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SPIKE-LAYER SOLUTIONS TO NONLINEAR FRACTIONAL
SCHRODINGER EQUATIONS WITH ALMOST OPTIMAL
NONLINEARITIES

JINMYOUNG SEOK

ABSTRACT. In this article, we are interested in singularly perturbed nonlinear
elliptic problems involving a fractional Laplacian. Under a class of nonlinear-
ity which is believed to be almost optimal, we construct a positive solution
which exhibits multiple spikes near any given local minimum components of
an exterior potential of the problem.

1. INTRODUCTION

Let N > 2 and (—A)®,0 < s < 1 be the usual fractional Laplace operator on
RY. We study the singularly perturbed elliptic problem of fractional order
2 (-A)Yu+V(z)u= f(u) inRY,

lim u(z) =0,
r— 00

(1.1)

which is derived from the nonlinear fractional Schrédinger equation
iy — W2 (=AY — V() + f(¥) =0, (2,t) € RN xR, (1.2)

where h is the Plank constant, ¢ is the imaginary unit. Equation can be under-
stood as a nonlinear counterpart of the fractional Schrodinger equations formulated
by Laskin who defined fractional path integrals over the paths of the Lévy flights
and found fractional generalization of the Schrodinger equations in [19] 20]. We
refer to [21] for more physical background. We are concerned with standing waves

of , solutions of the form
O(x,t) = e My (x). (1.3)
By assuming that f: C — C is continuous such that
f(e®u) =e?f(u) forueR
and inserting the ansatz to , we obtain
B (=A)u+ (V(z) —w)u = f(u) inzeRY.
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Then we set i = £° and redefine V(z) —w by V(z) to derive (1.1]). Since the plank
constant A > 0 is a very small physical quantity, we may assume € > 0 is a small
parameter. Throughout this article, we assume

(F1)) f € C(R,R) and limy_q f(t)/t = 0;
(V1) V € O(RV,R) and Vj := infcpny V(z) > 0.

When s = 1, the equation (1.1]) becomes a local elliptic equation
—?Au+V(z)u= f(u) inRY

lim u(z) =0

r—00

(1.4)

to which a great deal of work has been devoted during the last three decades. The
main concern is to construct a family of positive solution which exhibits spikes
near some critical points of V. Floer and Weinstein proved in their pioneering
paper [16] that if N = 1 and f(u) = u® then for small & > 0, there exists a
positive solution of which develops a spike near any given non-degenerate
critical point of V. In [25] [26], Oh generalized this result by constructing a positive
solution which develops multiple spikes near any given finite set of non-degenerate
critical points of V' when N > 1 and f(u) = uP, where p € (1,00) if N = 1,2 and
pe (1,(N+2)/(N—-2))if N> 3. We also refer to [I§] in which Kang and Wei
proved that for small € > 0, there exists a positive solution which is clustered near
a strict local maximum point of V, i.e., a solution which develops k-spikes near a
strict local maximum point of V' for any given k£ € N.

The results mentioned above make use of Lyapunov-Schmidt reduction method,
which is a very powerful tool especially when we construct highly unstable solutions.
This method essentially requires uniqueness and non-degeneracy of a positive radial
solution of the autonomous equation

—Av+V(zg)v = f(v) inRY, zg is fixed
lim v(z) =0.

r— 00

Equation (1.5)) is called the limit equation of (1.4)) because if w is a solution of (1.5),
by defining v(z) := u(ex 4 xo), v satisfies

(1.5)

—Av+Vi(ex + zo)v = f(v),

which approaches as € — 0 to . Then, one can apply the Lyapunov-Schmidt
reduction method to search a solution of near the set of positive solutions of
(1.5) with 2o which is a critical point of V.

Unfortunately, the uniqueness and non-degeneracy of a positive radial solution
of are known for a very restrictive class of f, for example, f(u) = uP while the
existence of a radial positive solution of can be obtained for a quite general
class of nonlinearity f. Using variational approaches, Berestycki and Lions proved
in [I] that there exists a positive radial least energy solution of if f satisfies
the conditions (F1’) and

(F2') limsup,_, . |f(t)/tP| < C for some C > 0 and p € (1,(n+2)/(n —2)),
(F3’) there is T > 0 such that F(T) > V(x)T?/2 where F(t) = fot f(s)ds,

which are believed to be almost optimal for the existence of solutions of (1.5).
Therefore one can ask the following question:
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Question 1. Under conditions (F1’)—(F3’), does admit spike-layer solutions
described in [16] 25| 26] [18]?

In this regard, we refer to a series of works [I1}, 12, 13] in which Del pino and
Felmer had developed interesting variational techniques to construct spike layer
solutions of , concentrating near any given topologically nontrivial critical
point of V for a wide class of nonlinearity f. For example, it is assumed in [13]
that f satisfies

(1) f € Ctand f/(t)t is locally Lipschitz on [0,00),
(2) limsup,_,, f'(t)/sP~! < oo for some p € (1, (n+2)/(n — 2)),
(3) f'(t)t < Cf(t) for some C' > 0 and all s € (0,1),
(4) 0 < qf(t) < f/(t)t for some g > 1 and all s > 0.

Note that neither uniqueness nor non-degeneracy of a positive solution is assumed
in (1)—(4) although these are still more restrictive than the optimal conditions
(F1)—(F3).

After the works [IT), 12l 13], much effort has been made to positively answer
Question 1. Byeon and Jeanjean proved in [3|, [4] that under the conditions (F1),
(F2’) and (F3’), if € > 0 is small, there exists a positive solution which exhibits
multiple spikes near any given finite family of local minimum components of V.
Later, Byeon and Tanaka proved in [5] the existence of a spike solution near a
given structurally stable critical point of V' by further assuming f € C'. Very
recently, Byeon and Tanaka proved in [6] that for small € > 0, there is a solution
clustered near a given local maximum component of V' by assuming (F2’), (F3’),
feCtand f=o(t?) as t — 0 for some g > 1.

