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EXISTENCE AND BOUNDEDNESS OF SOLUTIONS FOR
EVOLUTION VARIATIONAL INEQUALITIES WITH
p(z,t)-GROWTH

MINGQI XIANG, YONGQIANG FU, BINLIN ZHANG

ABSTRACT. In this article, we study a class of evolution variational inequalities
with p(z,t)-growth conditions on bounded domains. By means of the penalty
method and Galerkin’s approximation, we obtain the existence of weak solu-
tions. Moreover, the boundedness of weak solutions is also investigated by
applying Moser’s iterative method.

1. INTRODUCTION

Let Q C RY(N > 2) be a bounded domain with smooth boundary, 0 < T < oo
be given and Q7 = Q x (0,7T). Denote

# = {w e X(@r) N C0,T L),
w(z,t) >0 a.e. on Qr},

5 € X'(Qr) : 0 < w(z,0) = up(x) € L*(N),

where X (Qr) is a variable exponent Sobolev space and X’(Qr) is the dual space
of X(Qr). In this paper, we are concerned with the existence of weak solutions for
a class of evolution variational inequality. More precisely, we shall find a function
u(z,t) € A satisfying the inequality

/ / ot (v —u) 4 a(x, t, V) |[VuP @D 20V (v — u)

+ b(, t) [u[P @D 2u(v — u) da dt (1.1)

/ /fxtu (v —u) dx dt,

for all v € X(Qr) with v > 0 a.e. on Qr, where the functions a, b, p, f satisfy the
following conditions.

(H1) p: Qr — R™ is a global log-Holder continuous function satisfying
2N
N +2

<p~ =infp(z,t) <supp(z,t) =pt < oo,
Qr Qr
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where Q7 is the closure of Q7.

(H2) a:Q x Rt x RN — R* is continuous and there exist constants ag, a; > 0
such that 0 < ag < a(z,t,€) < a; < oo for all (z,t,€) € Q x RY x RV,
b:Q xRt — RY is a continuous function with 0 < by < b(z,t) < by < 00
for all (z,t) € Qr.

(H3) f:Q xRT xR — R is continuous and satisfies

Fla,tm)] < Colnl?@O™" for all (z,1,7) € @ x RY x R,

where Cy > 0 is a constant and ¢ is a bounded continuous function in Q7
with
1< gq(z,t) < p(x,t).

Here q(z,t) < p(z,t) means that infg_(p(z,t) — q(z,1)) > 0.

Throughout this paper, without further mentioning, we always assume that 2 C
R¥ is a bounded domain with smooth boundary 9Q, Q7 = Q x (0,T), and the
exponent p satisfies (H1).

In recent years there is interest in the study on various mathematical problems
with variable exponents growth conditions. p(-)-growth problems can be regarded
as a kind of nonstandard growth problems and possess very complicated nonlin-
earities, for instance, the p(-)-Laplacian operator — div(|Vu[P()~2Vu) is inhomoge-
neous. These problems arise in many applications, for example in nonlinear elas-
tic, electrorheological fluids, imaging processing and other physics phenomena (see
[T, B, B0}, 33, [34], B5]). Many results have been obtained on this kind of problems,
see for example [10] 13| [14] 15, 06, 26, 29]. Especially, in [2] [8] I1], the authors
studied the existence and uniqueness of weak solutions for anisotropy parabolic
equations under the framework of variable exponent Sobolev spaces. Motivated
by their works, we shall study the existence and boundedness of weak solutions
to problem with sublinear growth. When the variable exponent depend only
on space variable z, evolution variational inequality without initial conditions has
been studied in [4], Bl 24]. Concerning the existence of solutions for some interest-
ing problems in the more general spaces, for instance, we refer to [0} [7, 25]. For
a recent overview of variable exponent spaces with applications to nonlinear ellip-
tic equations we refer to [28]. For the fundamental theory about variable exponent
Lebesgue and Sobolev spaces and their various applications, we refer to [17), 19, 27].

Variational inequalities as the development and extension of classic variational
problems, are a very useful tool to research PDEs, optimal control and other fields.
In the case that p = const, many papers are devoted to the solvability of the different
kinds of parabolic variational inequalities, see [I8], 20, 23], 31l 32]. The method
is based on a time discretion and the semigroup property of the corresponding
differential quotient. Another approach is available via a suitable penalization
method. In these works, a crucial assumption on the obstacles is monotonicity or
regularity conditions. A new method can be found in [2I], where the obstacles are
only continuous.

This article is organized as follows. In section 2, we give some necessary def-
initions and properties of variable exponent Lebesgue spaces and Sobolev spaces.
Moreover, we introduce the space X (Qr) and give some necessary properties, which
provide a basic framework to solve our problem. At the end of this section, we
give a compact embedding theorem to space X(Qr). In section 3, for £ € (0,1)
fixed, under appropriate penalty function, we transform the existence of solutions
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of evolution variational inequality (|1.1)) into the existence of weak solutions of the
following initial boundary-value problem

9 _ _
ai: — div(a(z, t, V) [VulP @D =2V0) + b(x, t)]u|P @2y — |“?|p<rvt>*2“?
= f(z,t,u) in Qr, (1.2)
u(z,t) =0 on 00 x (0,7T),
u(z,0) = up(x)in Q,
where 4~ = max{—u,0}. The existence of weak solutions for the parametric prob-

lem is proved by applying Galerkin’s approximation method. Starting from
problem 7 in order to obtain the solutions of , we must obtain a priori
estimates for the solutions of problem , and then let ¢ — 0. In section 4, we
obtain the existence of weak solutions of parabolic variational inequality . In
section 5, by means of Moser’s iterative technique, we study the boundedness of
weak solutions to problem .

