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OSCILLATORY SOLUTIONS OF THE CAUCHY PROBLEM FOR
LINEAR DIFFERENTIAL EQUATIONS

GRO HOVHANNISYAN, OLIVER RUFF

ABSTRACT. We consider the Cauchy problem for second and third order linear
differential equations with constant complex coefficients. We describe neces-
sary and sufficient conditions on the data for the existence of oscillatory solu-
tions. It is known that in the case of real coefficients the oscillatory behavior of
solutions does not depend on initial values, but we show that this is no longer
true in the complex case: hence in practice it is possible to control oscillatory
behavior by varying the initial conditions. Our Proofs are based on asymp-
totic analysis of the zeros of solutions, represented as linear combinations of
exponential functions.

1. INTRODUCTION

A solution to a differential equation is said to be oscillatory if it has an un-
bounded infinite sequence of zeros within some interval (¢g, c0), and nonoscillatory
otherwise. Since the choice of ¢ty does not affect the determination of whether or
not a solution is oscillatory, we suppress it in Definition 2.1] below.

In the case where the equation has real coeflicients, the theory of oscillatory so-
lutions is well-developed [11 [7, B], and mostly based on Sturm’s famous comparison
theorems. However, the case in which the coefficients are complex has not been
studied very much, both because there are not many immediate physical applica-
tions of such equations (except the Dirac equation) and because Sturm’s comparison
theorems no longer apply.

In the complex coefficient case the oscillatory behavior of solutions depends not
only on the roots of the characteristic equation but also on initial values. So,
in applications it is possible to control the appearance of oscillatory behavior by
setting appropriate initial conditions.

In this article we study which initial values lead to oscillatory solutions and
which do not. The main result of the manuscript is the description of the initial
values and the roots of characteristic equations that produce oscillatory solutions
in the complex case.
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We think that the analysis of the complex case, even in the simplest situation
where coefficients are constant, will give us a better understanding of real coeffi-
cients case as well. For example, appearance of oscillatory solutions is connected
with a new algebraic condition (see ) which does not appear anywhere obvious
in the study of the real case.

Proofs are based on analysis of the zeros of the linear combinations of various
exponential functions. Note that asymptotic behavior of zeros of the sums of ex-
ponential functions have been studied in the classical paper of Langer and others
[6] 2L [|].

Some oscillation theorems for linear differential equations with complex variable
coefficients are proved in [4, [B] by using the asymptotic theory.

We are grateful to the referee for several helpful observations, including pointing
out Lemma 2.2 to us.

2. DIFFERENTIAL EQUATIONS WITH COMPLEX CONSTANT COEFFICIENTS

2.1. Notation and a preliminary results. For z € C, write R[z] and $[z] for
(respectively) the real and imaginary parts of z.

Definition 2.1. A solution to a differential equation is said to be oscillatory if it
possesses an infinite sequence of real zeros whose limit is oco.

Since this is a fact we will use frequently, we emphasize that Definition [2.1
requires that an oscillatory solution must possess real zeros of arbitrarily large
magnitude. Given a particular oscillatory solution u, we denote by {t; : k > 1}
an unbounded increasing sequence of its zeros, so u(t;) = 0 and ¢; < t; for all
1<i<y.

For a given linear differential equation of order n, write A1, ..., \, for the roots
of its characteristic polynomial, and write

zi =RN] v =S, Ay =N =N, @ = RG] v = S
forall 1 <i,j,<n.

We are going to use an important general result connected to the zeros of the
solutions of linear ordinary differential equation with constant complex coefficients.

Lemma 2.2. A linear n-th order ordinary differential equation with constant com-
plex coefficients has a nontrivial solution with infinitely many zeros if and only if
it has two distinct characteristic roots with equal real parts.

This result follows from standard facts about the asymptotic zero distribution
of exponential sums (see [6] [§]).