Now, we turn our attention to the case s € (0,1). For the power type nonlinearity
f(u) = uP, Davila, Del pino and Wei [I0] obtained the existence of positive solutions
of , exhibiting multiple spikes near given topologically nontrivial critical points
of V or clustered near a given local maximum point of V' by applying the Lyapunov-
Schmidt reduction method. In this paper, we are interested in extending the result
by Byeon and Jeanjean to the nonlocal equation . This is a first step to answer
Question 1 for nonlocal equation . The main idea is adopted from [4] but we
are not going to introduce the penalization term Q. in [3, ] since it causes some
technical complications. Instead, we show a kind of intersection lemma using degree
theory as in [7, 22]. This makes the point of whole proof much clearer.

We define a concept of classical solution to by following [I5]. Recall that
(—A)?® is defined as

(—A)u = FH|E* F(u), (1.6)
where F and F~! denote the Fourier and inverse Fourier transform respectively. If
w is sufficiently smooth, it is known that (see [14]) definition is equivalent to

(=A)u = —%C(N, s) /]RN u(z + y) +:|(I;’[E+;y) — 2u(x)

C(N,s) = (/RN 1‘§|§$jg§1>dg)‘1.

By a classical solution of (|I.1]), we mean a continuous function that (1.7 is well
defined for all x € R and satisfies (I.1)) in pointwise sense.

Next, we give precise descriptions for assumptions about V and f. We assume
that

dy, (1.7)

where
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(V2) there are k local minimum components of V' for some k > 1, i.e., there are
k bounded open sets Op,...,0r C RY such that m; := inf,co, V(z) <
mingego, V(z),i =1,...,k.

Denote M; :={x € O; : V(x) = m;}. Suppose f : R — R be a function satisfying

(F1) f € CYR,R) and f(t) = o(t) as t — 0;

(F2) limsup,_, |f(¢)/t?| < C for some C' >0 and p € (1, (n + 2s)/(n — 2s));

(F3) there is T > 0 such that F(T) > mT?/2 where F(t) = f(f f(s)ds and
m = max;=1,. kM;.

Now, we state the main theorem.

Theorem 1.1. Let N > 2. Fiz arbitrary s € (0,1). We assume V : RN — R
is a C! function satisfying (V1)~(V2) and f satisfies (F1)—(F3). Then, for any
small ¢ > 0, there exists a positive classical solution u. of which exhibits k
spikes near each M;. More precisely, u. develops k local mazimum points y. ; € O,
satisfying

(i) dist(yes, M;) — 0 up to a subsequence;

(ii) ue(yes) > ¢ for some constant ¢ > 0 independent of € > 0;

(iii)
k eN+2s

ue(z) < CZ

=1 (2 + [z —yeil?)

N+42s °
2

In this article, we only pay attention to the singularly perturbed setting. For
readers interested in non-perturbed setting, for example, equations of the form
(=AYu+V(z)u = Af(z,u) inR",

we refer to [24] in which at least two nontrivial solutions are constructed under a
class of exterior potential V' and nonlinearity f with sublinear growth.
We close this section by introducing some notation:

e BY(z): N-dim Euclidean ball with center x and radius 7.

o O (Rf *1) : the set of infinitely differentiable functions with compact sup-
port in ]R_IX +1,

C°(RN),n € N,o > 0: the set of [o] times differentiable functions whose
[c]th derivatives are Holder continuous with exponent o — [o].

e (' : positive generic constant which can vary from line to line.

LP(Q) : the set of p-th integrable functions on €.

LY, () : the set of p-th weighted integrable functions on Q with weight W.

2. PRELIMINARIES
By the change of variable z — z/e, (|1.1)) is equivalent to
(—=A)u+ Ve(z)u= f(u) inRY

lim u(x) =0,

(2.1)

where V. (x) := V(ex).
Let D*(RY) denote the homogeneous fractional Sobolev space, defined as the
completion of C2°(RY) with respect to the norm

1/2
fulloe i= ([ 1=8)72up da)
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and H*(RY) denote the standard fractional Sobolev space, defined as the set of
u € D*(RY) satisfying u € L?(R"™) with the norm

i i= ([ 1=8)72uf + o da)

Let Hy (RN) be the set of u € D*(RY) satisfying

1/2

1/2
fullng, = ( [ 18020+ Vigopas) < o

Then we have an obvious embedding Hy, (RY) < H*(RY). For any u € H*(R"),
it is well known that the following fractional version of Sobolev inequality holds

il 25 g, S CIA) 2l vy (22
We say u € Hy, (RY) is a weak solution to (2.1)) if u satisfies
/ (=A)*2u(=A)* 20 dx + / Ve(z)uvde = (u)v dx
RN RN RN

for all v € Hy, (RM). Making use of the definition of Hy,_, Sobolev inequality
(2.2) and the conditions (F1)—(F2), one can see every integral in the above weak
formulation is well defined.

2.1. Extended problems. Now, we introduce a local extended problem
div(#'"?*VU) =0 in RYT!

. 1-2s _ . N
th_r)r(l) —t 70U = =V (z)U(2,0) + f(U(z,0)) in €R (2.3)
lim Uz, t) = 0.
(z,t)—o00 ( )

It is shown by Caffarelli and Silvestre [8] that, up to a normalization constant, the
equation (2.3) is equivalent to (2.1). Let D'(t!~2*, RY™!) denote the completion

of C2*(RY*!) with respect to the norm

Ul pr (g1-20 2741y = /RN+1 VU (z,t)|?t' =2 da dt.