2. PRELIMINARIES

In this section, we first recall some necessary properties of variable exponent
Lebesgue spaces and Sobolev spaces, see [10] [I7, 19, [27] for more details. We define
the variable exponent Lebesgue space by

LrO(Q) = {ulu: Q@ — R is a measurable function, p,(.)(u) = / lu(z)[PPdz < oo}
Q

then LP()(Q) endowed with the Luxemburg norm
lull Lre) () = inf{A >0 pp(.)()\*lu) <1},

becomes a separable, reflexive Banach space. The dual space (LP()(2))’ can be
identified with L* ()(Q), where the conjugate exponent p’ is defined by p’ = g
In variable exponent Lebesgue space LP()(Q), we have the following relations

. - + - +
min[[ull7, 0, g [l gy} < 2o () < max{ [l - [l -
Hence the norm convergence is equivalent to convergence with respect to the mod-

ular pp(.).
In the variable exponent Lebesgue space, Holder’s inequality is still valid. For
all uw € LPO(Q), v € LP(Q) the following inequality holds

1 1
/Q jurlds < (= + o el @l @ < 2ullo@ el o)

Definition 2.1 ([I0, Definition 4.1]). We say a bounded exponent p : @ — R is
globally log-Holder continuous if p satisfies the following two conditions

(1) there is a constant ¢; > 0 such that

< 2l
~ log(e+ |y —z|71)’

Ip(y) — p(2)]

for all points y, z € ;
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(2) there exist constants ¢ > 0 and pe € R such that

C2

p(y) = Poo| < T———-
log(e +[yl)

for all y € Q.
The log-Hoélder constant of p is defined by ciog(p) = max{ci, c2}.

Proposition 2.2 ([I0, Proposition 4.1.7]). If p : Q@ — R is globally log-Hélder
continuous, then there exists an extension p such that p is globally log-Hdélder con-
tinuous on RN; and (]3)_ =p, (]3)_'_ = p+; Clog(p) = Clog(p)-

For f € L (RY), the Hardy-Littlewood maximal operator is defined as
1

Mf(z) = ]SQ};I; m B ) |f(y)ldy,

where |BY ()| denotes the Lebesgue measure of N-dimensional ball centered at
with radius R.

Theorem 2.3 ([0, Theorem 4.3.8]). Assume that p : RY — (1,00) is a bounded
globally log-Hélder continuous exponent such that p~ > 1, then the Hardy-Littlewood
mazimal operator M is bounded from LPC)(RN) to LPC)(RY).

Theorem 2.4 ([10, Theorem 4.6.4]). Let p : RN — (1,00) be a bounded globally
log-Hélder continuous exponent with p~ > 1 and f € Lp(‘)(RN). For a standard
mollifier ¢ we set Y (y) = e N(L), then there holds:
(a) There is a constant K > 0 which depends only on (Y| 1w~y and the log-
Holder constant of p such that ||[¢e * f| pecymay < Kl fll o) @y -
(b) Denote A= |[{| 1wy, we have sup.~ (Ve * f)(z)| < 2AM f(z).
(c) If fRN Y(y)dy = 1, then . x f — f almost everywhere and Ve * f — f in
LPO(RNY) as e — 0.

Note that all previous definitions and results also hold for domains Q ¢ RV+1,
see [11] for more details.

Now we give the definition of variable exponent Sobolev space. The variable
exponent Sobolev space WP()(Q) is defined as

WP (Q) = {u € LPO(Q) : |Vu| € LPO(Q)},
equipped with the norm
[ullwrro @) = lullLeo @) + VUl oo (@),

then WP()(Q) is a separable, reflexive Banach space. The space Wol’p(')(Q) is
defined as the closure of C§°(Q2) with respect to || - [[yy1.00) (-

Theorem 2.5 ([I0, Theorem 8.2.4]). For all u € Wol’p(')(Q), we have
[ull oy () < ediam(Q)[[Vul|Loe) (),

where the constant ¢ only depends on the dimension N and the log-Hélder constant
of p.
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Definition 2.6. For any fixed 7 € (0,T), we define
W, (Q) = {ue W, (Q):ue LPUT(Q), |[Vu| € LPET(Q)},
and equip W, () with the norm
lullw, @) = lullLec.n @) + IVull oo @)-

Remark 2.7. Similar to the discussion in [II} Lemma 4.2], for every 7 € (0,7T),
the space W, (Q) is a separable and reflexive Banach space.

Definition 2.8. Set
X(Qr)={ue Lp(’”’t)(QT) 2 |Vu| € Lp(”’t)(QT), u(-,7) € Wr(Q) ae. 7€ (0,T)},
endowed with the norm ||lu||x(@,) = ||u||Lp<z,t>(QT) + ||Vu||Lp<z,t>(QT).

Remark 2.9. We can prove that X(Qr) is a Banach space, and X (Qr) can be

continuously embedded into the space LP~ (0, T; W (Q)), see [11]. Tt is worth
mentioning that the space X (Qr) is defined in a similar way in [2].

Similarly to [T, Theorem 4.6], we obtain the following theorem by using Theorem
and Theorem 2.4

Theorem 2.10. The space C§°(Qr) is dense in X (Qr).
Since C§°(Qr) C C*(0,T;C§°(2)), we have
Lemma 2.11. The space C*(0,T;C§°(Q)) is dense in X(Qr).

Let X'(Qr) denote the dual space of X(Qr). Similarly to [11, Proposition 5.1],
we have

Theorem 2.12. A function g € X'(Qr) if and only if there exist g € LP (Qr) and
G e (LP@D(Qr))N such that
/ ggpdaﬁdt:/ gy dzdt + GV dx dt.
T T Qr

Remark 2.13. Similar to [1I, Remark 5.6], X (Qr) is reflexive and

X'(@Qr) = L& (0.T; WD (@),
where (pT) = pftl. Note that similar results were obtained in [4, Remarks 3, 4]
in the stationary case.

Similarly to [I1], we give the following definition.

Definition 2.14. We define the space W(Qr) = {u € X(Qr) : %7; e X' (Qr)}
with the norm

ou
HUHW(QT) = ||UHX(QT) + HEHX/(QT)a
where Ju /0t is the weak derivative of u in time variable ¢ defined by

ou ou
/Tatgodzdt—/ uadxdt, for all p € C5°(Qr).

T

Lemma 2.15 ([II, Lemma 6.3]). W(Qr) is a Banach space.
By means of the method in [II, Theorem 6.6], we have
Theorem 2.16. C*(0,T;C3°(Y)) is dense in W(Qr).
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Using a similar discussion to that in [T, Theorem 7.1], we can prove the following
theorem.

