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DIRECT AND INVERSE DEGENERATE PARABOLIC
DIFFERENTIAL EQUATIONS WITH MULTI-VALUED

OPERATORS

ANGELO FAVINI, ALFREDO LORENZI, HIROKI TANABE

In memory of Alfredo Lorenzi

Abstract. Real interpolation spaces are used for solving some identification
linear evolution problems in Banach spaces, under space regularity assump-

tions.

1. Introduction

This note starts with the following direct problem in a Banach space X,

d

dt
y(t) +Ay(t) 3 f(t), 0 ≤ t ≤ T,

y(0) = y0.
(1.1)

Here A is a possibly multivalued linear operator such that

ρ(A) ⊃ Σα = {λ ∈ C; Reλ ≤ c(1 + | Imλ|)α}, (1.2)

and the following inequality holds for λ ∈ Σα

‖(λ−A)−1‖L(X) ≤ c(1 + |λ|)−β , (1.3)

where c, α and β are positive constants satisfying β ≤ α ≤ 1. It is shown in the book
by Favini and Yagi [6] that −A generates a C∞-semigroup e−tA, 0 < t <∞. We are
interested in extending some of the results obtained in the paper by Favini, Lorenzi
Tanabe [2], where A is assumed to be single-valued, to the case where A is multi-
valued. In [2] supposing that y0 ∈ D(A), Ay0 ∈ X̃θ

A, f ∈ C([0, T ];X)∩B([0, T ]; X̃θ
A)

or with (X,D(A))θ,∞ in place of X̃θ
A, the existence and uniqueness of a solution to

(1.1) with some regularity property is established, where B([0, T ];Y ) stands for the
set of all bounded functions defined in [0, T ] with values in a Banach space Y . In
this paper we show analogous results in case A is multivalued replacing Ay0 ∈ X̃θ

A

or Ay0 ∈ (X,D(A))θ,∞ by Ay0 ∩ X̃θ
A 6= ∅ or Ay0 ∩ (X,D(A))θ,∞ 6= ∅.
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We begin by modifying the definitions of the spaces Xθ
A and X̃θ

A in case where A
is not necessarily single valued replacing A(t+A)−1 and Ae−tA by I − t(t+A)−1

and de−tA/dt respectively and prove some preliminary results on these spaces.
The results proved for the direct problem are applied to the following identifica-

tion problem:
d

dt
y(t) +Ay(t) 3 f(t)z + h(t), t ∈ [0, T ],

y(0) = y0,

Φ[y(t)] = g(t), t ∈ [0, T ],

(1.4)

where y ∈ C([0, T ];X), f ∈ C([0, T ]; C) are unknown, z ∈ X, h ∈ C([0, T ];X),
g ∈ C([0, T ]; C) are given elements and Φ ∈ X∗. Under some regularity assumptions
on z, h and g it is shown that a unique solution to problem (1.4) exists. An extension
of this result to equations with several unknown scalar functions

d

dt
y(t) +Ay(t) 3

n∑
j=1

fj(t)zj + h(t), t ∈ [0, T ],

y(0) = y0,

Φj [y(t)] = gj(t), j = 1, . . . , n, t ∈ [0, T ],

(1.5)

is also established.
The above results are applied to the following problems

d

dt
Mu(t) + Lu(t) = f(t), t ∈ [0, T ],

Mu(0) = Mu0,
(1.6)

and
d

dt
Mu(t) + Lu(t) =

n∑
j=1

fj(t)zj + h(t), t ∈ [0, T ],

Mu(0) = Mu0,

Φj [Mu(t)] = gj(t), j = 1, . . . , n, t ∈ [0, T ],

(1.7)

where L and M are linear closed operators such that

D(L) ⊂ D(M) (1.8)

and for λ ∈ Σα a bounded inverse of λM + L exists and

‖M(λM + L)−1‖L(X) ≤ c(1 + |λ|)−β . (1.9)

Then A = LM−1 satisfies (1.2) and (1.3). A solution to (1.6) or (1.7) is easily
obtained from that to (1.1) or (1.5) with y0 = Mu0.

We refer to the monograph [5] for diverse problems concerning regular evolution
equations via Mathematical Physics. These identification problems were discussed
in the papers [1] and [5] by using at all different techniques. Our present approach
allows us to weaken the assumptions and to improve the regularity of solutions.

The plan of this paper is as follows. In section 2 preliminary results on interme-
diate spaces are collected. Section 3 is devoted to the existence and uniqueness of
a solution to the direct problem (1.1). In Section 4 identification problem (1.4) is
solved by transforming it to a simple Volterra integral equation for f . In Section 5
the general identification problem (1.4) is solved by applying the Banach fixed point
theorem. This result is extended to equations (1.5) with several unknown scalar
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functions in Section 6. Finally, in Section 7 these results are applied to problems
(1.6) and (1.7).

2. Preliminaries

Let A be a possibly multivalued linear operator in the complex Banach space X
satisfying (1.2) and (1.3). Then it is shown in Chapter III of Favini and Yagi [6]
that −A generates a semigroup e−tA, 0 < t <∞, satisfying

‖ d
i

dti
e−tA‖L(X) ≤ C0t

(β−i−1)/α, i = 0, 1, 2, C0 > 0. (2.1)

The set D(A) makes a Banach space with norm

‖u‖D(A) = inf
φ∈Au

‖φ‖X for u ∈ D(A). (2.2)

It is known that

A−1 d

dt
e−tA =

d

dt
e−tAA−1 = −e−tA, lim

t→0
e−tAu = u for u ∈ D(A). (2.3)

If u ∈ D(A), then in view of (2.3) and (2.1) one has for φ ∈ Au

‖ d
dt
e−tAu‖X = ‖ d

dt
e−tAA−1φ‖X = ‖e−tAφ‖X ≤ C0t

(β−1)/α‖φ‖X .