2.2. Second order equations.

Theorem 2.3. A nontrivial solution of the initial-value problem
o (t) + au'(t) + bu(t) = 0,

/ (2.1)
U(O):do, U(O):dl, do,d1 € R, a,bE(C
is oscillatory on (0,00) if and only if either
r12 =0, do%[)q + /\2] =0, (2.2)

or the discriminant
Dy =a® —4b= )3, (2.3)
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is real and negative and
dpSla] = 0. (2.4)

If the coefficients a and b are real, then is automatically satisfied and
the oscillatory behavior of the solutions does not depend on the initial conditions.
However, the following example shows that this is not true for general complex
coefficients.

Example 2.4. The solution of

u’ () + (1 + 2i)u/ () +iu(t) =0, w(0)=0, «'(0)=1 (2.5)
is oscillatory but the solution of
u’(t) + (1 + 20 (t) +iu(t) =0, «(0)=1, «'(0)=0 (2.6)
is nonoscillatory. Specifically,
2 i 3
up(t) = ﬁe_f_” Sin(tT)

is the oscillatory solution of (2.5 and

\}ge_é_it(\@cos(t\f) + (20 +1) Sin(t?»

is the nonoscillatory solution of ([2.6).

u9 (t) =

2.3. Third order equations. Now we consider the initial-value problem
u”' (t) + 3w (t) + 2Lhu(t) = 0,
w(0) =dy, u'(0)=dy, u"(0)=dy,
where dg,d1,ds € R, and I, I € C.

Since the characteristic polynomial associated to (2.7) is reduced, it will always
be the case that

2.7)

zn: A = 0. (2.8)

Write
D3 = —113 - 122 = /\%2/\%3)‘33 (2.9)
for the associated discriminant, and order the roots A1, A2, A3 in some way so that
1 < xp < 23 (2.10)

Theorem 2.5. A nontrivial solution to (2.7) is oscillatory on (0,00) if and only
if one of the following conditions is satisfied:

1 =x <0< 3, dy =dox1, dy= (22 —y}do, o=\, (2.11)
or
x1 < Ty =ux3, |Aiska| = |A12ks], (2.12)
or
T1 = X9 = T3 — O,
there exists a sequence of distinct natural numbers {my}32, such that
Y13 Y13

== ecQ, =—(mr+eFew) L€, (2.13)
Y23 Y23
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and
\ksyi2| + |kayis| > [k1yesl,  —|k1yes| < [ksyia| — [k2y1s] < |k1yes, (2.14)
where
k1 =do —di(Aa+ A3) + doAads, ko =do—di(A + A3) + doAi s,
k3 = dy — di(A + A2) + doAi e,

|k1yas]® — [ksyial® — |k2y13|2)
2|kak3y12913] ’
|koy1s|? — |k1yas|® — |k3y12|2>
2|k1k3y12y23] 7

1
@:%COS_1<:E

1
P = — cos! (j:
2T

1 1 k3|]€2| ) 1 .1 ((\ k3|1€1| )

-~ ; N . 2.15

PO Ty (“[k2|k3|] Yo =g sin “[k1|k3|] (2.15)

Note that condition (2.14]) describes the region of initial data that produce the

oscillatory solutions. Condition (2.13) is similar to the condition that the roots A;

are commensurable (see [0]), that is A\; = ap;, for some a € C,p; € Z. For special
initial values the conditions of Theorem may be simplified.

Theorem 2.6. A nontrivial solution to (2.7) with dy = d1 = 0 is oscillatory if and
only if one of the following conditions is satisfied:

A =121 <0< 22 = T3, (2.16)
or
T =20 =x3 =0, g1z S Q (2.17)
Y23
Furthermore, (2.16)),(2.17) are equivalent, respectively, to
S[L) =0, SIE+I13 =0, I}+13>0, (2.18)
V3S[(— L+ B +12)°
R[L,] = S[Ds] =0, R[Ds] <0, It ! 21)/3 ] €eQ. (219
R(-L+VI}+13)""]
Example 2.7. The solutions to
u"(t) + 2Lu(t) =0, u(0)=4(0)=0, «"(0)=1, ILL#0 (2.20)

are nonoscillatory since I; = 0 and the conditions R[I3] = 0, R[I3] > 0 are never
satisfied.