Theorem 2.17. W(Qr) can be continuously embedded into C(0,T; L?(Q2)). Fur-
thermore, for all u,v € W(Qr) and s,t € [0,T] the following rule for integration
by parts is valid

t t
/ /@vdxdT:/u(x,t)v(x,t)dx—/u(sc,s)v(x,s)dx—/ /U@d.’L‘dT.
s Ja O Q Q s Jo Of

Remark 2.18. Note that the formula of integration by parts is also obtained for
the stationary case in [24].

The following theorem gives a relation between almost everywhere convergence
and weak convergence.

Theorem 2.19 ([I3, Lemma 2.5]). If {u, }2, is bounded in LP**(Qr) and u,, —
u a.e. on Qr as n — oo, then there exists a subsequence of {u,} (still denoted by
{un}) such that u, — u weakly in LP@(Qr) as n — oco.

Theorem 2.20 ([32] Proposition 1.3]). Let By C B C By be three Banach spaces,
where By, By are reflexive, and the embedding By C B is compact. Denote W =
{v:v e LP(0,T; By), % € LP1(0,T; By)}, where T is a fized positive number,
1<p;i<oo, i=0,1. Then W can be compactly embedded into L*°(0,T; B).

Now we can give a compact embedding for X (Qr) as follows.

Theorem 2.21. Let F be bounded subset in X(Qr) and {2% : u € F} be bounded

in X'(Qr), then F is relatively compact in LP (0, T; L*(9)).

Proof. Since p~ > 2% (N > 2), the embedding WyP () — L2(Q) is compact.

By Remarks and m the embedding X (Qr) — LP™ (0, T; W, (Q)) and
X'(@Qr) = L&V (0, T; WD) — Lo (0,15 A(9)

are continuous, where A = min{2, (p™)’}. As the embedding L?(Q) — W~1*(Q)
is continuous, by Theorem F is relatively compact in LP (0,T;L*(Q)). O

3. SOLUTIONS TO PARAMETERIZED PARABOLIC EQUATIONS

In this section for € € (0,1) fixed, we consider the existence of weak solutions

for problem (|L.2]).

Definition 3.1. A function u. € X(Qr) with agf € X'(Qr) is called a weak

solution of (1.2)), if for all ¢ € X (Qr), there holds

Oou,
Qr Ot

godxdt—i—/ a(z, t, Vue) | Vu P& =2y, Ve
Qr

+ b(x, t) Jue P20 o da dt—/ \u?s|p(w’t)*2u?6<pdxdt

T

= f(z,t,us ) dx dt.
Qr
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We choose a sequence {w;}32; C Cg°(£2) such that C§5°(Q) C UpZ,V,, and
{w;}52, is a standard orthogonal basis in L?(Q), where V,, = span{wy, wg, . .., wy }.
The existence of such {w;}32, can be found in [I3] or in [22]. Since ug € L*(9),
there exists a sequence 1, € V,, such that 1, — ug strongly in L?(Q) as n — occ.

Theorem 3.2. Suppose that (H1)-(H3) are satisfied. Then for ¢ € (0,1) fized,
there exists a weak solution of problem (1.2).

Proof. (i) Galerkin approximation For all n € N, we want to find the approxi-
mate solutions (|1.2)) in the form

n

Un(,t) = (110 (1)) 5 ().

j=1
First we define two vector-valued functions F,(t,n), P, (t,n) : [0,T] x R" — R" as

n n z, )7 n
(Pn(t,T]))i = /Qa(x,t,anij> ‘ anij‘p( t 2(anij)vwi
j=1 j=1 j=1
n (@0)-2 ,
+b(ac,t)‘2njwj’p ' 2(anwj)wi
j=1 j=1
= e () T (S )
Jj=1 j=1

n
(Futton)i = [ 1ot Y mu)wide.
j=1
where n = (11,...,m,). Then we consider the ordinary differential systems
"+ P,(t,n) = Fu(t,n),
'+ Pu(t,n) = Fu(t,n) 3.1)
1(0) = Un(0),

where
(Un(0)); = /an(x)widx, Un(x) €V,

and v, (z) — ug(w) strongly in L%(Q) as n — oo. Multiplying (3.1)) by 7(t), we
arrive at the equality

' () + Pa(t,n(t))n(t) = Fa(t,n(t))n(t). (3-2)
By (H2), we obtain

Po(t,m)n = /Q a(xa i Z 77;‘ij> ‘ Z 0 Vw; ’p(m)_Q ( Z ijwj) ( Z mvwi)
j=1 =1 =1 =1
+ b(z, t)’ Z n;W; ’p(x,t)—Z ( Z 77j'LUj) ( Z ini)
j=1 j=1 i=1
— (%)p(w,t)—l ‘ (Z nyw;)” p(z,t)—2 ( Z nin) - (Z ey}
j=1 i=1 i=1

p(z,t)

- p(z,t) -
zao/‘anij‘ dx—i—bo/‘anwj’ dx
ol ol
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+ [ Ereo|(Somm) |

Since q(z,t) < p(z,t), by (H3) and Young’s inequality we have

n q(z,t)
Fu(t,n)n < Co / D oy de
'3
bo " p(x,t) __pd) 9 a(e.t)
S Y Wi dﬂj + CP(I ,t)—q(x,t) (@, t)—q(x,t) Q7
s Jo | 2 ;) ]
bo i p(z,t)

where || denotes the Lebesgue measure of set Q and

SuPQ q(x,t)

.
Oy = (Co + 1)m(3 4 1) T GG g

bo

Combining the above two inequalities with (3.2]), we arrive at the inequality

i p(w t) p(x t)
77/77+a0/9‘z77jij / ‘Zn]wj dx
/ :D(I t)— 1’ Z nl’wl ’p(w " dx < Cy