This implies, by (2.2),

‖ d
dt
e−tAu‖X ≤ C0t

(β−1)/α‖u‖D(A).

This inequality and the one obtained with the aid of an analogous argument imply

‖ d
dt
e−tA‖L(D(A),X) ≤ C0t

(β−1)/α, ‖ d
2

dt2
e−tA‖L(D(A),X) ≤ C0t

(β−2)/α. (2.4)

Definition. For 0 < θ < 1,

Xθ
A = {u ∈ X; |u|XθA = sup

0<t<∞
tθ‖u− t(t+A)−1u‖X <∞},

‖u‖XθA = |u|XθA + ‖u‖X ,

X̃θ
A =

{
u ∈ X; |u| eXθA = sup

t>0
t(2−β−θ)/α‖ d

dt
e−tAu‖X <∞

}
,

‖u‖ eXθA = |u| eXθA + ‖u‖X .

One of the definition of (X,D(A))θ,∞ is

(X,D(A))θ,∞ =
{
u = u0(t) + u1(t) ∀t ∈ (0,∞); sup

0<t<∞
‖tθu0(t)‖X <∞,

sup
0<t<∞

‖tθ−1u1(t)‖D(A) <∞
}
,

‖u‖(X,D(A))θ,∞

= inf
u=u0(t)+u1(t) ∀t∈(0,∞)

{
sup

0<t<∞
‖tθu0(t)‖X + sup

0<t<∞
‖tθ−1u1(t)‖D(A)

}
.

Lemma 2.1. The following inclusion relation holds for 0 < θ < 1,

Xθ
A ⊂ (X,D(A))θ,∞.
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Proof. Suppose u ∈ Xθ
A. Set

u0(t) = u− t(t+A)−1u, u1(t) = t(t+A)−1u.

Then u = u0(t) + u1(t) and

sup
0<t<∞

‖tθu0(t)‖X = sup
0<t<∞

tθ‖u− t(t+A)−1u‖X <∞.

Since (t+A)u1(t) 3 tu, one has Au1(t) 3 t(u− u1(t)), and hence

‖u1(t)‖D(A) ≤ t‖u− u1(t)‖X = t‖u− t(t+A)−1u‖X .
Therefore,

sup
0<t<∞

‖tθ−1u1(t)‖D(A) ≤ sup
0<t<∞

tθ‖u− (t+A)−1u‖X <∞.

�

Lemma 2.2. The following inclusion relation holds for 0 < θ < 1,

(X,D(A))θ,∞ ⊂ X̃θ
A.

Proof. Let u ∈ (X,D(A))θ,∞. From (2.1), with i = 1, and the first inequality of
(2.4) it follows that

‖ d
dt
e−tAu‖X ≤ C0t

(β−2+θ)/α‖u‖(X,D(A))θ,∞ . (2.5)

This readily implies u ∈ X̃θ
A. �

Lemma 2.3. Suppose α + β + θ > 2. Then for u ∈ (X,D(A))θ,∞, e−tAu → u as
t→ 0. If v ∈ D(A), the set Av∩ (X,D(A))θ,∞ consists of at most a single element
− limt→0

d
dte
−tAv.

Proof. Let u ∈ D(A) and φ ∈ Au. Then in view of (2.3) one gets

e−tAu− u =
∫ t

0

d

dτ
e−τAudτ =

∫ t

0

d

dτ
e−τAA−1φdτ = −

∫ t

0

e−τAφdτ.

Hence, noting that the assumption implies α+ β > 1, one deduces

‖e−tAu− u‖X = ‖
∫ t

0

e−τAφdτ‖X

≤ C0

∫ t

0

τ (β−1)/α‖φ‖Xdτ

= C0
t(β−1)/α+1

(β − 1)/α+ 1
‖φ‖X .

This implies

‖e−tAu− u‖X ≤ C0
t(β−1)/α+1

(β − 1)/α+ 1
‖u‖D(A). (2.6)

For u ∈ X,

‖e−tAu− u‖X ≤ ‖e−tAu‖X + ‖u‖X ≤ C0t
(β−1)/α‖u‖X + ‖u‖X . (2.7)

Interpolating (2.6) and (2.7) yields that there exists a constant C such that for
u ∈ (X,D(A))θ,∞,

‖e−tAu− u‖X ≤ Ct(β−1)/α+θ‖u‖(X,D(A))θ,∞ , 0 < t ≤ 1. (2.8)
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Since
β − 1
α

+ θ − α+ β + θ − 2
α

=
(1− θ)(1− α)

α
≥ 0,

one has
β − 1
α

+ θ ≥ α+ β + θ − 2
α

> 0.

Hence the first assertion follows. Suppose v ∈ D(A) and φ ∈ Av ∩ (X,D(A))θ,∞.
Then by the first assertion

d

dt
e−tAv =

d

dt
e−tAA−1φ = −e−tAφ→ −φ

as t→ 0. �

Lemma 2.4. For u ∈ X, t > 0, the following equality holds,∫ ∞
0

e−tτe−τAudτ = (A+ t)−1u.

Proof. With the aid of (2.3) and integration by parts one deduces∫ ∞
0

e−tτe−τAudτ = −
∫ ∞

0

e−tτ
d

dτ
e−τAA−1udτ

= A−1u− t
∫ ∞

0

e−tτe−τAA−1udτ

= A−1
(
u− t

∫ ∞
0

e−tτe−τAudτ
)
.

Hence
∫∞
0
e−tτe−τAudτ ∈ D(A) and

A

∫ ∞
0

e−tτe−τAudτ 3 u− t
∫ ∞

0

e−tτe−τAudτ.

The assertion of the lemma readily follows. �

Lemma 2.5. Suppose α + β + θ > 2. If u ∈ X̃θ
A, then e−tAu converges as t → 0.