Example 2.8. The solutions to

u"(t) + 3(a+ib)u'(t) =0, wu(0)=u'(0)=0, u”"(0)=1 (2.21)
are oscillatory if

S+ I3] = 3a*b— b* =0, R[I} +I3] = a® — 3ab® > 0,

2.22
o g a2

These conditions are satisfied if, for example, b =10, Iy =a > 0 or

a=+v3, b=3, I, =v3+3i.
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Theorem 2.9. A nontrivial solution to (2.7)) with dg = do = 0 is oscillatory if and
only if one of the following conditions is satisfied

M=x1<0<29=23, I1,I5 €R, (2.23)
or
0<axo=umx3, 623+yl=3y5, (2.24)
or
r1 =29 =23 =0, g13 € Q. (225)
Y23

Theorem 2.10. A nontrivial solution to (2.7) with di = do = 0 is oscillatory if
and only if

M=x1<0<z3=23, I,I5 €R, (226)
or equivalently
Il, I, e ]R, I < 0, D3 < 0. (227)
3. PROOFS

Proof of Theorem[2.3 Note that we may assume that
Dy =a®—4b= )}, #£0, (3.1)

since otherwise there is no distinct roots of the characteristic polynomial and in
view of Lemma [2.2] there are no nontrivial oscillatory solutions of (2.1)).
The solutions to (2.1)) where Dy # 0 are given by the formula

_ th1 _ _ tAo
U(t) _ (dl do)\2)€ N (d1 do)q)e . (32)
12

The zeros of (3.2) satisfy
(d1 — doAg)e™ = (di — do)y)e™?;

that is,
dy — doA
thrs _ 01 01 33
e I dony’ (3.3)
Note that we may also assume that
(d1 — doA1)(dr — doA2) # 0, (3.4)

otherwise is nonoscillatory.

If z15 > 0 then the left-hand side of becomes unboundedly large as ¢t — oo,
so this is impossible in view of . On the other hand, if 15 < 0 then the
left-hand side of approaches 0 as ¢ — oo and this is impossible as well.
Consequently x15 = 0.

Solving for ¢, we obtain

dlfdo)\l dlfdo)\l y dl*do/\l
¢ — In d—dos _ In | di—do)s | +iarg (dlfdo)\Q)
A12 Y12

In order for (3.2) to be oscillatory, we need an infinite number of these t to lie in
R, which happens if and only if

12 = 0, |d1 — do/\1| = |d1 — do)\gl. (35)
So we have the following infinite sequence of zeros:
t = 2kim _ 2km ke

A12 C\\Y[A12] ’
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Simplifying we have
212 =0, dj(yi —y3) =0.
and hence (since y12 = x12 = 0 would imply Dy = 0, which is not the case)
z12 =0, do(y1 +y2) =0. (3.6)

Theorem [2.3] will now follow from the next two lemmas. O

Lemma 3.1.
R {\/m—i—in} =0, mmneR

if and only if
n=0, m<O0.

Proof. From the well known formula

V2(m +in) = \/Vm? +n? +m +isign(n)\/ vVm2 +n? —m (3.7)

we obtain
1
R {\/m—l—in} = ﬁ\/ vm?2+n2+m
which equals 0 if and only if n =0, m < 0. O

Lemma 3.2. R[A12] =0 if and only if
J[Dy] =0, Dy =a*—4b<0. (3.8)
Proof. As they are the roots of A2+aA+b = 0, A\; and )y are given by the quadratic

formula

)\17)\2 =

—OEVIER N =VmEin, m=RD, n=3[D,].