Integrating this inequality with respect to ¢t from 0 to t, we obtain
()] < / (oo (2)[2dz + 2C1T < C(T) for all £ € [0, ],
Q

where C(T) > 0 is a constant only depending on T'.
Denote

2C(T) }

L, = max |Fn(t,77) — Pn(t,n)|, T,, = min {T, 7

(t,m€[0,T1x B(n(0),2C(T))
where B(n(0),2C(T)) is the ball of the radius 2C(T") with center at n(0) in R™.
Since a, b, f are continuous with respect to ¢, from the definition of P, (t,n) and
F,(t,n), we obtain that P,(t,n) and F,(t,n) are continuous with respect to ¢ and
7. The Peano Theorem gives that admits a C! solution locally in [0,7,].
Without loss of generality, we assume that T = [ ~|T, + (£ —)T, 0 < (% —-) < 1,
where [Tl} is the integer part of Tn and ( n) is the decimal part of 7' Let
1(T,) be a initial value of problem ({3.1] , then we can repeat the above process
and get a C! solution on [Tn,ZT ] We can divide [0, 7] into [(¢ — 1)T,,,iT,] and
[T, T], where i = 1,...,m and m = [T ]. Then there exist C'! solution 7’ (¢) in
(i — )T}, iT,),i = 1,...,m, and n™T1(¢) in [mT,, T]. Hence, we obtain a solution
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N, (t) € C0,T] defined by

nk(t), if t € [0,T5.],

nZ(t), if t € (T,,2T,],
) =1«...
nr(t), ift € (m—1)T,,mT,)
nmtL(t), if t € (mT,,T).

Therefore, we obtain the approximation solutions w,(x,t) = Z;L:1(777L(t))jwj($)~

Notice that by (3.1)) u,(z,t) should be dependent on €. For convenience we omit
e. It follows from (3.1)) that for all ¢ € C*(0,7;V4), with k < n and 7 € (0,T], we
have

//%gﬁ+a(x,t,Vun)|Vun\p(z’t)*2Vuan0
0o Jo Ot

1
+ b(z, t)|un|p(z’t)72ung0 - (f)p(‘”’t)71|u;\p(z’t)72u;<p dx dt (3.3)

€
= / / f(z, t,uy)pdadt.
o Ja
(ii) Passage to the limit Taking ¢ = u, in (3.3), we obtain

1 T
7/ |un(x,7)|2dx+/ /a(x,t,Vun)|Vun\p(“”t)+b(x,t)|un|p(m’t)
2 Jo o Ja
1 T —
+ (g)p( D7 @) dg dt

T 1
< / / sty )| da it + & / fun (2, 0) 2.
0 Q 2 Q

In what follows, we denote by C' various positive constants. Since wu,(x,0) =
Un(2) — ug in L*(Q), [, uZ(z,0)dz < C, where C' > 0 does not depend on ¢ and
n. By ¢(z,t) < p(x,t), (H2), (H3) and Young’s inequality, we have

1 T
f/ufb(m,r)dm—i—/ /a0|Vun\p(:”’t)
2 Q 0 Q (3.4)

bﬁ‘un‘p(m) 4 (l)p(x,t)—lmmp(ﬂc,t) drdt < C.
€

3

Therefore,

[unllLe(0,7:22() + lunll oo (@) + VUl preo @y < C- (3.5)
Furthermore, || f(z,t, un)|l v (g, < €. From (H2), we have

/ (e, t, Vu) [V [PED 250, [P0 dedt < © / [V, [P0 de dt < C,
QT Qr

/ b, ) [P0 =20, [ Y dp dt < € / [P dz dt < C.
Qr Qr

Thus,
(e, t, Vun) Va2V | ey
b6 ) P02 | gy < C-

L () -2, — IS IR
Similarly, [[u [P0 "2 || e gy < Ce 7
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For each ¢ € X(Qr), by Lemma [2.11} there exists a sequence ¢, €C*(0,T;V,,)
such that ¢, — ¢ strongly in X (Qr). From (3.3, we have

ouy,
‘ —pndx dt‘
|,
= ‘ —/ a(z, t, V)|V, [P@D 72V, Ve, 4 bz, t)|u, P& 2u, 0,
T
1
= (PO g PO o dadt + | f(tun )i da dt

€ Qr

5)H%||X(QT)’

where C/(¢) is a constant only depending on . We obtain || Ouy 2 xropy < Cle). 1
follows that there exists a subsequence of {u,}, still denoted by {un}, such that
aé‘t" — 0 in X'(Qr) as n — oo. For all ¢ € C§°(Qr), we have

—/ ddt/ b dx dt.

Letting n — oo, then — [, ua% dx dt = fQT 0¢ dx dt. Thus, 6 = 88“;.
Gathering (3.5) with (3.6)), we obtain a subsequence of {u,} (still denoted by
{un}) such that

up, — ue  weakly* in L°°(0,T; L*(Q)),
Uup — ue  weakly in X(Qr),
a(z,t, V)|V, [PEY2Vu, — ¢ weakly in (Lpl(f”’t)(QT))N,
bz, t)|u, P& 20, —n  weakly in Lp/(I’t)(QT),

luz P2~ o weakly in LP @D (Qr).

Since u,, € X(Qr) and 85; € X'(Qr), by Theorem there exists a subsequence

of u, (still denoted by u,,) such that u, — wu. strongly in LP (0,T; L*(Q)) and
Uy — Ue a.e. on Q7. Thus we have

b, t) [tn [PPD 20, — bz, t)|uc P 2u.  ae. on Qr,

|U;|p(l’t)_2ur_l — |u€_|p(z’t)_2u€_ a.e. on Qr.

By Theorem we obtain that 7 = b(x, t)|u|P@D2u,, a = |uZ [PEH =22,

Next we prove that & = a(x,t, Vu. )| Vu|P®)~2Vu,. Since q(z,t) < p(x,t), we
have p'(x,t)(q(x,t) — 1) < p(x,t). Thus, for any measurable subset e C Qr, we
obtain

/If (2, t, un) [0 dw dt < Col1]| LS (o H‘“"‘p/(m’t)(q(x’t)_l)”Li’iéiﬁ:i(QT>

< Coll1]| s

0= (¢)
This implies that the sequence {|f(z,t,un) — f(x,t, u. |p/(‘"”’t)}$l°:1 is uniformly
bounded and equi-integrable in L*(Q7). As f(z,t,u,) — f(z,t,u.) a.e. on Qr,
by Vitali’s convergence theorem we obtain that f(z,t,u,) — f(z,t,u:) strongly in
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LP' @0 (Qr) as n — oo. Furthermore, we obtain that
lim flz, t,up)uy, de dt = flz, t,ue)ue de dt. (3.7
e Qr Qr