If the limit is equal to u: limt→0 e
−tAu = u, then u ∈ X(α+β−2+θ)/α

A and

|u|
X

(α+β−2+θ)/α
A

≤ Γ((α+ β − 2 + θ)/α)|u| eXθA .
Proof. For 0 < s < t, one has

‖e−tAu− e−sAu‖X = ‖
∫ t

s

d

dτ
e−τAudτ‖X ≤

∫ t

s

τ (β−2+θ)/α|u| eXθAdτ
=
t(α+β−2+θ)/α − s(α+β−2+θ)/α

(α+ β − 2 + θ)/α
|u| eXθA .

Hence e−tAu converges as t→ 0. If e−tAu→ u, then with the aid of integration by
parts and Lemma 2.4 one gets for t > 0∫ ∞

0

e−tτ
d

dτ
e−τAudτ = −u+ t

∫ ∞
0

e−tτe−τAudτ = −u+ t(t+A)−1u.

Hence

‖u− t(t+A)−1u‖X = ‖ −
∫ ∞

0

e−tτ
d

dτ
e−τAudτ‖X

≤
∫ ∞

0

e−tττ (β−2+θ)/α|u| eXθAdτ
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= t(2−α−β−θ)/αΓ((α+ β − 2 + θ)/α)|u| eXθA .
�

Lemma 2.6. Let α+β+θ > 2. If v ∈ D(A) and Av∩X̃θ
A 6= ∅, then limt→0

d
dte
−tAv

exists.

Proof. Let φ ∈ Av ∩ X̃θ
A. Then

lim
t→0

d

dt
e−tAv = lim

t→0

d

dt
e−tAA−1φ = − lim

t→0
e−tAφ

exists by Lemma 2.5. �

Remark 2.7. The limit limt→0 e
−tAu is not necessarily equal to u if A is multi-

valued. If 0 6= u ∈ A0, then

e−tAu = − d

dt
e−tAA−1u = − d

dt
e−tA0 = 0.

Therefore u ∈ X̃θ
A for any θ ∈ (0, 1) and limt→0 e

−tAu = 0 6= u. If A is single
valued, then

A−1 lim
t→0

e−tAu = lim
t→0

e−tAA−1u = A−1u.

Hence limt→0 e
−tAu = u whenever the limit of the left hand side exists.

3. Main result concerning problem (1.1)

Theorem 3.1. Suppose that 2α+ β + θ > 3, y0 ∈ D(A), Ay0 ∩ (X,D(A))θ,∞ 6= ∅
and f ∈ C([0, T ];X)∩B([0, T ]; (X,D(A))θ,∞). Then problem (1.1) admits a unique
solution y such that

y ∈ C1([0, T ];X),

y′ − f ∈ C(2α+β−3+θ)/α([0, T ];X) ∩B([0, T ];X(2α+β−3+θ)/α
A ).

(3.1)

Here B([0, T ];Y ) stands for the set of all bounded (not necessarily measurable)
functions with values in Y defined in [0, T ].

Proof. Note that α+ β − 2 + θ ≥ 2α+ β − 3 + θ > 0. Set

y(t) = e−tAy0 +
∫ t

0

e−(t−s)Af(s)ds,

y1(t) = e−tAy0, y2(t) =
∫ t

0

e−(t−s)Af(s)ds.
(3.2)

In view of Lemma 2.3, Ay0 ∩ (X,D(A))θ,∞ consists of a single element φ =
− limt→0

d
dte
−tAy0. Hence

y′1(t) =
d

dt
e−tAy0 =

d

dt
e−tAA−1φ = −e−tAφ. (3.3)

In view of (2.5)

‖ d
dt
e−tAφ‖X ≤ C0t

(β−2+θ)/α‖φ‖(X,D(A))θ,∞ . (3.4)

By of (3.3) and Lemma 2.3
lim
t→0

y′1(t) = −φ. (3.5)
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With the aid of (3.4), for 0 ≤ s < t ≤ T one obtains

‖y′1(t)− y′1(s)‖X = ‖ − e−tAφ+ e−sAφ‖X = ‖
∫ t

s

d

dσ
e−σAφdσ‖X

≤ C0

∫ t

s

σ(β−2+θ)/α‖φ‖(X,D(A))θ,∞ dσ

≤ C0
(t− s)(α+β−2+θ)/α

(α+ β − 2 + θ)/α
‖φ‖(X,D(A))θ,∞ .

Therefore y′1 ∈ C(α+β−2+θ)/α([0, T ];X) and

|y′1|C(α+β−2+θ)/α([0,T ];X) ≤
C0

(α+ β − 2 + θ)/α
‖φ‖(X,D(A))θ,∞ . (3.6)

For s > 0, in view of (3.3), (3.4) and 0 < (2− β − θ)/α < 1, one deduces

s(2−β−θ)/α‖ d
ds
e−sAy′1(t)‖X

= s(2−β−θ)/α‖ d
ds
e−sAe−tAφ‖X

= s(2−β−θ)/α‖ ∂
∂s
e−(s+t)Aφ‖X

≤ C0s
(2−β−θ)/α(s+ t)(β−2+θ)/α‖φ‖(X,D(A))θ,∞

= C0

(
s

s+ t

)(2−β−θ)/α

‖φ‖(X,D(A))θ,∞ ≤ C0‖φ‖(X,D(A))θ,∞ .

Hence y′1(t) ∈ X̃θ
A and

|y′1(t)| eXθA ≤ C0‖φ‖(X,D(A))θ,∞ . (3.7)

Using (3.3) one observes that

e−τAy′1(t) = −e−τAe−tAφ = −e−(t+τ)Aφ→ −e−tAφ = y′1(t)

as τ → 0. Hence in view of Lemma 2.5 y′1(t) ∈ X(α+β−2+θ)/α
A and

|y′1(t)|
X

(α+β−2+θ)/α
A

≤ Γ((α+ β − 2 + θ)/α)|y′1(t)| eXθA . (3.8)

This inequality, (3.7) and (3.3) yield

‖y′1(t)‖
X

(α+β−2+θ)/α
A

≤ C0Γ((α+ β − 2 + θ)/α)‖φ‖(X,D(A))θ,∞ + ‖e−tAφ‖X .

