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TRIGONOMETRIC SERIES ADAPTED FOR THE STUDY OF
DIRICHLET BOUNDARY-VALUE PROBLEMS OF LAME
SYSTEMS

BOUBAKEUR MEROUANI, RAZIKA BOUFENOUCHE

ABSTRACT. Several authors have used trigonometric series for describing the
solutions to elliptic equations in a plane sector; for example, the study of
the biharmonic operator with different boundary conditions, can be found in
[21 9] 10]. The main goal of this article is to adapt those techniques for the
study of Lamé systems in a sector.

1. INTRODUCTION

Let S be the truncated plane sector of angle w < 27, and positive radius p:

S ={(rcosf,rsinf) eR?, 0<r<p 0<6<w}. (1.1)
Let ¥ be the circular boundary part
¥ ={(pcosh,psinf) € R? 0 < 0 < w}. (1.2)

We are interested in the study of functions u belonging to the Sobolev space
[H!(S)]?, and that are solutions to the Lamé type system

Lu=Au+1V(divy) =0 inS

u=0 ford=0,w, (13)
where N
v =(1— 21/)_1 = ﬂ,
1

A, p are the Lamé constants, with A > 0, 4 > 0 and v is a real number (0 < v < 1/2)
called Poisson coefficient.
We shall analyze the solutions u of this problem which can be written in series

of the form:
u(r,0) = Z CaT o (0). (1.4)

aEl
Here E stands for the set of solutions of the equation in a complex variable a(vy),
v
sin? aw = ( 0 a)2sin2w, Rea =0 (1.5)
Vg + 2

For further studies of the set E, see, for example Lozi [5].
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We will adapt the technique used in [2 [0] [T0], for the bilaplacian. The novelty
is that, here, we treat a system of PDE’s instead of the equations studied before.
For this purpose we introduce a Betti formula instead of a Green formula. To
compute the coefficients of the the singularities which can occur in the solutions,
this technique is easier and more direct than the classical one used in [4].

We will focus on the important case of the crack, i.e. w = 27w. The calculations
in that case are more explicit and give the known results for the Laplacian as just
a particular case.

2. SEPARATION OF VARIABLES

Replacing u by r%vq(0) = r*(v1,6(0), v2,o(0)) in the problem (|1.3)) and using the
change of variables

w10 (0) = cosBvy 4 (0) + sin v (),

Wo,o(0) = —sin vy o (0) + cos Ovy o () 2.1)
leads us the system
wy o(0) + (o0 + 1) (0 = Dwi,a(0) + (vo(a — 1) = 2)w o, (0) = 0;
(vo + 1wy ,(0) + (@ — Dwa,o(0) + (vo(a + 1) + 2)wy ,(0) = 0. (2.2)

w17a(0) = w27a(0) =0.
COS W1 o (W) — sinwws o(w) = sinww; o(w) + coswws o (w) = 0.
By Merouani [7], the solutions of (2.2 are linear combination of the functions
_ 20w [cos(a — 2)0 — cos ab]
Pall) = (—2047)0 sin(a — 2)0 + 2(vg(a — 2) — 4) sin af (2:3)
and

2awg sin(a — 2)0 — 2(vo(a+ 2) + 4) sin af
2awg[cos(a — 2)6 — cos ab)]

ul®) =

A relationship, similar to classical orthogonality, for this system is given by the
following theorem.

> 0<0<uw, (2.4)

Theorem 2.1. Let wy = (1,4, W2,o) and wg = (w1,3,ws,3) be solutions of (2.2)
with « and B solutions of (L.5)). Then, for B # &, we have

[wOH wﬂ]

/Ow I Lot w.0) + (v + 1)t w,0)] (“’Lﬁ)]deo (2.5)

(B—a) w2,3
Proof. We shall use Betti formula

/S(vLu —ulv)dx = /[va(u) -n —uo(v) - n)do (2.6)

T

o(u) = (%(u) 0'12(u)>

o12(u)  oaa(u)

where

cos 0

ind
I is the boundary of S. For two functions w,v which are solutions of (1.3]), using

is the tensor of stress, n = > is the outward unit vector normal to ¥, and
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Betti’s formula we obtain
/ [vo(u).n —uo(v).nldo =0 (2.7)
)

on X, for the function u = r%y,, taking account of the change of variables (2.1),
we have

o(u)-n= Ma v (wa) (2.8)
with M, 4, (we) being the matrix

(((vo — Dwh , + ((vo + 1) + (vo — 1))wi,a) cos O — (w] , + (@ — 1wy o) sin 0)
(w’lva + (a0 — 1)wa,q) cos O + ((vo — 1)w§7a + (a(vo+ 1) + (vo — 1))wy,4) sin @

The results follow from the application of formula (2.7 to the functions u = r®p,
and u = %15, and by using relation (2.8). |

Corollary 2.2. Let w, and wg be solution of (2.2)) with o and 3 solution of (L.5).