As a(x,t, Vu,) is uniformly bounded and equi-integrable in L!(Q7), there exist
a subsequence of {u,} (still labeled by {u,}) and a such that a(z,t, Vu,) — @ a.e.
on Qr. Since

l(a(@, t, un) — @) Vue [PED 20 [P0 < 0| vu [P e L1Qr),
by Lebesgue’s dominated convergence theorem we obtain

a(z, t, V)| Vue P 2Vu, — a|Vu [P 2Vu,  strongly in LP @9 (Qr).
(3.8)
Since [, uZ(z,T)dx < C, there exist a subsequence of {uy,(x,T)} (still denoted
by {u,(z,T)}) and a function @ in L?(Q) such that u, (z,T) — @ weakly in L?(Q),
then for all w; and n(t) € C*[0,T], we have

/ / Oty win(t) dx dt

T
= / Un (2, T)win(T)dx — / U (x,0)w;n(0)dz —/ /unwm’(t) dx dt.
Q Q 0 JQ
Letting n — oo, by integration by parts we obtain
/ (@ — ue (2, T))N(T)w; — (ue(z,0) — up(x))n(0)w;dx = 0.
Q

Choosing n(T) = 1, n(0) = 0 or n(T) = 0, n(T) = 1, by the completeness of {w;}5°,
in L?(Q) we have @ = u(x,T) and u.(x,0) = ug(z), that is u,(z,T) — u.(z,T)
weakly in L?(€2). Thus we obtain

/ u?(z, T)dr < liminf [ w2 (z,T)dx. (3.9
Q n—oo Jo
Taking ¢ = u,, in (3.3)), we have

0< / a(z, t, Vun ) (| Vi |PEY 2 Vu,, — |Vu P2V, ) (Vu,, — Vu) dz dt
T

1
= flz, t,up)uy, de dt — 3 /

Qr Q

1
u? (2, T)dx + f/ u (x,0)dzx
2 Ja
1
- bz, )|ty [P 4 (Z)PED L g [P@) g
Qr €

—/ a(z, t, V) |V, [P 2V u, Vu,
+ a(x, t, Vu, )| Vue |PEY 2V (Vu, — Vi) dz dt.

In view of (3.3)), fixing k and letting n — oo, we obtain

Ou,
or Ot

= / flx,t,ue ) de dt,

o+ Ve + b(z, t)|u€|p("”) 2u P — ( )p(“ 1|u |p(‘“) 21fgaciaccit
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for all ¢ € C*(0,T;V;) with k € N. Since C*(0,T;U2,V;,) is dense in the space
C(0,T;C1(2)), the above equality is valid for all ¢ € X (Qr). Taking ¢ = u., by
Theorem [2.17] we arrive at the equality

1 1

5 [JuceDPds = 5 [ o 0)Pde+ [ €Tu a0
2 Ja 2 Ja Qr

1

g)p(x,t)—lmg—‘zl(%t) da dt (3.10)

+

= f(z,t,ue)ue dz dt.
Qr

Combining (3.7)—(3.10) and Fatou’s lemma, we have

0 < timsup [ a(at, Vi)V, P02,

n—oo T

— |Vu PED =2V 0, ) (Vu, — Vu,) da dt
< fz,t, us)ue de dt — %/

1
u?(z, T)dx + 7/ u?(z,0)dx
Qr Q 2

Q

. 1o .
—/ b(x,t)\us\p(“’t)+(f)p(*’t)_1|u€_|p(”)dxdt—/ EVu, da dt = 0;
Qr € Q

T
that is,
lim a(z, t, Vi) (| Vi, P& 2V,
n= JQ, (3.11)
- |Vu5|p(m’t)_2Vug)(Vun — Vue)dzdt = 0.

Similarly as in [0, Theorem 3.1], we set Q; = {(z,t) € Qr : p(z,t) > 2} and
Q2 = {(z,t) € Qr: ﬁ—ﬂg < p(z,t) < 2}. By (3.11]), we conclude that

/ |Vt — Vue [P0 da dt

< C a(x7tavun>(|vun|p(l’t)_2Vun (312)
Q1
— |Vue P72V, ) (Vu, — Vue) dadt — 0

and

/ |V, — Vu [P da dt

2

(3.13)

S CH[a(x’t, Vo) (| VP& 2V,
— |Vue PO 72V ) (Y, — VW)]@|

o on
(@,t) (w,t)y 2Rzt

x H(‘Vunva + |Vu5|p ) 2 HL%(QT)

Combining (3.12) with (3.13), we obtain that Vu,, — Vu. in (LP®(Q7))N. Thus

there exists a subsequence of {u,} (still labeled by {u,}) such that Vu, — Vu,

a.e. on QQr. Furthermore,

a(x, 2 Vun)|vun‘p(%t)72vun - a(iL’, t, Vus)|Vus|p(‘”’t)*2Vu€
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a.e. on Q7. Theorem implies that & = a(z, t, Vu.)|Vue [P ~2Vu,. Tt follows
from (3.3) that

38115 pdwdi+ / a(z,t, V)| Vue PO "2Vu Vo + bz, t)u [P0 2u,
Qr ;
1
— ()P g PED R0 o dar dt = f(@,t,uc)pdrdt,
: Qr
for all p € X(Qr). -

4. EXISTENCE OF SOLUTIONS FOR THE VARIATIONAL INEQUALITY
In this section, we prove the main theorem of this article.

Theorem 4.1. Under the assumptions (H1)—(H3), there exists a function u(x,t) €
A such that
0
2 (v—u)dxdt
Qr Ot

+ / a(z, t, Vu)|[VulPECO2TuV (v — u) + bz, t)|ulP@D2u(v — u) dz dt
T

> flz,t,u)(v — u) dz dt.
Qr

for all v € X(Qr) with v(z,t) >0 a.e. on Qr.
Proof. We divide the proof into three steps.
(i) A priori estimates Taking ¢ = u.x(o,r) as a test function in Definition
where x (o, is defined as the characteristic function of (0,7), 7 € (0, T}, we have
ou,
0. Ot

Ue dx dt + / a(x’ t, Vu€)|vu6|17(a:,t) 4 b(x, t)|u6|p(ac,t)

