢ then f(z) =

ia+c’
De™ 5% + %, then substitute f(z) into (3.1)) and (3.2)), we have a?d + b%c = 0,
which is a contradiction of the Case 2.

4. PROOF OF THEOREM [[L.T3]
We need the following result by Yang and Yi, [I6, Theorem 1.56].

Lemma 4.1. Let f1, fo, f3 be meromorphic functions such that f1 is not a constant.
Iffl —|—f2 +f3 =1 and Zf

>N 1/) 423 N f5) < (4 oD)T(),

where A < 1 and T(r) := maxi<j<3 T(r, f;), then either fo =1 or f3 =1.

Using the classical results of Fermat equations of in the beginning of the intro-
ductions, we get Df(z) = sin(h(z)) and Af(z + ¢) + Bf(z) = cos(h(z)). Thus, we
have the equation

Asin(h(z + ¢)) + Bsin(h(z)) = D cos(h(z)).

So we have
Asin(h(z 4+ ¢)) = vV D2 + BZsin(h(z) + ¢),
where tan ¢ = —%. Thus, we have
eth(z+c) _ o—ih(z+c) \/m eth(z)+ip _ o—ih(z)—ip
2i T A 2i ’

which implies that

e2inGro) - VD B inerervinip | VDI + B2 = B2 pinero-in==ie _ 1. (41)
A
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Using Lemma [4.1]and remark that e2i(=+¢) and eih(z+e)+ih(2)+i¢ are not constants,
then we have

VD? + B2 ih(z+e)—ih(z)—ip _
A

eQih(z-‘rC) v D2 + B2 eih(z+c)+ih(z)+i<p —
A

L,
0.

For avoiding a contradiction from the above two equations, we should have h(z) =
az + b, thus, we get A2 = B2 + D2. Then ac = ¢ + 2km or ac = ¢ + 7 + 2kn. If
D f(z) = cos(h(z)) = sin(h(z) + 5 + 2km), using the similar method as above.

5. PROOF OoF THEOREM [[.15]

If one of a1, as, as,ay is zero, then using Theorem we get the conclusion.
Next, we talk about all a1, as, as, a4 being non-zero constants. Using the factoriza-
tion, we obtain

eP(2) 4 e—p(2)

wl(z+0) +arf(s) = (5.1)
eP(2) _ ¢—p(2)
azf(z+c)+asf(z) = e (5.2)
Then we have the following two equations
ep(z) —+ efp(z) ep(z) — efp(z)

(azaz — araq) f(z) = a3 9 —ai % )
! (5.3)

eP(2) _ o= p(2) eP(2) 4 o—p(2)

(agas —araq) f(z + ¢) = a9 57 —aq 5

If agas — ajas = 0, then we have €?(*) = —1, which implies that a1 f(z + ¢) +
azf(z) =0 and asf(z + ¢) + asf(z) = £1, so f(z) should be a constant.
If asas — ayaq # 0, we have

ep(z40) 4 o—plzto) P(+0) _ p—pl(s+0)
3 2 - 2% (5.4)
eP(2) _ o—p(2) eP() 4 —p(2) '
- 2% T D

Furthermore, we get
[as + a1i]ePCTITPE) gy — a1i)ePH7PEF) Loy 4 a9i]e®®) = agi — ay.  (5.5)

From Lemma 4.1} we have p(z) — p(z + ¢) should be a constant, it implies that
p(z) = az 4+ b, where a is a non-zero constant and we have

[as + a17]e®® + [ag + a2i] = 0,

a

[as — art]e” ¢ = agi — ay,

which implies that a? +a% = a3+a3. Then f(z) = % Cos(aitzzigfs;;in(aiz+bi) follows.
Thus, we have the proof of Theorem [1.15




EJDE-2015/159 FERMAT TYPE DIFFERENTIAL AND DIFFERENCE EQUATIONS 9

6. FURTHER DISCUSSIONS

We remark that the finite order transcendental entire solutions should be of
order one in Fermat differential or difference equations that we have considered.
Of course, we always using the theory of factorization to get the expressions. We
raise the following conjecture for the further studying on Fermat type differential
or difference equations.

Conjecture 6.1. If there exist transcendental entire solutions f(z) of Fermat dif-
ferential or difference equations P(f)?+ Q(f)? = 1, then the order o(f) = 1, where
P(f),Q(f) are two linear differential or difference polynomials with constant coef-
ficients.

Wiman-Valiron theory [14] and the difference Wiman-Valiron theory [I] can be
used to get o(f) > 1 in some cases. However, we have no ideas to remove the case

o(f) > 1.

Finally, let us remind some results on the equation
ff+gm+hrP=1. (6.1)

Gundersen [3] summed up some results, and recent results can be found in [18],
[I7]. Considering Fermat type difference equation with three terms, such as

fE)"+flz+a)" + flz+c)’ =1 (6.2)

It is easy to see that the necessary conditions of existence of transcendental entire
solutions of finite order is m = n = p. So the classical result in Fermat functional
equations show that there is no any entire solutions when m =n = p > 7. Here, we
consider when can admit entire solutions. It is easy to see that if m =n=p=
1, then f(z) = e + § and e = § and e = —32 is a solution of f(z) + f(z +c1) +
f(z+c2) = 1. We also can find an entire solution of f(2)%+ f(2+c1)?+ f(2+c2)? = 1.

For example, f(z) = e* + ? and el — —H—T\/?n and e — A—T\/@
For our further studying, we raise the following questions about the equation
f(Z)n + f(Z + C1)n + f(Z + CQ)n = 1’ (63)

where ¢; and c¢o are non-zero constants.

Question 6.2. Does there exist a transcendental entire solution with finite order
of (6.3)), provided that 3 <n < 6.

Question 6.3. Does there exist a transcendental meromorphic solution with finite
order of (6.3)), provided that 3 < n < 8.
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