Applying Lemma [3.1] we obtain
12 = R[Vim T in] =0
if and only if n = §[D3] =0, m = R[Dy] <O0. O
Proof of Theorem[2.5. First consider the case D3 = 0. There are two possibilities:
I; =0 and I; # 0. Since in the case
Dy=-I}—-13=0, I,=0 (3.9)

the equation u””(t) = 0 has nonoscillatory nontrivial solutions u = Cy + Cat + C3t?,
it is sufficient to consider the case

D3 =M\ 02, =0, I #0. (3.10)
In this case there is one repeated root — for convenience, we assume Ay = A3. (In
principle this involves a loss of generality as the A; are ordered, but we will not use
the ordering in what follows.) So Ay = A3 # 0, 311 = A2(2A1 + A2) # 0, and the
solutions of u(t) + 3I1u/(t) + 2Iou(t) = 0 are given by
u(t) = Cre!™ + Coe!? + Czte!2.
From the initial conditions

C1+Cy=dy, O+ Codg+Cs=dy, C1A+Co)3 +2C5)s = do,
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we obtain
do + do)\g —2d1 o do/\% + 2d1 A — do — 2dgA1 Ao
C = 22 ;o Gy = 22 ’
12 12
k
Cs = —)\737 ks = dy — di (A1 + A2) + doMi Az,
12

and hence the solution is
(t) (dg -+ do)\% — 2d1)\2)€tA1 + (d0>\1(>\1 — 2)\2) + 2d1>\2 — d2)et>‘2 k’gtet)\z
u(t) = o )
Afs A12
(3.11)

The zeros of (3.11)) satisfy
(dy — 2d1 Mo + doAg)etm N doAi (A1 —2X2) +2d1 Mg —dy ks
tA2, tA\2, YT

that is,
do — 2d1 Mo + do)\g tA1s do — 2d1 Ao — doA1 ()\1 — 2/\2)
e = ks +
t)\lg t)\12

From Lemma it follows that if is oscillatory then the distinct roots
A1, A2 have equal real parts, that is 1o = 0.

On the other hand, if 152 = 0 then the left-hand side of approaches 0 as
t — o0, so for to be oscillatory we must have k3 = do—dy (A1 +A2)+doA1Ae =

(3.12)

0.
Further from (3.12))
otz da — 2d1 g — doA1 (A1 — 2X9) _ di A2 — doAi A2 _ di — doM
dy — 2d1 Mg + do/\g diA12 — dgAaia dq — doAa

which is impossible as ¢ — oo unless z15 = 0, that is x1 = 9 = 3 = 0.
Since dg,dy,ds € R, from k3 = 0, S[ks] = 0 we obtain
di(y1] +y2) = dox1(y1 + y2)
and since A1 + Ay + A3 = 0, Ao = A3, and x12 = 0 it follows that y; + yo # 0. Then

di = dowy, |e"?| = |&‘ =1
Y2

yielding y; = +ys9, which is a contradiction (since we know y; +y2 # 0 and A3 # 0).
So: there are no oscillatory solutions in the case D3 =0,1; # 0 .

In the case D3 = A2,02303; # 0 (A1, A2, A3 are distinct) the solutions of (2.7)
are given by u(t) = Ciet™ + Cye!*? + C3et*3, and in view of the initial conditions
we have
. k1daze™ — kadizet?2 + kghjgeths

A12A13A23

u(?) (3.13)

where, as in ,
k1 =do —di(A2 + A3) + dorads, ko =da —di(A + A3) + dori A,
k3 = do — di(A + A2) + doAi e
The zeros of satisfy
k1 doze™™ — kodizet2 + kzhipe!® = 0;

that is,
kl)\236t>\13 - kQ)\lget)\% + k3>\12 =0. (314)
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In view of assumption (2.10) it is sufficient to consider the following three cases:

1 < 22 < @3, (3.15)
T < I2 = I3, (3.16)
Ty =Ty = 3. (3.17)
From we have
r1t+x2+a3=0, y1+y2+ys=0. (3.18)