Hence y′1 ∈ B([0, T ];X(α+β−2+θ)/α
A ) and

‖y′1‖B([0,T ];X
(α+β−2+θ)/α
A )

≤ C0Γ((α+ β − 2 + θ)/α)‖φ‖(X,D(A))θ,∞ + sup
0≤t≤T

‖e−tAφ‖X .
(3.9)

The second term of the right hand side of (3.9) is finite by (3.3) and (3.5). In view
of (2.5)

‖ ∂
∂t
e−(t−s)Af(s)‖X ≤ C0(t− s)(β−2+θ)/α‖f(s)‖(X,D(A))θ,∞

≤ C0(t− s)(β−2+θ)/α‖f‖B([0,T ];(X,D(A))θ,∞).
(3.10)
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Hence

‖
∫ t

0

∂

∂t
e−(t−s)Af(s)ds‖X ≤ C0

∫ t

0

(t− s)(β−2+θ)/α‖f‖B([0,T ];(X,D(A))θ,∞)ds

= C0
t(α+β−2+θ)/α

(α+ β − 2 + θ)/α
‖f‖B([0,T ];(X,D(A))θ,∞).

(3.11)
For 0 ≤ t < t′ ≤ T one has with the aid of the change of the order of integration∫ t′

t

∫ τ

0

∂

∂τ
e−(τ−s)Af(s)dsdτ

=
∫ t

0

∫ t′

t

∂

∂τ
e−(τ−s)Af(s)dτds+

∫ t′

t

∫ t′

s

∂

∂τ
e−(τ−s)Af(s)dτds.

It is obvious that if s < t < t′, then∫ t′

t

∂

∂τ
e−(τ−s)Af(s)dτ = e−(t′−s)Af(s)− e−(t−s)Af(s).

Since f(s) ∈ (X,D(A))θ,∞, in view of Lemma 2.3, e−(τ−s)Af(s)→ f(s) as τ → s.
Hence ∫ t′

s

∂

∂τ
e−(τ−s)Af(s)dτ = e−(t′−s)Af(s)− f(s). (3.12)

Therefore∫ t′

t

∫ τ

0

∂

∂τ
e−(τ−s)Af(s)dsdτ

=
∫ t

0

[
e−(t′−s)Af(s)− e−(t−s)Af(s)

]
ds+

∫ t′

t

[
e−(t′−s)Af(s)− f(s)

]
ds

=
∫ t′

0

e−(t′−s)Af(s)ds−
∫ t

0

e−(t−s)Af(s)ds−
∫ t′

t

f(s)ds

= y2(t′)− y2(t)−
∫ t′

t

f(s)ds.

This means that y2(t) is differentiable and

y′2(t) = f(t) +
∫ t

0

∂

∂t
e−(t−σ)Af(σ) dσ. (3.13)

With the aid of (3.13), for 0 ≤ s < t ≤ T , one has

(y′2(t)− f(t))− (y′2(s)− f(s))

=
∫ t

0

∂

∂t
e−(t−σ)Af(σ) dσ −

∫ s

0

∂

∂s
e−(s−σ)Af(σ) dσ

=
∫ s

0

[ ∂
∂t
e−(t−σ)A − ∂

∂s
e−(s−σ)A

]
f(σ) dσ +

∫ t

s

∂

∂t
e−(t−σ)Af(σ) dσ

= F1(s, t) + F2(s, t).

(3.14)

Write F1(s, t) as

F1(s, t) =
∫ s

0

∫ t

s

∂2

∂τ2
e−(τ−σ)Adτf(σ) dσ. (3.15)
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Similarl to (2.5) it can be shown that for u ∈ (X,D(A))θ,∞,

‖ d
2

dt2
e−tAu‖X ≤ C0t

(β−3+θ)/α‖u‖(X,D(A))θ,∞ .

Hence

‖ ∂
2

∂τ2
e−(τ−σ)Af(σ)‖X ≤ C0(τ − σ)(β−3+θ)/α‖f(σ)‖(X,D(A))θ,∞

≤ C0(τ − σ)(β−3+θ)/α‖f‖B([0,T ];(X,D(A))θ,∞).

(3.16)

Therefore
‖F1(s, t)‖X

≤ C0

∫ s

0

∫ t

s

(τ − σ)(β−3+θ)/α‖f‖B([0,T ];(X,D(A))θ,∞)dτ dσ

≤ C0(t− s)(2α+β−3+θ)/α

(3− α− β − θ)/α · (2α+ β − 3 + θ)/α
‖f‖B([0,T ];(X,D(A))θ,∞).

(3.17)

In view of (3.10) one obtains

‖F2(s, t)‖X ≤ C0

∫ t

s

(t− σ)(β−2+θ)/α‖f‖B([0,T ];(X,D(A))θ,∞) dσ

≤ C0
(t− s)(α+β−2+θ)/α

(α+ β − 2 + θ)/α
‖f‖B([0,T ];(X,D(A))θ,∞).

(3.18)

From (3.14), (3.17) and (3.18) it follows that

y′2 − f ∈ C(2α+β−3+θ)/α([0, T ];X).

This and (3.6) yield

y′ − f ∈ C(2α+β−3+θ)/α([0, T ];X). (3.19)

From (3.13) one deduces that for τ > 0,

d

dτ
e−τA(y′2(t)− f(t)) =

d

dτ
e−τA

∫ t

0

∂

∂t
e−(t−s)Af(s)ds

=
∫ t

0

d

dτ
e−τA

∂

∂t
e−(t−s)Af(s)ds

=
∫ t

0

∂2

∂t2
e−(t−s+τ)Af(s)ds.