T

1
+ (Z)P@ =1y, |P@) g gt
€

= fx, t, ue)ue dx dt,
Q-

where Q, = Q2 x (0,7). By ¢(z,t) < p(z,t), Theorem [2.17} (H2)—(H3) and Young’s
inequality, we obtain

/|ua(l‘,r)|2d1‘+/ a0|vua|p(x’t)—l—b0|u8|p($’t)
Q

1
(I g P dwdt < €
3

where C' is a constant independent of ¢ and 7. Obviously, u; € X(Qr). Thus we
can take ¢ = _Z; in Definition then
1 Ou,

1
3 (—u;)dxdt—&—f/ a(z, t, Vue) | Vue P& 7200,V (—ul)
€ Jgr O €

T

_ Loty —ipt)—2 —/  —
+ (e, ) ue [P0 P us (—u ) — (g)p( Olug PO (—ug) e dt

= f(x,t,us)idmdt.
Qr €
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Combining (H3) with Young’s inequality, we obtain

1 O 1
5/ e (~u)dzdt+ / alw,t, Vue) Ve [0 2 Vu, V (—u;)
T

T

+ b(z, t)|u6|p(m,t)—2u8(_u8—) de dt + / |u?6|17(m,t) dr dt

T

. B
<C+ f/ Lo p@t) gz dt.
2 Jo, €

Since

Ou. _ 1 _ 2 - 2
— = — — >
| Gt =5 [ @R - o) >0
and

/ a(x, t, Vue )|V PED2Vu V(—uZ ) 4 b(z, t)ue P& 2u (—ul ) dz dt

T

= / az, t, Vue )| VuZ [P@D 4+ bz, t)|ul [P®D dedt > 0,

T

we obtain that [, | Lo p@0) d dt < C'. Therefore,

u
Hu5||L°°(O,T;L2(Q)) + H“EHX(QT) + H?EHLP(I@(QT) <C. (4.1)

Since

/ |a(x,t, Vu5)|Vua|p(x’t)_2VuE’pl(x’t) dedt < C/ [Vue|P@0 de dt < C,
T Qr

the following inequality holds

| a(z,t, Vue )| Vu [PED =2V, <C. (4.2)

||Lp’<m,t>(QT) =

Similarly,

|b(z, t)ue [P =20, )+m%MM* <C. (4.3

alle
||Lp’<m>(QT c ||LP'<mvt>(QT)

From ¢(z,t) < p(x,t), (4.1) and Young’s inequality, we have

/ |f(z, t,u) |9 @D da dt < C/ |ue| 78 da dt

T T

< C(/ o P@D dadt 1) < €,
T

Thus, [|f(2,t, ue)ll o @0 ey < C- Here C denotes various positive constants.

For all ¢ € X(Qr), from Definition and (4.2)-(4.3) there holds

Oou,
pdxdt
e

= ’ —/ a(m,t,Vu5)|Vua|p(x’t)_2VuEV<p + b(x,t)|u5|p(’”’t)_2ua<p

T

e pnis [ fetupded
€ € Qr

< CHSDHX(QT);
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thus we obtain

du. / Ou.
pdzdt| < C. (4.4)
15 e@n =, 5@ )<1! )

(ii) Passage to the limit By (4.1)-(4.4), there exists a subsequence of {u.}>o,
still denoted by {uc}es0, such that
u. — v weakly * in L>(0,T; L*(Q)),
ue = u weakly in X(Qr),
a(z,t, Vue )| Vue PeD 2Ty, =~ A weakly in (L” (®9(Qr)),
b(z, t)|uc P2y, =~ B weakly in L” Y (Qr), (4.5)
Oug

ot
uZ — 0 strongly in Lp(x’t)(QT)-

— 3 weakly in X' (Qr),

Firstly, we prove that B = b(x, t)|u|P®Y 2y, § = and u >0 ae. on Qr. For
all ¢ € C§°(Qr), there holds [, % Qe o dz dt = fQ us 22 dx dt. Thanks to (4.5)),
the left of the above equality converges to fQ B dx dt while the right converges

o — fQ ue 57 dx dt, thus we have 3 = at As in Section 3, by Theorem there
exists a subsequence of wu. (still denoted by w.) such that w. — w strongly in
LP (0,T; L*(Q)) and u. — u a.e. on Q7. Thus we have

bz, t)|ucP@D 20, — bz, t)|uP®D 2y ae. on Qr,

u, —u  a.e. on Q.

By Theorem we obtain B = b(z, t)|ul[?®*) =2y, Moreover, from we obtain
u~ =0 a.e. on Qr, that is u(z,t) > 0 a.e. on Qr.

Secondly, we prove that A = a(z, t, Vu)|Vul[P®)=2Vu. Since [, |u-(z, T)[*dz <
C, we have u.(x,T) — @ weakly in L*(Q) (up to a subsequence). For all n(t) €
C10,T] and ¢ € C§°(Q), there holds

/ / 8“5 z) dz dt

T
0
— [ o TT)ele) ~ wo(omOp@its ~ [ [ wFlodsat
Q 0o Jo
Letting ¢ — 0 and using integration by parts, we obtain
/Q(@ — u(z, T))n(T)p(x) — (u(z,0) — uo(x))n(0)p(x)dz = 0.
Picking n(T") = 1 and n(0) = 0, or n(T") = 0 and n(0) = 1, we have & = u(z,T) and

u(x,0) = ug(z) by the density of C§°(Q) in L?(1),
Taking ¢ = u — u, as a test function in Definition we obtain

%(U/ - uE) + G/(.T, t7 VU5)|VUE|p(x’t)_2VuEV(u — ’LLE)
Qr

+ (2, )| ue|PE 20 (u — ug) — fla,t,ue)(u — ue) de dt
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= / 8;: (u — ue) + a(z, t, Vue ) | Vu [P 2Vu V(u — u,)

+ b(.’L’, t)|u€|p(3:,t)—2u€(u - UE) - f(SL', t7 UE)(’U/ - ue) drdt
O(u — ue)
+/T8t(u—u5)dxdt
1