First we consider case (3.15)). If (3.13) is oscillatory (that is, (3.14) is true for
arbitrarily large values of ) then by letting ¢ — oo in (3.14) we obtain k3 = 0 and

ki =k — k3 = /\13(d1 - dO)\2)7 ko = ko — k'S = /\23(d1 - dO)\l)-

Further, from (3.14) we have

ka3
k1o’
which gives the infinite sequence of zeros

615)\12 —

1 -1 kg)\lg nm
t, = —sin (3 — ) + —
" e [/f1)\23 Y12
provided that either
ka3
=1, k3=0 =22 <
|k1/\23’ ) 3 y L1 =T2 < T3
T A —doh
|22 =1, a1 =, dp=di(M+ A) —dodide, a2 <
dy — dogs

Now, since the d; are real, from k3 = 0 we obtain
dz — di (21 + x2) + do(z172 — Y1y2) = 0,
—di(y1 +y2) + do(z1y2 + y122) = 0,
di  x1y2 + Y172

L _mepTmoate
do Y1 + Yo
do dy 2
7 T Yy nir + (z1 + 562)07 =y1Y2 + 2122 = Y1Y2 + 27
0 0
that is condition (2.11)) of Theorem

1 — A
- 1|:1 or |yi| =lye|, y2=—v1,
1‘2—)\2

dy = r1do = doz1, dy = (27 +y1y2)do, A=A, @1 =22 <0<m5 (3.19)
We move to the next case (3.16]). Now the left-hand side of (3.14]) approaches
—koA13e™ + k312 =0

as t — oo, so if (3.13)) is going to be oscillatory we must have kad13e!28 = kgAio
for certain arbitrarily large values of ¢. Since we are in case (3.16]), we know that
o3 = 0, SO Ao3 = iyo3, and also x12 = x13. So in fact

k3Aiz | k3Aiz
kadiz” 'kadia
and we obtain condition (2.12)) of Theorem [2.5

|kaA1] = [k3di2], 21 < @2 = x3.

eity2s —

| = e | =1, (3.20)
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Finally, we turn to case (3.17), in which z1 = 25 = 3 (so by (3.18) they are all
zero) and so ([3.14) can be written

— k1ya3e”™V® + koyr3eV® = ksyya. (3.21)
Denoting
br = ksy12, be = —kiyes, bz =kay1z, v=1ty13, w=tyss. (3.22)
we obtain, from (3.21)),
boe + bze'™ = by, by, bo, by € C. (3.23)

Lemma 3.3. The exponential equation (3.23) has solution (v,w) € R x R if and
only if

[b1] + [bs] > [ba],  —[b2| < [b1] — [bs] < |ba]. (3.24)
These solutions are given by the formulas
2 2 (.12 .

v =rcos ! (:I: (B + oo [bs] ) F 2wy,
21brs| (3.25)

w=cos ! (:I: |b1|2 + |b3|2 — |b2|2) F 2wpg

2|b1b3| ’

where
. T S[bl/b3]) v I (3[b1/b2])

= = _ g L), 3.26
0T T ( A R Y (3.26)

Remark 3.4. Condition ((3.24)) is invariant with respect to the substitutions
bj — bjem, a € R.

Remark 3.5. If equation (3.23) has a solution (vg,wp) € R x R then it has the
infinite sequence of solutions (vg + 2k, wy + 2mn), k,m € Z.

Proof of Lemma[3.3 Assuming bz # 0 from (3.23)) we have Z—; — e = Z—ie“’, and
by taking the absolute value and squaring both sides of this equation we obtain
ﬁ . 6iw|2 _ |bj€iv|2
bs bs ’
Since from the definition of @y,
b b b b o
é = i|£| cos(2m@o) — ¢|£| sin(2m@g) = i]i|e¥2“@°,
we have
bl s iy | 2 b2
+ | = F2impo _ w2 _ | 222
’ | b3 |e e ’ | b3 | Y
’ + |b1| _ |b3|ei(wi2n¢0)’2 _ ‘b2|2,
(= |br| — |bs| cos(w = 270))* + [bs|? sin® (w + 27 @0) = |ba?,
or
[b1]? + [bs[? — [b2]*
2|b1bs| ’
|61 + [bs|* — [baf?
2|b1b3|

cos(w +27Qg) = +

w = cos™! (:I: ) F 27,
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where