With the aid of (3.16) one obtains

‖ d
dτ
e−τA(y′2(t)− f(t))‖X

= ‖
∫ t

0

∂2

∂t2
e−(t−s+τ)Af(s)ds‖X

≤ C0

∫ t

0

(t− s+ τ)(β−3+θ)/α‖f‖B([0,T ];(X,D(A))θ,∞)ds

= C0
τ (α+β−3+θ)/α − (t+ τ)(α+β−3+θ)/α

(3− α− β + θ)/α
‖f‖B([0,T ];(X,D(A))θ,∞)

≤ C0τ
(α+β−3+θ)/α

(3− α− β + θ)/α
‖f‖B([0,T ];(X,D(A))θ,∞).
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This means that y′2(t)− f(t) ∈ X̃α+θ−1
A and

|y′2(t)− f(t)| eXα+θ−1
A

≤ C0

(3− α− β − θ)/α
‖f‖B([0,T ];(X,D(A))θ,∞). (3.20)

For τ > 0,

e−τA
[
y′2(t)− f(t)

]
= e−τA

∫ t

0

∂

∂t
e−(t−σ)Af(σ) dσ

=
∫ t

0

∂

∂t
e−(t−σ+τ)Af(σ) dσ.

(3.21)

As τ → 0 for 0 < σ < t,

‖ ∂
∂t
e−(t−σ+τ)Af(σ)− ∂

∂t
e−(t−σ)Af(σ)‖X → 0, (3.22)

in view of (3.10),

‖ ∂
∂t
e−(t−σ+τ)Af(σ)‖X ≤ C0(t− σ + τ)(β−2+θ)/α‖f‖B([0,T ];(X,D(A))θ,∞)

≤ C0(t− σ)(β−2+θ)/α‖f‖B([0,T ];(X,D(A))θ,∞),
(3.23)

and ∫ t

0

(t− σ)(β−2+θ)/α dσ =
t(α+β−2+θ)/α

(α+ β − 2 + θ)/α
<∞. (3.24)

It follows from (3.21), (3.22), (3.23) and (3.24) that as τ → 0,

e−τA
[
y′2(t)− f(t)

]
→
∫ t

0

∂

∂t
e−(t−σ)Af(σ) dσ = y′2(t)− f(t). (3.25)

Therefore, noting α+ β + (α+ θ − 1) = 2α+ β + θ − 1 > 2, 0 < α+ θ − 1 < 1 we
can apply Lemma 2.5 and (3.20) to obtain that y′2(t)− f(t) ∈ X(2α+β−3+θ)/α

A and

|y′2(t)− f(t)|
X

(2α+β−3+θ)/α
A

≤ Γ((2α+ β − 3 + θ)/α)|y′2(t)− f(t)| eXα+θ−1
A

≤ C0Γ((2α+ β − 3 + θ)/α)
(3− α− β − θ)/α

‖f‖B([0,T ];(X,D(A))θ,∞).

From this inequality and the boundedness of ‖y′2(t) − f(t)‖X , which follows from
(3.11), and (3.13) one concludes that y′2 − f ∈ B([0, T ];X(2α+β−3+θ)/α

A ). This and
(3.9) imply y′ − f ∈ B([0, T ];X(2α+β−3+θ)/α

A ). Finally we show that y defined by
(3.2) satisfies (1.1). By virtue of (3.13) one has

y′(t) = y′1(t) + y′2(t) =
d

dt
e−tAy0 + f(t) +

∫ t

0

∂

∂t
e−(t−s)Af(s)ds.

Hence

A−1y′(t) = A−1 d

dt
e−tAy0 +A−1f(t) +

∫ t

0

A−1 ∂

∂t
e−(t−s)Af(s)ds

= −e−tAy0 +A−1f(t)−
∫ t

0

e−(t−s)Af(s)ds.

Therefore, one obtains

A−1(y′(t)− f(t)) = −e−tAy0 −
∫ t

0

e−(t−s)Af(s)ds = −y(t).

From this the assertion (1.1) readily follows. Thus the proof complete. �
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Theorem 3.2. Suppose that α+β > 3/2, θ > 2(2−α−β), y0 ∈ D(A), Ay0∩X̃θ
A 6=

∅, f ∈ C([0, T ];X)∩B([0, T ]; X̃θ
A) and limτ→0 e

−τAf(t) = f(t) for every t ∈ [0, T ].
Then problem (1.1) admits a unique solution y such that y ∈ C1([0, T ];X) and

y′ − f ∈ C(2α+2β−4+θ)/α([0, T ];X) ∩B([0, T ];X(2α+2β−4+θ)/α
A ). (3.26)

Proof. Define functions y1 and y2 by (3.2). Let φ ∈ Ay0 ∩ X̃θ
A. Since

α+ β − 2 + θ > α+ β − 2 + 2(2− α− β) = 2− α− β ≥ 0,

we can show as for (3.6) and (3.7) that

|y′1|C(α+β−2+θ)/α([0,T ];X) ≤
|φ| eXθA

(α+ β − 2 + θ)/α
,

|y′1(t)| eXθA ≤ |φ| eXθA ,
(3.27)

and furthermore (3.8) holds. Consequently the following statements are obtained
as (3.9) was

y′1 ∈ B([0, T ];X(α+β−2+θ)/α
A ), (3.28)

‖y′1‖B([0,T ];X
(α+β−2+θ)/α
A )

≤ Γ((α+ β − 2 + θ)/α)|φ| eXθA + sup
0≤t≤T

‖e−tAφ‖X . (3.29)

The second term in the right-hand side of (3.29) is finite since limt→0 e
−tAφ exists

by Lemma 2.5.
In the present case the following inequality holds instead of (3.10),

‖ ∂
∂t
e−(t−s)Af(s)‖X ≤ (t− s)(β−2+θ)/α|f(s)| eXθA

≤ (t− s)(β−2+θ)/α‖f‖B([0,T ]; eXθA).
(3.30)

Noting that (3.12) holds since e−(τ−s)Af(s) → f(s) as τ → s by assumption, it is
possible to show that y2(t) =

∫ t
0
e−(t−s)Af(s)ds is differentiable and (3.13) holds.