= / (=)P@O= oo |PED =2y = (y — ) da dt
g
T

(9(11 — UE)
- =7 — >
+ / i n (U, UE) dx dt 0,
and furthermore

/ a(z, t, V. )| Vu [P dz dt

T

S/ a(a;,t,Vu5)|VuE\p(mvt)_2VUaVdedt+/ %(u—ug)dxdt

T

- f(xataus)(ufug) dx dt
Qr

+/ bz, t)Jue [PED 20 u — bz, t)|us [P0 da dt.
T

As in Section 3, f(z,t,u.) — f(z,t,u) strongly in Lp/(”)(QT). Thus we obtain

limsup/ a(x,t,VuE)|VuE|p(x’t) dx dt

e—0 T

< / AVudzdt = lim a(z, t, Vue )| Vu [P =2Vu, Vu dz dt;
T e=0Jqr
that is,
lim sup/ a(z, t, Vue )| Vue P& 72V, V (u, — u) dedt < 0. (4.6)

e—0 T

As a(z,t, Vu,) is uniformly bounded and equi-integrable in L'(Q7), there exist
a subsequence of {u.} (for convenience still relabeled by {u.}) and a* such that
a(z,t,Vu:) — a* a.e. on Qr. In view of

! (x,t

[(a(z, t, Vu.) — a*)|Vu\p(“’t)_2Vu‘p ) < C|VulP®Y e LY(Qr),
the Lebesgue dominated convergence theorem implies

a(z,t, Vue)|[Vu[P D2V — o*|[VuP@TY 2Ty strongly in Lp/("”’t)(QT).
Since

0< / a(2,t, Vi) [V PED 2V, — |[VuP@D2Vu) (Ve — Va)
T

:/ a(:zc,t,Vue)|Vu€|p(“3’t)*2Vu€V(u‘S —u)

T

— a(z, t, Vu. ) [ Vu|P@Y2TuV (u, — u) dz dt,
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we have

lim inf/ a(z, t, Vue )| Vue P& 72V, V (u, — u) dedt > 0. (4.7
T

e—0

By ([@.6)-(7) and Vu. — Vu weakly in (LP@9(Q7))N, we obtain

lir% a(z, t, Vu) (| Vue|PEY 2 Vu, — |VulP @D 72Vu)V (v, — u) dz dt = 0.
eV JQr

A similar discussion as Section 3 gives that Vu. — Vu strongly in (LP(®)(Qr))N
as € — 0. Thus there exists a subsequence of {u.}, still labeled by {u.}, such that
Vu. — Vu a.e. on Qr, from which we obtain that A = a(z,t, Vu)|Vu|P(®) =2V,

(iii) Existence of weak solutions By Fatou’s lemma, we have

lim inf/ a(x, t, Vue)|Vue [P@D 4 b(z, t)|u P& d dt
T

e—0
> / alz, t, Vu)|[VulP@Y bz, t)|uP@ de dt.
Qr

Since |Jue(z,t)|r2() < C for all t € [0,T7], there exists a subsequence of u. (still
denoted by u.) such that u(z,T) = u(z, T) weakly in L*(Q) and [, |u(z, T)[*dz <
liminf. o [, [ue (2, T)|*dz.

For all v € X(Qr) with v > 0 a.e. on Qr, we take p = v — u. as a test function
in Definition then

Ou,
or Ot

+ b(2, )| uc P20 (v — ue) — f(2,t, ue) (v — ue) de dt

€ 1 - - TCul
= [ w0 - ) dra
Qr Ot ¢

v+ alz, t, Vi) | Vu P& 72V, V(v — u.)

Qr
1 2 1 2
> — | Juc(x, T)|de — = [ |uc(z,0)|%dx,
2 Ja 2 Ja

and hence

lim inf/ [“)ugv + a(z,t, Vue )| Vu P& =2Vu Vo
o Ot

e—0

+ b(z, )| ue PO 200 — f(2,t, ue) (v — ue) de dt

1
2/ a(z, t, V)| Vu[P@t + bz, t)|uP@D dxdt+§_/ |u(z, T)|*dx
Q

QT
1 2

— = | |uo(z)|*dx.
2 Ja

Since
a(z, t, V)| Vue PO 2Ty, — a(z,t, Vu)|Vu /@D 2vy
weakly in L” ®(Qr),
b, t)]ue P Pu, = bla, )[ulP D0 weakly in L7 (Qr),
fla,t,ue) — f(z,t,u)  strongly in LP'D(Qr),
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Ju ou .
a—; =5 weakly in X' (Qr),
the following inequality holds for all v € X(Q7)

%(v —u)dxdt + / a(z, t, V)| Vu|/P@O 20V (v — u)
Qr

+ b(z, )| uP @20 (v — u) da di

T

> flz, t,u)(v — u) dx dt.

Qr
As u € X(Qr), % € X'(Qr), by Theorem we know that u € C(0,T; L*(Q)).
Thus we complete the proof. (I

Remark 4.2. For the case that f(z,t,u) = c(x,t)|ulP®~1, that is q(x,t) =
p(x,t), if we assume that c(z, ) is small enough, for instance sup(, 4)eq,. ¢(,t) < bo,
then we can also obtain the existence of weak solutions of problem (|1.1)).

5. BOUNDEDNESS OF WEAK SOLUTIONS

In this section, we give a bounded estimate for the weak solutions to evolution
variational inequality (|1.1]).

Lemma 5.1 ([12] Lemma 4.1]). Let {Y,}, n=0,1,..., be a sequence of positive
numbers satisfying the recursive inequalities Yy, 11 < Cb"Y, 1T where C,b > 1 and

a > 0 are given numbers. If Yy < C‘l/ab_l/C“Q, then {Y,,} converges to zero as
n — oo.

Lemma 5.2 ([12, Proposition 3.1]). There exists a constant C' depending only on
N,p~ such that for each v e L>®(0,T; L*(Q)) N LP (0, T; Wy? (Q))

Pl
/ [v(z,t)|? dx dt < Cq(/ |Vou(z, t)[P dx dt) (esssup0<t<T/ \v(x,t)|2dx) A
Qr Qr Q

where q = 7(N+A2,)p7 .