$o = —

&
isin_1 <7J[bl/b3]) = j:i cos™ ! (Lﬁ[bl/bg]).
2 |b1/b3| 2 |b1/b3|
Note that in the case b3 = 0 the real solution v of (3.23)) exists if and only if
|b2] = |bs|. This also follows from (3.24) in that case.
Further the real solution w exists if and only if
[[b1]* + [bs|* — [b2]?| < 2|b1bs].
To simplify this inequality one can rewrite it in the form
(o] + [6s])? = [ba]?, ([ba] = [b3])* < [b2?,
and we obtain condition ([3.24]).
To solve (3.23) with respect to v we apply the substitution

v—iw

bs — bze ,

TW—1v

bg — b26
and obtain . .
bge”" + b36w = bl.
By transposition by < bs from the formula ([3.25) for w we obtain the solution of
this equation with respect to v
[b1[* + 1b2|* — [bs/?
2|b1ba|

v =cos ! (:I: ) + 27”/;07

where

L (S L (Tl

) = — — = :I:i ‘71
Yo o Sin by /o] 5 C08
The real solution v exists if and only if
[[01]* 4+ [b2]* — [b3]?] < 2[b1ba.
It can be shown that this inequality is equivalent to (3.24]). O

Remark 3.6. To study the appearance of oscillatory solutions of the Cauchy prob-
lem for n-th order ordinary differential equations with constant complex coefficients
one should study the existence of real solutions {v; }?:1 of the exponential equation:
n—1
> bjei =by, beC, k=0,1,2,...,n.
j=1
Note that the asymptotic behavior and distribution of zeros of the sums of more
general exponential functions have been studied in [6, 8, 2]. and they have a com-
plicated structure.
Continuing the proof of Theorem we apply to equation the condition
(3.24]) of Lemma and in view of (3.22)) we obtain

|ksyra] + [kayrs] > |k1yes],  —|kiyes| < |ksyiz| — |kayis] < |k1yes)

or condition (2.14) of Theorem
B2

In view of we have also

1. 71(%(171)) 1. (%(/f3//€2))7

Yo = Yo = —g Sin |b1| = —g Sin W
oo Sba/be)y 1y S(ks/ky)
Yo =to =g sin ( b1 /ba )* o ( ks k1 | )



EJDE-2015/175 OSCILLATORY SOLUTIONS 11

From ([3.25)) we have

k 2 k 2 _ |k 2
tyrs = cos 1 (:I: |k1y23|® + |ksy12|* — |k2yis] >$2m/)0,
2|k1k3y12y23]
k2 2 k2 2 k2 2
tyas = cos™ ! (:t |k35|yis + |k3|yTs — | 1@23) T 2700
2|kak3y12913]

The infinite sequence of zeros {t:}, {t,} is given by
Y13ty = 2nm + 2w F 27w, n € Z,
Yos3tm = 2mm + 2w F 2mpg, m € 7,
where @, ¥, pg, Yo are as in .

We claim that this occurs precisely when there exists a sequence of distinct
integers {my,}72, such that
Y13 Y13
== e€Q, ==—(mk+eFpo) YL
Y23 23

In order for an oscillatory solution to exist, the sequences t,,, ¢, must coincide infin-
itely many times. That means that there must exist sequences {my}32,, {nx}32,
of distinct integers such that

_ 27 (my + ¢ F o) 27 (ng + ¥ F o)

t =t =
e Y23 e Y13
or
Y13 Y13 .
ng = =—(mr+oF o) =Y £, ng—n;="(mp—my), kj=12,...
Y23 Y23
. N —Nn; .
and since #mjj € Q, we obtain
Y13 Y13
— € Q, (my +© F po) — 1 £ € Z.