+

It is known that (see [I7]) for any U € D'(¢!=25,RY*!), its trace U(z,0) belongs
to D*(RY) and the trace map is continuous as follows:

HU(v O)”DS(RN) < C||U||D1(t172s7R§Y+1)~ (24)
Then the trace Sobolev inequality
||U($7 O)HLszst (RN) < CHU”Dl(tl*?S,Ri’*l) (25)

is derived from (2.4)) and (2.2)). We define function spaces Hy by the set of all
U € DY(t'=25, R satisfying

|U |2 ::/ VU (z,t)*t' =2 dxdtJr/ U(x,0)*dr < oo
Rf'H RN

and H. by the set of all U € D'(t!725, RY ") satisfying

U2 ;:/ § VU (z,t) 2t > dedt + | V.(2)U(x,0)? dz < oo.
Ry RN
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We say U € H. is a weak solution of (2.3) if U satisfies

/ VU-Vth‘QSda:dt—i—/ V(ez)U(x,0)V (x,0) — f(U(x,0))V(z,0) dv
Ry RN

for every V € H.. It is well known that (See [8] and [I7]) if W, € H. is a weak
solution of (2.3), then W.(-,0) € Hy, (RY) is a weak solution of [23). Also, it is
standard to show that U € H_ is a weak solution of if and only if it is a critical
point of the following C! functional on H.,,

1

1
TL(U) = 7/ VU2 dxdt+/ Ly @) U(2,00 - FU(2,0)) da,
2 ]RQHJ RN 2

where F(s) = [; f(0) do.

2.2. Elliptic estimates. Let D, := BN (0) x (0,7). Consider the nonlinear Neu-
mann boundary value problem
—div(t'™*VU) =0 in D,

- Jim £ P0U,0) = on)U(@0) +o@) mBYO) 2O

Let L2(t'72%,D,) be a weighted L? space on D, with the weight t'=2¢. Also,
H'(t'72% D,) denotes the corresponding weighted Sobolev space. Here we collect
some standard elliptic estimates for (2.6]).

Proposition 2.1 (De Giorgi-Nash-Moser type estimate, [I7, Proposition 2.4]).
Suppose a, g € LP(BYN(0)) for some p > N/(2s).
(i) Let U € H'(t'72%,Dy) be a weak solution to [2.6). Then, U € L>(D; o)
and there is a constant C' > 0 depending only on N,s,p and ||a||L» (B (o))
such that

sup U < c(||U||L2(t172s,Dl) + HgHLp(B{wo»)%

D12

(ii) LetU € HY(t'72%,Dy) be a weak solution to (2.6). Then, there is o € (0,1)
depending only on N,s,p such that U € C*(Dy2) and there is a constant
C > 0 depending only on N, s,p and ||a™ || L gy (o)) such that

10llee iy < C (10 =0 + 9oy o )-

Proposition 2.2 (Schauder estimate [I7, Theorem 2.3]). Suppose a, g belong to
C(BN(0)) for some o € N. Let U € H'(t'725,D;) be a weak solution to (2.6).
If 2s + o is not an integer, then U(-,0) € 025““’(31]\;2(0)) and there is a constant

C > 0 depending only on N, s,0 and |al|ce(px (o)) such that
\|U('a0)||c2s+a(B{V/2(o)) < C(IU]|L>(py) + ll9llce (55 (0))

2.3. Regularity of weak solutions. We assume f(t) = 0 for any ¢t < 0 by redefin-
ing f if necessary. Then, we see that every weak solution W of is nonnegative
by testing W, the negative part of W to the equation . Actually we can prove
W is classical and positive everywhere.

Proposition 2.3. Let W, be a weak solution of (2.3). Then its trace W¢(-,0) is a
classical solution of (2.1)) and positive.
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Proof. Since W, € H. C Hj solves
div(t'™2*VU) =0 in RYT!
lim Uz, t) = We(z,0) in € RY,

it is given by

tQS

We(z,t) = B(N, 5) /RN e

and consequently W. € L%(t172% D;)(see [17]). Thus the De Giorgi-Nash-Moser
type estimate (Proposition applies to deduce W,(-,0) is Holder continuous.
Then, applying the Schauder estimate (Proposition iteratively, we see that
W.(-,0) € C***(RYN) for some o € (0,1) if s > 1/2 and W.(-,0) € C1T¥(RY)
for some o € (0,1) if s < 1/2. We refer to [15] to inform that these are enough
regularities to makes weak solutions classical. Suppose that there is 29 € RY such
that We(xo,0) = 0. Since W(z0,0) > 0, x is a global minimum of W,. But this
contradicts with the expression

1 Ws(onry,O)JFWs(»TO*%O)*QWs(anO)
— ZC(N d
R [ T ’
- _WE((EO7 0) + f(WE(xO7 0))
because the left-hand side is positive but the right-hand side vanishes. O

2.4. limit equations. As ¢ — 0, we obtain the following limit equation of (2.3])

div(#'"2*VU) =0 in RY ™!

lim —t'"2°0,U = —aU(,0) + f(U(2,0)) in €RY (2.7)
lim Ul(x,t) =0,
(z,t)— o0

where a is a real constant.
As before, a weak solution of (2.7) is defined by a function W € Hj satisfying

/ VWVth*?dedH/ aW (z,0)V (x,0) — f(W(z,0))V(z,0) dx
RN+1

RN
for every V € Hj, and it is a critical point of the functional

1 1
I, (U) = 7/ VU |2t 25 d:cdt+/ —aU(x,0)* — F(U(z,0)) dx.
2 Rerl RN 2
It is also true that if W € Hy is a weak solution of (2.7)), then W (-,0) € H*(RY) is
a weak solution of
(=A)*u+au= f(u) inRY
0.

lim u(z) =

r—00

(2.8)

In [9], the following Pohozaev identity is proved for a > 0. We note that the ar-
gument employed in [9], originally developed in [1], does not require the positiveness
of a. Thus we have the following result.
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Proposition 2.4. For anya € R, if W € Hy is a weak solution of (2.7)), it satisfies
the following integral identity, which is called the Pohozaev identity

N -2
i / VW2 dedt + N | 2W(z,0)2 — F(W(z,0))dz = 0. (2.9)
2 RN+1 RN 2

We say L € Hy is a least energy solution of (2.7) if L is a weak solution of (2.7
57).

and satisfies 'y (L) < T', (W) whenever W is a nontrivial weak solution of

Proposition 2.5. Let s € (0,1) and f satisfies (F1)—(F3). Then, for any a > 0
there exists a positive least energy solution to . Moreover, every least energy
solution L satisfies the following properties:
(i) L(-,0) is a classical solution of and positive.
(ii) To(L) < To(V) whenever V € Hy is nontrivial and satisfies the Pohozaev
identity (2.9)).
(iil) there is a constant C depending only on N, s, f and |L|| g, such that

|L(z,0)| < C for || > 1;