Let F1(s, t) and F2(s, t) be functions defined by (3.14). We have for u ∈ X̃θ
A,

‖ d
2

dt2
e−tAu‖X = 4‖

( d
dt
e−(t/2)A

)2
u‖X ≤ 4‖ d

dt
e−(t/2)A‖L(X)‖

d

dt
e−(t/2)Au‖X

≤ 4
C0

2
( t

2
)(β−2)/α 1

2

(
t

2

)(β−2+θ)/α

|u| eXθA
= C1t

(2β−4+θ)/α|u| eXθA ,
where C1 = C02(4−2β−θ)/α. Hence

‖ d
2

dτ2
e−(τ−σ)Af(σ)‖X ≤ C1(τ − σ)(2β−4+θ)/α|f(σ)| eXθA

≤ C1(τ − σ)(2β−4+θ)/α‖f‖B([0,T ]; eXθA).
(3.31)

With the aid of (3.15) and (3.31) we obtain

‖F1(s, t)‖X

≤ C1

∫ s

0

∫ t

s

(τ − σ)(2β−4+θ)/α‖f‖B([0,T ]; eXθA)dτ dσ

≤ C1α
2

(4− α− 2β − θ)(2α+ 2β − 4 + θ)
(t− s)(2α+2β−4+θ)/α‖f‖B([0,T ]; eXθA).

(3.32)
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Using (3.30), one obtains

‖F2(s, t)‖X ≤
∫ t

s

(t− σ)(β−2+θ)/α‖f‖B([0,T ]; eXθA) dσ

=
(t− s)(α+β−2+θ)/α

(α+ β − 2 + θ)/α
‖f‖B([0,T ]; eXθA).

(3.33)

Inequalities (3.32) and (3.33) imply that y′2 − f ∈ C(2α+2β−4+θ)/α([0, T ];X). This
and (3.27) yield y′ − f ∈ C(2α+2β−4+θ)/α([0, T ];X). With the aid of (3.31) one
observes that

‖ d
dτ
e−τA(y′2(t)− f(t))‖X = ‖

∫ t

0

∂2

∂t2
e−(t−s+τ)Af(s)ds‖X

≤ C1

∫ t

0

(t− s+ τ)(2β−4+θ)/α‖f‖B([0,T ]; eXθA)ds

= C1
τ (α+2β−4+θ)/α − (t+ τ)(α+2β−4+θ)/α

(4− α− 2β + θ)/α
‖f‖B([0,T ]; eXθA)

≤ C1τ
(α+2β−4+θ)/α

(4− α− 2β + θ)/α
‖f‖B([0,T ]; eXθA).

This means that y′2(t)− f(t) ∈ X̃α+β+θ−2
A and

|y′2(t)− f(t)| eXα+β+θ−2
A

≤ C1

(4− α− 2β + θ)/α
‖f‖B([0,T ]; eXθA). (3.34)

From (3.21), (3.22), (3.24) and the inequality

‖ ∂
∂t
e−(t−σ+τ)Af(σ)‖X ≤ (t− σ + τ)(β−2+θ)/α‖f‖B([0,T ]; eXθA)

≤ C1(t− σ)(β−2+θ)/α‖f‖B([0,T ]; eXθA),

which follows from (3.30). Then (3.25) holds. Therefore noting α + β + (α + β +
θ − 2) = 2α + 2β + θ − 2 > 2 we may apply Lemma 2.5 and (3.34) to obtain that
y′2(t)− f(t) ∈ X(2α+2β−4+θ)/α

A and

|y′2(t)− f(t)|
X

(2α+2β−4+θ)/α
A

≤ Γ((2α+ 2β − 4 + θ)/α)|y′2(t)− f(t)| eXα+β+θ−2
A

≤ C1Γ((2α+ 2β − 4 + θ)/α)
(4− α− 2β + θ)/α

‖f‖B([0,T ]; eXθA).

From this inequality, (3.13) and (3.30) one concludes that

y′2 − f ∈ B([0, T ];X(2α+2β−4+θ)/α
A ).

This and (3.28) imply y′−f ∈ B([0, T ];X(2α+2β−4+θ)/α
A ). The proof that y defined

by (3.2) satisfies (1.1) is the same as that in the proof of Theorem 3.1. �

Remark 3.3. Suppose that the assumptions of Theorem 3.1 are satisfied, and let
k ∈ R. Consider the problem

d

dt
y(t) +Ay(t) + ky(t) 3 f(t), 0 ≤ t ≤ T,

y(0) = y0.
(3.35)
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The operator −(A + k) generates a differentiable semigroup e−t(A+k) = e−kte−tA.
Then define C ′0 = C0e

max{k,0}T , so that for 0 < t ≤ T one gets

‖ d
i

dti
e−t(A+k)‖L(X) ≤ C ′0t(β−i−1)/α, i = 0, 1, 2.

The unique solution to (3.35) is given by

y(t) = e−t(A+k)y0 +
∫ t

0

e−(t−s)(A+k)f(s)ds.

Since ekty(t) is a solution to (1.1) with f(t) replaced by ektf(t), y satisfies y ∈
C1([0, T ];X) and

y′ + ky − f ∈ C(2α+β−3+θ)/α([0, T ];X) ∩B([0, T ];X(2α+β−3+θ)/α
A ).

Furthermore, the following results hold just as (3.13) and (3.11):

d

dt

∫ t

0

e−(t−s)(A+k)f(s)ds = f(t) +
∫ t

0

∂

∂t
e−(t−s)(A+k)f(s)ds,

‖
∫ t

0

∂

∂t
e−(t−s)(A+k)f(s)ds‖X ≤

C ′0t
(α+β−2+θ)/α

(α+ β − 2 + θ)/α
‖f‖B([0,T ];(X,D(A))θ,∞).