Y23 Y23
We have now exhausted the cases (3.15)-(3.17), which completes the proof. O

Proof of Theorem[2.6. We deduce Theorem [2.6] from Theorem Note that case
(2.11)) is impossible since the condition dy = (22 + y192)do, together with dy =
dy = 0, implies do = 0 as well. Note also that since dgy = d; = 0 we obtain
by = ky = ks = dy.

From case we have |A13] = |A12| or

2 2 _ 2 2
i3 + Y13 = T2 + Yias

Since in this case z13 = 12 we obtain y?; = y?,, and in view of we obtain
y1 = 0, that is, case .
Further since y3;3 = (y13 — ¥12)? = Y39 — 2y12¥13 + Y35 the formula (2.15) turns
into
p=1v=po=1o=0 (3.27)
and case turns into case .
It only remains to be shown that , are equivalent correspondingly to
and . From Vieta’s formulas
M+AX+A3=0, 3= )\1()\2 + )\3) 4+ A3, 2 = —A1Aa)A3, D3 = )\%2)\%3)\33
we obtain
L, i, D3eR, D3<0 (328)
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Conversely from (3.29)) the cubic equation with real coefficients
pd = 3Lpu+2il, =0, D3=—(—I,)% - (il})*> = —-D3 >0 (3.29)

has non-negative discriminant, and so it has three real roots; that is, [u;] = 0,
and by substitution gy = —iX equation (3.29)) turns to the characteristic equation
A3+ 31\ +21, = 0. It follows that the characteristic equation has imaginary roots;

that is, (2.18) is true.

To rewrite the last part of condition we will use the cubic formula. Denote
21 =—Ih++\/—D3, z=—I,—+/—Ds, Ds=—I}—12. (3.30)
The roots of A* 4+ 313\ + 21, = 0 are given by the cubic formula:
M=2" 45" =¢+n = (-L+VD)'?
n=(-L—-VD)'?, D=1 +1I3,

WAl s B -5 chn | iVBE—n) (3.31)
2 = — + = — + ,
2 2 2 2
N T L L R T B (B
3T 2 B 2 T2 2 ’

from which we obtain

hag = iV3(z1? — 2/%) = iV3(e — ),

3 /13 1/3 W3 (13 13\ 3 i3
)\13—§<21 + 2 >+T<Z1 2o )—5(54‘77)‘*‘7(5 n)-
Finally, we can use the cubic formula to rewrite the last part of condition (2.18):
SPhus]  3S[E+n+ERE-n  VIS[E+n 1
&

3] V3RE — 1) o O2RE—m] 2
S _ VB3[54 57 1
SA2s] 2?}%[2%/3 - z;/g] 2
and we have zo = —Z7, and so

Sihs] _ VES[ - w1 VES[EP) 1

Slhas]  oR[P4+HYY 2 0 om[] 2

%[)\13]
S A2s]

It follows that

€ Q if and only if

V3S((—1z + /=D3)'/3] cQ
R[(—12 + v—D3)'/?] '
So we have established that (2.17) is equivalent to (2.19). O
Proof of Theorem[2.9. Again, we deduce Theorem from Theorem Note
that case (2.11)) leads to the trivial solution since it follows from dy = dy = 0 that
d; = 0.
The case (2.12)), in view of
ki =—di(A2+X3), ka=—di(M +X3), ks =—di(M +N2),

turns into

1= ’A% -\ _ (x12 + iy12) (@1 + 22 + iy1 + iy2)
A - (w13 4 iy13) (21 + 23 + QY1 + iys3)
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Further,
i ; i) 12
0= (z12 + %y12)($1 + T2+ W + Z.y2) ‘ 1 (3.32)
(213 +iy13) (w1 + 23 + i1 + iy3)
Noting that we have x12 = 13, 23 = 0, and that (from (2.8)) 1 = —2x5 and
Y3 = —y1 — Y2, the right-hand side of (3.32)) can now be shown (by some effort) to

be equal to

Y123 (3y3 — 623 — y3)

(923 + yis) (23 +3)

We may assume that zo # 0, because then x5 = x3 and would imply z; =0

and we would not be in case (2.12). By assumption, ys3 # 0 in this case (otherwise

A2 = A3 and so D3 = 0), so this says that in case the solution is oscillatory

if and only if either y; = 0 or 3y3 — 623 — 32, = 0. If y; = 0, then \; € R and

Yo = —Y3, SO A2 and A3 are conjugate to one another, so I; and I, are real as well.