‘.’E|N+23
Proof. The existence of a solution W of (2.7 satisfying

T'y(W) =cq := mi T, , 2.10
(W) = ca = mip max Ta(1()) (210)
where T' = {y € C([0,1], Hp : v(0) = 0,7(1) < 0}, is obtained in [9] but it is not
clear at this point whether or not it is of least energy and it satisfies (ii). Here,
we reconstruct a solution by following the approach employed in [2] that finding a
minimizer of a minimization problem below

N —2
min {Fa(U) : i VU 24125 da dt
2 RY+1

UeHo\{0}

+N [ LUz0? - FU(x,0)de = 0}.
Using the Pohozaev identity (2.9), it is easy to check that there is a minimizer
L € Hy, which is a solution of . For detail, we refer to [2]. From the definition
it is clear that (i¢) holds. Since every weak solution satisfies (2.9), we see L is a
least energy solution. Applying the same argument in the proof of Proposition 23]
we also obtain (i).

Now, we prove (iii). Applying (i) of Proposition we see that ||L(-,0)]| L ®N)
is bounded and || L(-,0)||po (g~ (z)) — 0 as |z| — oo so that L(-,0) satisfies

(A)L(0) + 5L(-0) <0 on BV BY(0)

by taking large R > 0. It is proved in [I5] that there is a positive function K €
H*(RYN) satisfying

(—A)K (z) + gK(:c) =0 inRY\BM0),

1
Then, the comparison principle (we refer to [15]) applies to see

1
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for some C' > 0. O

Let S, denote the set of least energy solutions L of (2.7)) such that L(x,0) attains
its maximum at 0 € RY. The compactness of S, can be proved by following the
argument in the proof of [3| Proposition 1] with no changes. We omit the details.

Proposition 2.6. For any a > 0, the set S, is compact in Hy.
We denote E, :=T,(L), where L € S,.
Proposition 2.7. Suppose that 0 < a <b. Then E, < E}.

Proof. Recall ¢, := min,er max,¢p,1] L'a(7(0)). We claim that E, = c,. Then the
proposition follows from the definition of ¢,. Let L be a least energy solution of
(2.7). Using the Pohozaev identity (2.9)), we see that
o7 N-2s y 2,1-2s
To(L(-/0,-/0)) = ( g0 ) /M“ VL2125 da dt (2.11)

so that there is g > 1 such that T'4(L(-/0¢, /00)) < 0. Define a path (o) :
[0,1] — Hy by (o) = L(-/(090),:/(0¢0)). Then vy is continuous such that
v(0) = 0 and (1) < 0. We also see from (2.11)) that
T'.(L) = T, ,
(L) = max T'a(70(7))

)

which shows ¢, < E,.

Conversely, take arbitrary path v € T. It is standard to see from the mountain
pass geometry of I'; that we may assume (1) = vo(1). For any U € Hp \ {0},
define a map

N [on F(U(2,0)) — $U(2,0)? dx> .
+

P (U) :=
( ) ( N52s fRf*l |VU|2t1—25 dx dt

Observe Py(vo(0)) = ogo. For proving E, < ¢, it is sufficient to show there
is o1 > 0 such that Py(v(o1)) = 1, due to the (ii) of Proposition Define a
homotopy H, : [0,1] x [0,1] by

Ha(o,t) = (1 - t)30(0) + ().
Since deg(Pa(10(0)),[0,1],1) = deg(oold, [0,1],1) # 0 and v(0),70(1) # 1, we are
done because the homotopy fixes the boundary. Later, we shall apply a similar
argument when we prove Proposition O

3. LOCAL CONCENTRATION COMPACTNESS RESULT

Let 106 := min{min; dist(M;, 00;), min;; dist(0;, 0;)} and ¢ : RY — [0,1] be
a smooth cut-off function satisfying

(2) 1 for|z| <é
xTr) =
4 0 for |z| > 24.

We denote ¢.(v) := ¢(ex). For any set A C RV, we mean by A° the d-neighbor
hood of A, i.e., {z € RY : dist(z, A) < §}. Then one can define a set of approxi-
mation solutions by

k

Ne(p) = {3 el — wmife) Lil- — wife,t) +

i=1
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;€ MS, Li € S,y we He, ||wl|e < p}

In this section, we prove a concentration compactness type result which gives a de-
composition of so-called e-PS sequences when they belong to N, (p). For a sequence
{en} > 0 with lim,, o &, = 0, we say a sequence {U,} € H., is an e-PS sequence
of 'z at level ¢ € R if

lim I'. (U,) =0in (H.,)™' and lim I'. (U,) —c.

n—oo

Proposition 3.1. Let {U,} € N, (p) be an e-PS sequence of I'c at level ¢ <
Zle E;. Then for sufficiently small p > 0, there exist k functions L; € Sy,, and k
sequences {z%} € RY such that

k
sn:r; — x; for some x; € M; and ||Un - Zgogn(' — xﬁl)Lz( - xfl, )H —0

En
i=1
asn — oo up to a subsequence.
Proof. Since U,, € N, (p), there exist k sequences of functions {L!} € S,,, and k
sequences of points {y} € M? such that

k
Un(z,t) = Z‘Psn (z — y;/En)L:z@ - yil/gm t) + wy, with [|w,

i=1

en S P (3.1)

Then, we see by the compactness of S,,, and ./\/l‘f7 as n — 00,

L\ — L;in Hy, y' —y; in RN

for some L; € S,,, and y; € M¢ up to a subsequence. Define U} := Ele e, (- —
Y /en)Uy and U2 = U, — Ul. We denote UM = ¢, (- — 4! /en)U, so that Ul =
Zle U}t Now, we divide the remaining proof into several steps.