An analogous remark holds also for Theorem 3.2.

4. An identification problem for the differential equation

In this section we consider problem (1.4):

d

dt
y(t) +Ay(t) 3 f(t)z + h(t), t ∈ [0, T ], (4.1)

y(0) = y0, (4.2)

Φ[y(t)] = g(t), t ∈ [0, T ], (4.3)

Theorem 4.1. Suppose that 2α+ β + θ > 3, y0 ∈ D(A), Ay0 ∩ (X,D(A))θ,∞ 6= ∅,
z ∈ (X,D(A))θ,∞, h ∈ C([0, T ];X) ∩ B([0, T ]; (X,D(A))θ,∞), g ∈ C1([0, T ]; C),
Φ ∈ X∗, Φ[y0] = g(0), Φ[z] 6= 0. Then problem (4.1)-(4.3) admits a unique solution
(y, f) such that

y ∈ C1([0, T ];X), f ∈ C([0, T ]; C),

y′ − f(·)z − h ∈ C(2α+β−3+θ)/α([0, T ];X) ∩B([0, T ];X(2α+β−3+θ)/α
A ).

(4.4)

Proof. Supposing that f ∈ C([0, T ]; C) is known, define a function y by

y(t) = e−tAy0 +
∫ t

0

f(s)e−(t−s)Azds+
∫ t

0

e−(t−s)Ah(s)ds. (4.5)

Since α + β + θ − 2 ≥ 2α + β + θ − 3 > 0, by Lemma 2.3 and (2.5) the following
statements hold:

e−tAz → z as t→ 0, ‖ d
dt
e−tAz‖X ≤ C0t

(β−2+θ)/α‖z‖(X,D(A))θ,∞ . (4.6)

Hence
∫ t
0
f(s)e−(t−s)Azds is differentiable and

d

dt

∫ t

0

f(s)e−(t−s)Azds = f(t)z +
∫ t

0

f(s)
∂

∂t
e−(t−s)Azds. (4.7)
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According to the proof of Theorem 3.1 (cf. (3.13) and (3.11))
∫ t
0
e−(t−s)Ah(s)ds is

differentiable and
d

dt

∫ t

0

e−(t−s)Ah(s)ds = h(t) +
∫ t

0

∂

∂t
e−(t−s)Ah(s)ds, (4.8)

‖
∫ t

0

∂

∂t
e−(t−s)Ah(s)ds‖X ≤ C0

t(α+β−2+θ)/α

(α+ β − 2 + θ)/α
‖h‖B([0,T ];(X,D(A))θ,∞). (4.9)

Hence y is differentiable and

d

dt
y(t) =

d

dt
e−tAy0+f(t)z+

∫ t

0

f(s)
∂

∂t
e−(t−s)Azds+

d

dt

∫ t

0

e−(t−s)Ah(s)ds. (4.10)

Assuming that y(t) satisfies (4.3) one deduces from (4.10) the following identity

g′(t) = Φ
[ d
dt
e−tAy0

]
+ f(t)Φ[z] +

∫ t

0

f(s)Φ
[ ∂
∂t
e−(t−s)Az

]
ds

+ Φ
[ d
dt

∫ t

0

e−(t−s)Ah(s)ds
]
.

(4.11)

Rewriting (4.11) one obtains the following integral equation to be satisfied by f :

f(t) + χ

∫ t

0

f(s)Φ
[ ∂
∂t
e−(t−s)Az

]
ds

= χg′(t)− χΦ
[ d
dt
e−tAy0

]
− χΦ

[ d
dt

∫ t

0

e−(t−s)Ah(s)ds
]
,

(4.12)

where χ = Φ[z]−1. Set

κ(t) = χΦ
[ d
dt
e−tAz

]
,

ψ(t) = χg′(t)− χΦ
[ d
dt
e−tAy0

]
− χΦ

[ d
dt

∫ t

0

e−(t−s)Ah(s)ds
]
.

(4.13)

Then (4.12) is rewritten as

f(t) +
∫ t

0

κ(t− s)f(s)ds = ψ(t),

or briefly
f + κ ∗ f = ψ. (4.14)

By (4.6) one has

|κ(t)| ≤ C0|χ|‖Φ‖t(β−2+θ)/α‖z‖(X,D(A))θ,∞ .

In view of (3.5), (4.8) and (4.9) one observes that ψ ∈ C([0, T ]; C). Let r be the
solution to the integral equation

κ+ r + r ∗ κ = 0.

This equation is solved by successive approximations, and the solution r satisfies

κ+ r + κ ∗ r = 0, |r(t)| ≤ C2t
(β−2+θ)/α, C2 > 0.

The integral equation (4.14) admits a unique solution f ∈ C([0, T ]; C) given by
f = ψ + r ∗ ψ, or

f(t) = ψ(t) +
∫ t

0

r(t− s)ψ(s)ds. (4.15)
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It is easy to verify that if we define y by (4.5) with f given by (4.15), the pair (y, f)
satisfies (4.1) and (4.2). From (4.10) and (4.11) it follows that

g′(t) = Φ
[ d
dt
y(t)

]
=

d

dt
Φ[y(t)].

From this equality and the compatibility condition Φ[y0] = g(0) (4.3) follows. Since
f(·)z + h ∈ C([0, T ];X) ∩ B([0, T ]; (X,D(A))θ,∞), the assertion (4.4) follows from
Theorem 3.1. �

Theorem 4.2. Suppose that α + β > 3/2, 2(2 − α − β) < θ < 1, y0 ∈ D(A),
Ay0 ∩ X̃θ

A 6= ∅, z ∈ X̃θ
A, limt→0 e

−tAz = z, g ∈ C1([0, T ]; C), Φ ∈ X∗, Φ[y0] =
g(0), Φ[z] 6= 0, h ∈ C([0, T ];X) ∩ B([0, T ]; X̃θ

A), limτ→0 e
−τAh(t) = h(t) for every

t ∈ [0, T ]. Then problem (4.1)-(4.3) admits a unique solution y such that y ∈
C1([0, T ];X) and

y′ − f ∈ C(2α+2β−4+θ)/α([0, T ];X) ∩B([0, T ];X(2α+2β−4+θ)/α
A ).