This is the first case in the statement of Theorem since x1 < xo and

x1 = —2x5 imply that 1 < 0 < z5. On the other hand, if 3y5 — 622 — y2, = 0 then
we are in the second case the statement of Theorem [2.9

Finally, we deal with case (2.13)), in which 1 = x5 = x3 (and all are zero because

of (2.8)). Now (2.15) becomes
p=1%=po=1o=0
so (2.13]) turns to (2.25)), and this completes the proof. O

Proof of Theorem[2.10} As in the previous two theorems, case is impossible.
Indeed, in case from d; = dy = 0 we obtain dyz; = 0, which yields dg = 0
since here z; < 0.

Consider case . In this case from d; = dy = 0 we obtain

ko = doAi Az, ks =doAi .

(3.33)

so (2.12)) turns into
[AisA1Az] = [A2Aide|, @1 < 2o = 3.

If A\; = 0, then (2.8) requires that xo +x5 = 0, hence z2 = x3 = 0 which contradicts
the condition z1 < xo. If Ay # 0, then
[A13A3] = [A12A2];
that is,
A2A12 ’2 -
AsA13 .
This means that
(23 +93) (212 + yis)
(x% + yg)(ﬁs + 9%3)
In this case we know that xo = x3 and so that x1 = —2x5 and y1 + y2 + y3 = 0.
Using these facts and performing some calculation, (3.35) becomes

4y1(y1 + 2y2) (323 + yi 4+ y1y2 + y3) _
(@3 +yT + 25192 +¥3) (923 + 47 + 4y1y2 + ¥3)
If y; = 0 then \; is real (and negative, by (2.8) and (3.34)), and y2 = —y3, so I

and Iy are real and we are in the situation given in the statement of the theorem.
We claim that this is the only possibility. If y; + 2y2 = 0 then (2.8)) gives that

—1=0, x1 <z2=13. (334)
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y2 = y3, which in case (3.35) means that Ay = A3, contradicting the assumption
that D3 # 0. On the other hand, if

325 +yi +yy2 +y5 =0
then by completing the square we obtain

92)2 3 5
== —y5 = 0.
9 +492

This requires that o = yo = 0. But ;1 < x5 = 3 = 0 violates , so this is also
impossible.

The final case is , in which 1 = 29 = 3 = 0,y3 = —y1 — y2, from which
becomes ¢y = ¥y = 0 and

2yt + Tydye + 11533 + Syayd + 4y

322 + (y1 +

cos(2mp) = 3.35
(2me) 2yiy2(y1 + y2) (3:35)
which we can put in terms of the variable v = y; /ya:
29t + 793 + 1192 + 8y + 4
cos(tyas) = — i 2 il " = f(v). (3.36)

272 (v +1)
Analysis of f(v) reveals that —1 < f(y) < 1 only when v = -2, and f(-2) = -1 -
that is, (3.35)) is only possible when y; 42y, = 0, and that again gives a contradiction
as it would imply yo = y3 and hence A = A3 and D3 = 0. Consequently, the
case (2.13)) gives rise to no oscillatory solutions and the proof is complete. O

As noted in Remark similar results for higher order equations will depend on
analysis of larger systems of exponential equations, which is difficult. Our results
have some limited applicability: for instance, in degree 4 if

4
Zaz? #0
j=1

then one can reduce to various instances of Theorem [2.5| However, as with the
third order results presented here, the most troublesome case is when all the z;s
are zero.
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