Step 1. Fix an arbitrary i. From the definition, it is clear that W} is bounded

in Hy so that we may assume it weakly converges to some W; € H; by taking

a subsequence. Choose an arbitrary test function ¥ & C(?O(Rf“'l). We denote
Up := Up(-,0) and ¢ := ¥(-,0). Also, for z € RV, we denote ¥, := ¥(- — 2,t) and
Y, := U(- — 2,0). Since U, is an &-(PS) sequence, we have as n — oo,

/ VU, -V, /.. =25 de dt + / Ve unyi e, — F(’U,n)wyl Jen dx
R~1¢\»,+1 n v RN n v n v

= o(D)[[¥ys selle, = o(1)
For n as large as supp(¥) C Bé\;an (0) x [0,00), the LHS of the above equation
becomes by a change of variable x — x + y¢,

/ VW . VUt =28 de dt + / V(enz + 9y )whop — F(w! )y da,
Rerl RN
which converges to
/ VW, - VU =25 dx dt + / V(yi)wip — F(w;)ydr asn — oo
Rerl RN

due to the weak convergence of W}, conditions (F1)—(F2) of the nonlinearity f
and compact Sobolev embedding. This proves Step 1.
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Step 2. We define O, := (RN\NUL B, (yn/n)) x [0, 00) so that supp(Uy) C 0

and @., == 31 oo (- — ¢ /e,) so that U2 = (1 — @, )U,. Then, using the fact
that |Uy||e, is bounded, we can see if n is sufficiently large,

(125

e =020, ) = 101 = Be.) Ul 6
< Unlly,., 3+ 0(1)

k
< |Un - Z Pen (- = Yn/En) Ly (- — Yn/En, ')HHEH(O) (3.2)
i=1 :

k
1D een = /o) L = vi/ens M., ) + 0(1)
i=1
<p+o(l)<2p
Then, we have from the conditions (F1)—(F2) and Sobolev trace inequality that

1 1
Te, (U7) 2 SIURIZ, = VollU2C, 0)lFa gy — CIU2C, )50

1
> ZlURIE, = Cluzizt (3-3)

1 _
=012, (7 = ClIUzIE)-

Thus, we can deduce I'., (U2) > 0 by taking p > 0 small.
Next, we prove the second assertion. Define

A(n,i) == BY . (yh/en) \ By)e, (U /€n).
Let u, = U,(+,0). We claim that for alli e 1,... k

n—oo

lim inf/ [, [P d = 0,
A(n,i)
from which we can deduce that

lim inf F(u,) — F(ul) — F(u?)dz =0

n—oo  JpN

by using the conditions (F1)—(F2). Then our assertion follows because

Lo, (Un) = Doy (UD 4 Ty O2) 4 [ e, (1= 60, VU, P22 dade

N+1
Ry

+ [ Vi), (1= e ) da

+ /]RN F(up) — F(u,) — F(u;,)dx + o(1).

Arguing indirectly, suppose that liminf,,_ fA(n 9 |un [Pt dx # 0 for some i. We
let gn := [Un|Xa(n,)- Then, as is proved in [23], there exist a positive R > 0 and a
sequence {2, } € RY such that

lim inf/ g2 dx > 0.
n—oo Bg (2n)
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Since the support of g, is contained in A(n,?), we may assume that
Zn € ngviri_;,_R(yjz/En) \ Bg_R(y;/En)'

Define W,, := Un(-+ 2zn,-). Then, As in Step 1, we see that W, weakly converges
in Hy to some W € Hj, which is a solution of (2.7) with a = V(zy) for some
z0 € BN (y") \ BY¥(y?). Also, W is nontrivial because

/ w? dx = liminf/ w2 dr > liminf/ g2 dx > 0.
Br(0) o0 JBRr(0) "% JBY (2n)

Then we see from Proposition the definition of Ey/(.,) and the Pohozaev identity

(2.9) that

S

Emi < EV(Z[)) < FV(zo)(W) = — |VW|2t1_2s dx dt.
N Jgn
Thus, by taking large R, we have
E,., ~ -
fc 2 VW |225 d dt < hminfi/ VW, | 24125 da dt
2 7 N o n=0 N Jpg(0)

But, by taking small p < E,,,/2, this contradicts with (3.1) and proves the claim.

Step 3. As before, we set w?, :== W (-,0). We first claim that w?, strongly converges
to w; in LPTY(RY) for p in the condition (F2). Fix an i. Arguing indirectly,
suppose that w!, 4 w; in LPTY(RY). Then, again using the argument in [23], there
are an unbounded sequence {z,} € RY and a positive number R > 0 such that
liminf, .. fBR(Zn)(wﬁLF dx > 0. Since each w}, is supported in Bas /e, (0), we may
assume that z, € BS—J+R(0) by choosing a subsequence. Define W := Wi (-+z,, ).
As before, we can deduce by taking a subsequence, W;L weakly converges in Hy to
some WZ € Hy, which is a nontrivial solution to with a = V(zp), where zg is a
point in O;. Then, as in Step 2, this contradicts with and the claim follows.
Now, the conditions (F1)—(F3) imply
lim F(w!) dx = / F(w;) dx,
which shows
liminf . (U}

n—oo

n—oo

1 ,
= lim inf (7/ VWi #1275 da dt
2 RY+! '

1 o , (3.4)
+5 [ Vienw+yi)(wh)?de~ [ F(wl)dr)
2 RN RN
1 1
> 7/ |VWi|t12’3dxdt+f/ V(y)(w)?de — [ F(w;)dx > E;.
2 RY+1 2 Jpn RN
Also, we see from Step 2
k k
lim su I. (UM <limsu r. (UM 41T,. (U3
mowp DI, (U}) < lmsp (3T, (U1 + e, (U) o

n— oo

k
<limsupT,, (U,) < ZEi'
i=1
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The inequalities and imply that lim,, . I¢, (U}?) = E;. We again use
(3.4) and to see that I'y(y,)(W;) = E;, from which and Proposition E we
deduce y; € M,. Therefore we see also there exist L; € Sy, and z; € R¥ such that
W; = L;(- — z;) from Proposition Now observe

V() (w,) de = | V(yi)(u,")* da
RN RN

< [ Vi)l de
RN

- / Vi(ene + yi)(wl)? da,
]RN

where we used the fact that V(y*) < V(e,x) on the support of u}? so that

limsup(/N \VWZ\Qtl_Qdedt—i—/ V(yz)(wﬁ)de)
R++1 RN

n—oo

§2(Ei+/ F(w;) dx)

RN

:/ |VWi\2t1_25da:dt+/ V(i) (w:)? da.
Rﬁ\r”rl RN

This shows that W — W; in Hy as n — oc.