Theorem 5.3. Suppose that all conditions in Theorem[{.1] are satisfied. Then for
each t* € (0,T] and o € (0,1), there exists a constant C = C(N,p~,p*,|Q]) > 0
such that the weak solution u obtained by Theorem [[.] has the following estimate

eSS SUD (4 1) (ot*,t%) u(zx,t)
8 Sp— _

fQB* u® dx dt) DN (t*# + lt*fﬁ)%}

Q% g ,

where Q) = Q x (0,t*), t* € (0,T] and |QY'| is the Lebesque measure of QY
§ = (N+]3)p_ ]

< max{l,C(

Proof. Fix t* € (0,T] and introduce the sequence t,, = 027;;115*, n=0,1,...

o € (0,1). We introduce the cut-off functions

)

1 if t,y <t<t*,
Glt) = mnm e <t <tui,
0 if0<t<t,.
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Denote

on k, n=0,1,..., k> 0 to be chosen.

For 7 € (0,t*] and a weak solution u € J# obtained by Theorem it is easy to

see that [u — (u = kny1)+&n(t)X(0,)] € X(Qr) and v — (v — kpi1)4+:6n(t)X(0,r) 2 0
a.e. on Q. Thus we can take v = u — (u — kny1)1:&n(t) X (0,r) as a test function in
Theorem 1] Then we have

/ / — kny1)+&n(t) do dt

—|—/ /a(m,t,Vu)|Vu|p(m’t)_2VuV(u—kn+1)+§n(t) dz dt
0o Jo

+/OT/Qb(x,t)u|”(‘”’t)_2u(u—kn+1)+§n(t)dxdt

g/ /f(x,t,u)(u—kn+1)+§n(t)d$dt.

By Theorem [2.17, we obtain

/ / — kny1)+&n(t) do dt

-3 / (= hi)in()de =5 [ kuafi6Ode (52

1 (7 B 5 d&n (1)
2/0 /Q(u Frng1): o dz dt.

Assumption (H2) and v > 0 a.e. on Qr imply that

/ / o, t, V) VP TD 2V0V (1 — k1)1 €n(t) dar dt
0 Q
- / / (s, V) [V (1 — Fonyd) o [P0 (1) dar it (5.3)
0 Q
> ag / / V(1 = kpi1) s [P0 (t) da dt.
0 Q

and

| [ o0l =0 2utu — k) o(t) dads
0 Q
2o [ [ w0 s b)) de

0 Q

Since ¢(z,t) < p(z,t) by (H3), we deduce from Young’s inequality that
| [t k) 6o do
o Ja
< C / / wI @Oy — k1) 6 (8) da dt
0o Ja
< bﬁ/ /uPW)*l(uf Eni1) 1 €n(t) d:cdt+C’/ /(uf Eni1)s&n(t) da dt.
2 Jo Ja o Jo
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Furthermore, Young’s inequality yields

[ [ s ks dea
0 Q

S@/ /up(znf)fl(u_kn+1)+§n(t)dzdt
2 0 Q
4 Jo Ja

e / / En(OX (0> Fny1) drdt,

where x(u > k,41) is the characteristic function of the set {(z, t) €Qr: u(J; t) >

kny1} and C > 0 denotes various constants. Putting (5.2)( into (5.1)), we
obtain

%/( )2 a(r )dx+ao/ [ 9= i) 50 1) o

//u (1= b1) - n(t) do dt
gi/( — n+1)+§n Ydx + = //u— n+1+ dt()d dt

+Z/o /Q(u—knﬂ){;m, Jen(t) d:cdt—i—C/O /Qﬁn(t)x(u>kn+1)dxdt,

Since £,(0) =0 and u > (u — kp41)+, we obtain

%/( — kni1) (T )dm+ao/ /\v (U = kg )2 [PEDE (b da dt

/ /u— )20 () da dt
_2/ / (u— kpy1) idgg dx dt+C/ /fn x(u > kpy1) dz dt.

Using [V(u = kns1)4l? < [V = kst 4P + 1,1 = ko) P < [(u -

Epi1)+|P@Y 41 and \dg"( <& +11 i~ we obtain

sup /(u—an) dm—i—/ /|V U —kpy1) [P dadt
tn+1<7'<t* tnt1

/ / U ki1 )P dadt (5.6)
7L+1

2n+1

Ut*/ /u— 1) dmdt—i—/ / (> kni1) dxdt)

Denote § = %, then 6 > 2. Since

t* on+1 5 t* s
/ / x> kpy1)dadt = ( ) / /((kn+1 —kn))’x(u > kpt1) dzdt
tn JQ tn

2n+1
/ / W)X (u > k) dadt
[2%
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2n+1
/ / dx dt,
Then Hoélder’s inequality implies

/ / — n+1 dl’dt
2%
2/5 -2
/ / — k1)l da:dt / / u>kn+1)d:cdt)
tn tn
2n+1 _
< (=)’ 2/ /(u—knﬂ)‘id;ﬁdt.
k tn Q

Combining these two inequalities with ( ., we obtain
sup /(u — kpy1)ida —l—/ / IV(u—kpi1)4|P dadt
tpp1<T<t* tnt1

/ / ) drdt (5.7)
71.+1

2n5 2n6
gc(gt*ké2 // ® du dt.

fn Jo(u dx dt

*

Set

Y, =

where Q! = Q x (t,,t*) and |@} | denotes the Lebesgue measure of Q% . By (5.7)
and Lemma we obtain

2n5 2n5 1+P7 t* 1+£ p—
Yoo < C(ﬁ 76> 1@, N g
ot*k ~35 k |Qtn+1‘
2n5 2n5 1_|_PT 1+
<O(oppmtge) QTR

Assume that k£ > 1, then
148, , ond \ 1+5¢
Yo <1 ) (5=)
+1 + ot* k572
Choosing k such that

-
YO:fO fﬂzfdxdt
Qo
:C,%(

1+N
n .

(5*2)(1+%)27é(1+%)(%)2

1 —1-N
)

and using Lemma [5.1] we obtam that Y, — 0 as n — oo. Since

// dmdt<// S dadt,

(u—kn) < w® and (u — k,) — (u— k)% as n — oo, we have f;t Jo(u —
k‘)i_ dx dt = 0 by employing the Lebesgue dominated convergence theorem. Hence

)
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it immediately follows that

eSS SUP (5 1) e x (ot*,t+) u(z,t)
5 _
~uldrdty —2— _ e
< max {17 C(fc%*) (6—2)(N+p~) (t*# n lt’ﬁ#) 5—3 }
Q% o

This completes the proof. [
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