Suppose in addition that
o) (1) =0 2.9
[ et (52 (2.9)
and o # 3, then

(W, wg] = /Ow[((vo + Dwi 0, w2,0)] (Zl’ﬁ) do =0 (2.10)

2,8
Proof. Substituting (2.9) in (2.5)), we obtain (2.10]). O

Remark 2.3. For wy, = r*(w1 o, W2,o), we define the operator

Tw. — =1 <(Uo + l)wl,a)

W2 o

Corollary 2.4. From corollary if a # B3, we have
/E (Twa @5 + waTw5)do = 0. (2.11)
Proof. From the definition of the operator T and Corollary we have
/E(Twa.ﬁg + wo Twg)do = 2ro+A~1 /Ow((vo + Dwi,aw,; 5 + wa,aw, 5)d0 = 0.

O

Corollary 2.5. Suppose that u =
[p5: ps] # 0 then

ack CaT%Pa 18 uniformly convergent in S. If

1 454 Js(Tvwug + uTug)do
[v5; ©5] '

CB:

Proof. For u =} .pcar®pa and taking account the definition of the operator 7'
we have

/E(TU.UT; +u.Tug)do

[ (g (L))

ack
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(T carea)r? (L0 Yao

acE 802’3

— w 1 —
_ Z carﬁ“**l/ ( <(Uo + 1)901,a) 05 + Pa <(Uo + )@1,5) )dg'
0 P2,

ackE 902,5
From Corollary if o # 3, then
/ (Tuug + uTug)do = 2C5p7, wg]pﬁ_l.
b
Expression cz of Corollary results from this last equality. (|

Remark 2.6. The technique we develop for the study of the trigonometric series is
based on Theorem and Corollary To illustrate this, we study the following
trigonometric series in the particular case of the crack (w = 2w), which is an
important case of singular domains. The explicit knowledge of the roots of
simplifies the computations.

3. COMPLETE CASE STUDY OF THE CRACK

To simplify the calculations, we decompose every solution u of ([1.3) into two
parts with respect to 6

Uiﬂl +5J2.

3.1. Study of first part. The first part is the expression ¢, and is given by (2.3
where

E= {g, k€ N*}  because w = 2.
After some calculation, we obtain that
[ps, ps] = 18703 (200 + 3) + 4(vo (8 — 2) — 4)|mp* ™" £ 0.
Define the sub-sector
S,y =SN{(rcosd,rsinf) € R*,r < po}, po < p.
We define the traces on X,
=& € (HY*(X)® and T = ¢y € (HV2(D))%.

27
Co = Aa,vo/o (51 ((UO ‘;;i‘ﬁl,a) + po (z;:z> ¢1)(p0,9)d9 (31)

Let

with

Ag g = po”
G0 2[a2vg (200 + 3) + 4(vo (o — 2) — 4)2w

Corollary 3.1. If $l; is solution of (L.3)), then
= Z caT*Pa (3.2)
acl

where c,, is given by ([B.1). The series converges uniformly in S,, for all py < p.
Moreover (3.2)) converges globally in (H'(S,))?, if a3/2cop® € 12.
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Proof. (i) if (3.2)) occurs, then ¢, is expressed by (3.1 under Corollary [2.5]
(ii) 1f 111 is solutlon of (L3) and c, given by (3.1) then cq = o(ap,®). This
implies the uniform convergence of the series in S,, towards some W satisfying

T3).

From Grisvard- Geymonat [3], there exists a positive e, sufficiently small such
that the solution of (1.3]) is written as

= Z Kor%pq

acE
which converges for r < &. Theorem implies that K, = ¢, therefore W; and I,
coincide in S.. They coincide in S, since they are real analytic. ]

Remark 3.2. If & belongs to the space (H?(]0,27[))? and ¢1 to (H'(]0,27]))?,
then cq = o(apg ™) and we have uniform convergence of the series in §p0 for all
po < p.

3.2. Study of the second part. The second part is the expression 1, given by

where
E= {g, ke N"}
because w = 2. After some calculations, we obtain
[V, Y] = [(v0 + 3)a?v§ + 4(vo + 1) (vo(a + 2) + 4)*|mp** ™1 #0.
We define the following trace on X,
=& e (HY?(2)? and Ty = ¢y € (HY2(X))2.

do = Ba, vo /0 " @ ((“0 ;iiwl’“) T p0 (jl ) 61)(p0,0)db.  (3.3)

o "
Baw =
M 2[(v + 3)a?v + 4(vo + 1) (vo(a + 2) + 4)?]7

Corollary 3.3. If s is solution of (1.3) then

Yp =) otV (3.4)

ackE

Let

with

where dg is given by (3.3 . The series converges uniformly in gpo for all pg < p.
Moreover converges globally in (H'(S,))?, if a®/?d,p* € 12.

Remark 3.4. For vy = 0 we obtain the trigonometric series for the Laplace equa-
tion in a sector. This is compatible with (1.3]) with vy = 0.
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