Step 4. Completion of the proof. Combining (3.4) and (3.5), we also deduce
lim,, oo I, (U2) = 0. Then, using (3.3)), it holds that

lim ||U2|., =0. (3.6)

By setting z!, = y! /e, + 2;, the whole proof of Proposition follows from com-
bining (3.6) and Steps 1-3. (]

Now by Proposition[3:1} we obtain a sufficient condition for proving Theorem

Proposition 3.2. For sufficiently small p > 0, every family of critical points
U. € N.(p) of T withlim._,oT.(U.) < Zle E; satisfies the conclusion of Theorem
i)

Proof. From Proposition ue = U(+,0) is a classical solution of (2.1). We
denote O.; := {x € RN : ex € O;}. Let z.,; be a point satisfying u(z.;) =
max, .5 ue(x). We first note that U, fulfills the hypothesis of Proposition
Then using Proposition we may assume that if ¢ > 0 is sufficiently small,
u(ze,;) is bounded below uniformly for ¢ > 0 and dist(ex.;, M;) — 0 as ¢ — 0.
This implies that {zc;},i =1,...,k are k-local maximums of u.. By scaling back
x — x/e, this proves all the assertion in Theorem except (iii).

Now, we prove (iii). Define a set A. := RY \ UF_; BN (2. ;). Using Proposition
again we see that [|U.[|c is bounded and ||[Uc||m_ (4. x(0,00)) is arbitrarily small
by taking p > 0 small and R > 0 large. Then are before, applying Applying (4)
of Proposition we can deduce [[uc||z®vy is bounded and [Juc||z~(4.) can be
controlled as small as u. satisfies (—A)%u. + $Vou. < 0 on RN \ UL BY (2. ;) by
taking small p > 0 and large R > 0. Let ® be the fundamental solution of equation
(=A)u+ 1Vou = 0 in RN, Then K. := Zle{tb * XBg(o)}(' — T.,) satisfies
the equation (—A)*u + $Vou = 0 on R \ UX_ BN (2. ;) so that one can use the
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comparison principle to see u. < CK. on RN \ UF_ BY (2. ;) for some C > 0. It is

proved in [15] that ® * x g () < C’Wﬁ, on RY \ BY(0) which implies that

)< C — on RV,
Z 1+\x—x“\2)w52‘

Then, scaling back © — x/e again, we see (iii) holds. This completes the proof. O

From now on, we devote the rest of the paper to prove the existence of a family
of critical points U, € N.(po) of Tz with lim, .o T-(U.) < Y5, E;.

4. INITIAL SURFACE AND INTERSECTION LEMMA

Choose and fix z; € M, and L; € Sy, for each i. Define a k-dimensional surface
Ye : [0,00)% — H. as

Ne(01, ok Z% — 2i/e)L ( xz/&‘ 0)

?

We call 7. the initial surface because it will be deformed by a deformation flow
later. We denote by [a,b]® and 9([a,b]*) a k-dimensional cube [a,b] x --- x [a, b]
and its boundary respectively. We may choose small py > 0 which makes the
conclusion of Proposition holds, o_ € (0,1) and o4 € (1,00) such that if
e > 0 is small, 7.(0) € N.(2p9) on 0 = (01, ,0%) € I([o_,0.]%). Let D, :=
maXsclo_,o4]k I'. (76 (O—))

Proposition 4.1. It holds that

(i) lim. o D. = Y1 E;.
(ii) there exists o > 0 such that for all small e > 0,

[e(7(0)) 2 De — a = 7:(0) € Ne(po/2).

Proof. Let us denote by o, (1) a quantity going to zero uniformly for o € [o_, 04 ]"
as € — 0. We compute by setting I; = L;(-,0),

I'e(7e(0))
k
- Z % /]RN+1 V(@< Li(-/ i, ‘/Ui))|2t1728 dx dt

+% V(ex 4+ ) (2)li(z/0;)? dsc—/ F(pe(x)li(x/0;)) dx
RN RN

k
_ i 1241-2s N 2 ,
-y % /Rf“ IV Li| 212 dz dt + o ( 5 Mip F(lz)dx) +0,(1)

k N-—2s
_ g N—-2s y 1241-2s
_} ( T~ O >/Ri“ |V L[>t~ da dt + 0, (1),
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where we used the decay property of I; and the Pohozaev identity (2.9). Therefore

we see
D.= max T.(y.(0))

o€lo_,o4]k
| N —2s
= ;- )/ |VL; |2t 2% da dt + 0, (1)
RY+1

2 2N (4.1)

1=

k
= ZEZ + 0[,—(1)

since the function g(t) := tN=2¢/2 — 8=25¢N attains it maximum at ¢ = 1. This
proves (i).

Next, we prove (ii). Suppose that (ii) does not hold. Then by (i), there exist
£n, > 0 with lim,, o €, = 0and {0,,} € [0_,04]* such that lim,, . T'., (7., (0,)) =
Zle E; and 7., (0,) € N.,(po/2) for all n. Since [o0_, 0] is compact, we may
assume o,, — 0o to some oq € [o_, O’+]k as n — o0o. Then, we use to deduce

k N—2s k
Z (00); N —2s N 2,1—2s _ Z
( 9 - IN (O’Q)i ) Ri”rl |VLZ| t dxdt = £ Ei.

=1

By explicitly computing ¢'(t), we can easily see ¢ = 1 is a unique solution of
¢'(t) = 0. This implies that o9 = (1, -- 1) so that o, is arbitrarily close to (1,---,1)
as n — oo. This however contradicts with 7. (o,) € N¢, (po/2). This completes
the proof. O

We say a k-dimensional continuous map 7. : [0_,04]® — H. is a boundary
fixing deformation of +. if there exists a continuous map K. : [o0_,04]x[0,1] — H.
such that K.(o,t) = v.(c) for any (o,t) € d([o_,04]%) x [0,1], K.(-,0) = 7. and
K.(-,1) = A.. For each i = 1,...,k, let ¢; : RY — R, be a cut-off function
satisfying (;(z) = 1 if # € O, ¢i(x) = 0 if z ¢ O and |V(| < 2/6. For any
U € Hy \ {0}, we define functionals

Pi(U) :=

(Nf]RN F(U(x,0)) — B:U(x,0)? dx)
BT fpyn [VUPH 2 dadt /4

and a set
P.:={U € H. : Pi(¢;(e)U) =1 for every i = 1,...,k}.

Proposition 4.2 (Intersection lemma). Let 7. be a boundary fizing deformation
of V.. Then for any small e > 0

:)/6([0—704-]]6) N PE 7é 0.

Proof. Since 7. is a boundary fixing deformation of =y., there is a continuous map
K. :[o_,0.]% x[0,1] — H. satisfying the definition above. We define a continuous
map =, : [o_,04]% x [0,1] — R* by

Zc(0,1) = (P1(Gi(e) B(0, 1)), -, Pr(Grle) Ko (0, 1))

We have to prove that for any small € > 0, there exists some 0. € [o_,04]* such
that

Ze(02,1) = (L., 1),
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This is the case when deg(Z.(-, 1), [o_,04]%,(1,...,1)) # 0. Using elementary
computation, we can see

Ee(0,0) = (Pr(peLa(-/01)), - Pr(eeLi(-/01))) = (01, ., 0k) +05(1),  (4.2)
which shows for sufficiently small € > 0,
deg(Z.(-,1),[o_,04]", (1,...,1)) = deg(Z.(-,0), [o_, o], (1,...,1))

because =, fixes the boundary and Z. (-, 0) does not touch (1, ..., 1) at the boundary.
Next, we define another homotopy map x : [o—,04]* x [0,1] by

x(0,8) = (Pi(¢eLa(-/o1)), -, Pe(weLr(-/01)))

Then we again use (4.2)) to see x connects Z.(,0) with the identity map I and for
sufficiently small € > 0,

deg(Zc(+,0), [0, g+]k7 (1,...,1)) = deg(L, [o—, U+]k7 (1,...,1) =1
This completes the proof. ([l

Now, the following corollary immediately follows from the above intersection
lemma.

Corollary 4.3. For any boundary fixing deformation v. of 7., it holds that

k
liminf max T.(3:(0)) > ZE)
i=1

€—=00 g€lo_,o4]F

Proof. Define 7! = Zle Gi(e))¥ and 42 = 4. — 4L. Arguing similarly in the proof
of Proposition [3.1] we can check
e, (3) 20 and  Te (%) > Te, (%) + T, (32) + 05 (1).

Let 0. € [0_,0.]* be such that §.(0.) € P.. Then we have from Proposition
that
k
L. (9e(oc)) > 1"8(,761(0-5)) +0,(1) = ZFE(Q(E')%(%)) + 00(1)

i=1

Loy (Gi(e)72(02)) + 00 (1)

>

& &
I M» i Mw
= —

k
Lo, (Li) + 05 (1) = Y Ei + 05(1),
i=1
which shows the result. O

5. DEFORMATION ARGUMENT AND COMPLETION OF THE PROOF

In this section, we first show the existence of a (PS) sequence {u,} € Nc(po) of
. with I'.(u,,) < D. by applying a deformation argument. Then the existence of
a critical point follows.

Proposition 5.1. For each small € > 0 there exists a sequence {U,} € N:(po) of
. satisfying T=(Uy,) < D. for all n and lim,, o, T2(U,) — 0 in H- 1.
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Proof. Arguing indirectly, suppose that there exists no such a sequence. We define
a set X:(p) by

Xe(p) ={U € Ne(p) : I-(U) < Dc}.
Then there is a real number §. > 0 such that ||I'L[[;-+ > B: on Xc(po). Also,
Proposition [3.1] implies that there is a real number 7 > 0 independent of small
e > 0 such that ||I'L||;-1 > 1 on X.(po) \ Xc(po/2). Then, by combining this
facts with Proposition we can apply the standard deformation theory(see for
example [27]) to show the existence of k-dimensional surface 4.(o) homotopic to
initial surface 7. (o) satisfying 7.(c) = 7.(¢) on o € 9([o_,0+]*) and
max kFE(’NyE(a)) <D.—k

o€lo_,04]F

for some k > 0 independent of € > 0. But, taking the limit € — 0, this contradicts
with Corollary [4:3] This completes the proof. O

Now we are ready to complete the proof of Theorem

Proposition 5.2. For sufficiently small € > 0, there exists a critical point U, €
N:(po) of T'. with T'.(U.) < D..

Proof. We fix small € > 0. Let {U,} be the (PS) sequence obtained in Proposition
Then there are V,, and W, such that U,, = V,,+ W,,, V,, € N.(0) and |W,||c <
po- Since {U,} is a (PS) sequence and bounded in H,, it weakly converges, up
to a subsequence, to a critical point U € H, of I'.. It is easily checked from the
compactness of S,,, in Hy that N.(0) is compact in H,. Thus, there is V € N.(0)
such that V,, — V in H., up to a subsequence, as n — 0o. Also there is W € H.
which weakly converges, up to a subsequence, to some W € H. sothat U =V +W.
Then we have

10 = Vlle = [IWl. < lim inf [ W < po,

which shows U € N(po).

Next, we claim that I'.(U) < limsup,,_, . I'-(Uy) to show I'.(U) < D.. By using
the same argument for proving well known Brezis-Lieb lemma (for example see
[27]), it can be seen

/F(Un(az,()))dx:/ F(U(x,O))der/ F(U,(z,0) — U(x,0)) dx + o(1),

which shows
L. (Un) =T(U) +To(Up = U) + 0(1).
Observe
[Un = Ulle < [[Va = Ve + [Wn = Wl < 2p0 + o(1).

Then, arguing similarly as in the proof of Proposition it holds that I'. (U,,—U) >
0, which proves the claim. ([

Theorem follows from Propositions and the fact that lim._,o D, =
Zf:l E;.

Acknowledgements. This work was supported by Kyonggi University Research
Grant 2014.



18

(1]
2]
(3]
(4]

(5]

(10]
(11]
(12]
(13]
(14]
[15]
(16]
(17]
18]

[19]
[20]

(21]
(22]

23]
24]
[25]
[26]

27)

J. SEOK EJDE-2015/196

REFERENCES

H. Berestycki, P.-L. Lions; Nonlinear scalar field equations. I. Existence of a ground state,
Arch. Rational Mech. Anal. 82 (1983), no. 4, 313-345.

J. Byeon; Singularly perturbed nonlinear Dirichlet problems with a general nonlinearity,
Trans. Math. Soc. 244 (2008), no. 10, 2473-2497.

J. Byeon, L. Jeanjean; Standing waves for monlinear Schrédinger equations with a general
nonlinearity. Arch. Ration. Mech. Anal. 185 (2007), no. 2, 185-200.

J. Byeon, L. Jeanjean; Multi-peak standing waves for nonlinear Schrodinger equations with
a general nonlinearity. Discrete Contin. Dyn. Syst. 19 (2007), no. 2, 255-269.

J. Byeon, K. Tanaka; Semi-classical standing waves for nonlinear Schrodinger equations at
structurally stable critical points of the potential, J. Eur. Math. Soc. (JEMS) 15 (2013), no.
5, 1859-1899.

J. Byeon, K. Tanaka; Semiclassical standing waves with clustering peaks for nonlinear
Schrédinger equations, Mem. Amer. Math. Soc. 229 (2014), no. 1076, viii+89 pp.

J. Byeon, K. Tanaka; Multi-bump positive solutions for a nonlinear elliptic problem in expand-
ing tubular domains, Calc. Var. Partial Differential Equations 50 (2014), no. 1-2, 365-397.
L. Caffarelli, L. Silvestre; An extension problem related to the fractional Laplacian, Comm.
Partial Differential Equations 32 (2007) no. 7-9, 1245-1260.

X. Chang, Z.-Q. Wang; Ground state of scalar field equations involving a fractional Laplacian
with general nonlinearity, Nonlinearity 26 (2013), no. 2, 479-494.

J. Davila, M. del Pino, J. Wei; Concentrating standing waves for the fractional nonlinear
Schrédinger equation, J. Differential Equations 256 (2014), no. 2, 858-892.

M. del Pino, P. Felmer; Semi-classical states for nonlinear Schrédinger equations, J. Funct.
Anal. 149 (1) (1997) 245-265.

M. del Pino, P. Felmer; Multi-peak bound states of nonlinear Schridinger equations, Ann.
Inst. H. Poincare Anal. Non Lineaire 15 (1998) 127-149.

M. del Pino, P. Felmer; Semi-classical states of nonlinear Schréodinger equations: a varia-
tional reduction method, Math. Ann. 324 (2002) 1-32.

E. Di Nezza, G. Palatucci, E. Valdinoci; Hitchhiker’s guide to the fractional Sobolev spaces,
Bull. Sci. Math. 136 (2012), no. 5, 521-573.

P. Felmer, A. Quaas, J. Tan; Positive solutions of the nonlinear Schréidinger equation with
the fractional Laplacian, Proc. Roy. Soc. Edinburgh Sect. A 142 (2012), no. 6, 1237-1262.
A. Floer, M. Weinstein; Nonspreading wave packets for the cubic Schrédinger equations with
a bounded potential, J. Funct. Anal. 69 (1986) 397-408.

T. Jin, Y. Li, J. Xiong; On a fractional Nirenberg problem, part I: blow up analysis and
compactness of solutions, J. Eur. Math. Soc. (JEMS) 16 (2014), no. 6, 1111-1171.

X. Kang, J. Wei; On interacting bumps of semi-classical states of nonlinear Schrodinger
equations, Adv. Differential Equations 5 (7-9) (2000) 899-928.

N. Laskin; Fractional quantum mechanics, Phys, Rev. E 62 (2000) 31-35.

N. Laskin; Fractional quantum mechanics and Lévy path integrals, Phys, Lett. A 268 (2000)
29-305.

N. Laskin; Fractional Schrédinger equation, Phys. Rev. E 66 (2002) 056-108.

Y. Lee, J. Seok; Multiple interior and boundary peak solutions to singularly perturbed non-
linear Neumann problems under the Berestycki-Lions condition, Preprint.

P. L. Lions; The concentration-compactness principle in the calculus of variations. The locally
compact case, Part II, Ann. Inst. Henri Poincaré 1 (1984), 223-283.

G. Molica Bisci, V. D. Radulescu; Ground state solutions of scalar field fractional Schrédinger
equations, to appear in Calc. Var. Partial Differential Equations.

Y.-G. Oh; Stability of semiclassical bound states of nonlinear Schridinger equations with
potentials, Comm. Math. Phys. 121 (1) (1989) 11-33.

Y.-G. Oh; On positive multi-lump bound states of monlinear Schrédinger equations under
multiple well potential, Comm. Math. Phys. 131 (2) (1990) 223-253.

M. Willem; Minimax theorems, Progress in Nonlinear Differential Equations and their Ap-
plications, 24. Birkhauser Boston, Inc., Boston, MA, 1996. x+162 pp.



EJDE-2015/196 NONLINEAR FRACTIONAL SCHRODINGER EQUATIONS 19

JINMYOUNG SEOK
DEPARTMENT OF MATHEMATICS, KYONGGI UNIVERSITY, 154-42 GWANGGYOSAN-RO, YEONGTONG-
GU, SUWON 443-760, KOREA

E-mail address: jmseok@kgu.ac.kr



	1. Introduction
	 Question 1

	2. Preliminaries
	2.1. Extended problems
	2.2. Elliptic estimates
	2.3. Regularity of weak solutions
	2.4. limit equations

	3. Local concentration compactness result
	4. Initial surface and intersection lemma
	5. Deformation argument and Completion of the proof
	Acknowledgements

	References