Proof. Supposing that f ∈ C([0, T ];X) is known, define the function y by (4.5).
Let φ ∈ Ay0 ∩ X̃θ

A. Then in view of Lemma 2.5,

d

dt
e−tAy0 =

d

dt
e−tAA−1φ = −e−tAφ

converges as t→ 0. Hence

the function t 7→ d

dt
e−tAy0 belongs to C([0, T ];X). (4.16)

By the definition of X̃θ
A one has

‖ d
dt
e−tAz‖X ≤ t(β−2+θ)/α|z| eXθA . (4.17)

Hence using the assumption limt→0 e
−tAz = z one observes that

∫ t
0
f(s)e−(t−s)Azds

is differentiable and (4.7) holds. According to the proof of Theorem 3.2 (cf. (3.30))∫ t
0
e−(t−s)Ah(s)ds is differentiable, and equality (4.8) and the inequality

‖
∫ t

0

∂

∂t
e−(t−s)Ah(s)ds‖X ≤

t(α+β−2+θ)/α

(α+ β − 2 + θ)/α
‖h‖B(0,T ; eXθA) (4.18)

holds. Hence y is differentiable and (4.10) holds. Assuming that y(t) satisfies (4.3)
one deduces (4.14) from (4.10) as in the proof of Theorem 4.1, where κ and ψ are
functions defined by (4.13). By virtue of (4.17) one has

|κ(t)| ≤ |χ|‖Φ‖X∗t(β−2+θ)/α|z| eXθA .
In view of (4.16), (4.8) and (4.18) one observes ψ ∈ C([0, T ]; C). The remaining
part of the proof is the same as that of Theorem 4.1. �

5. Equations with several unknown scalar functions

In this section we consider the problem consisting of recovering several unknown
scalar functions f1, . . . , fn and a vector function y such that

d

dt
y(t) +Ay(t) 3

n∑
j=1

fj(t)zj + h(t), t ∈ [0, T ], (5.1)

y(0) = y0, (5.2)
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Φj [y(t)] = gj(t), j = 1, . . . , n, t ∈ [0, T ]. (5.3)

Theorem 5.1. Suppose 2α + β + θ > 3, y0 ∈ D(A), Ay0 ∩ (X,D(A))θ,∞ 6= ∅,
zj ∈ (X,D(A))θ,∞, j = 1, . . . , n, h ∈ C([0, T ];X) ∩ B([0, T ]; (X,D(A))θ,∞), gj ∈
C1([0, T ]; C), Φj ∈ X∗, Φj [y0] = gj(0), j = 1, . . . , n, and

det

Φ1[z1] . . . Φ1[zn]
. . . . . .

Φn[z1] . . . Φn[zn]

 6= 0. (5.4)

Then, problem (5.1)–(5.3) admits a unique solution (y, f1, . . . , fn) such that

y ∈ C1([0, T ];X), f1, . . . , fn ∈ C([0, T ]; C),

y′ −
n∑
j=1

fj(·)zj − h ∈ C(2α+β−3+θ)/α([0, T ];X) ∩B([0, T ];X(2α+β−3+θ)/α
A ).

(5.5)

The proof is performed in parallel to the proof of Theorem 4.1. If f1, . . . , fn ∈
C([0, T ]; C) are known, y is given by

y(t) = e−tAy0 +
∫ t

0

n∑
j=1

fj(s)e−(t−s)Azjds+
∫ t

0

e−(t−s)Ah(s)ds.

Just as the proof of (4.10) one deduces from this equality

y′(t) =
d

dt
e−tAy0 +

n∑
j=1

fj(t)zj

+
∫ t

0

n∑
j=1

fj(s)Dte
−(t−s)Azjds+

d

dt

∫ t

0

e−(t−s)Ah(s)ds.

(5.6)

It follows from (5.3) and (5.6) that

g′i(t) = Φi[y′(t)]

= Φi
[
Dte

−tAy0
]

+
n∑
j=1

fj(t)Φi[zj ] +
∫ t

0

n∑
j=1

fj(s)Φi[Dte
−(t−s)Azj ]ds

+ Φi
[
Dt

∫ t

0

e−(t−s)Ah(s)ds
]
.

This is rewritten asΦ1[z1] . . . Φ1[zn]
. . . . . .

Φn[z1] . . . Φn[zn]

f1(t)
. . .
fn(t)


=

 g′1(t)− Φ1[Dte
−tAy0]− Φ1

[
Dt

∫ t
0
e−(t−s)Ah(s)ds

]
. . .

g′n(t)− Φn[Dte
−tAy0]− Φn

[
Dt

∫ t
0
e−(t−s)Ah(s)ds

]


∫ t

0

Φ1[Dte
−(t−s)Az1] . . . Φ1[Dte

−(t−s)Azn]
. . . . . .

Φn[Dte
−(t−s)Az1] . . . Φn[Dte

−(t−s)Azn]

f1(s)
. . .
fn(s)

 ds.

(5.7)
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Set

A =

Φ1[z1] . . . Φ1[zn]
. . . . . .

Φn[z1] . . . Φn[zn]

 .

Then by assumption (5.4), A−1 exists. Set

Φ(t) = A−1

 g′1(t)− Φ1[Dte
−tAy0]− Φ1

[
Dt

∫ t
0
e−(t−s)Ah(s)ds

]
. . .

g′n(t)− Φn[Dte
−tAy0]− Φn

[
Dt

∫ t
0
e−(t−s)Ah(s)ds

]
 ,

K(t) = A−1

Φ1[Dte
−tAz1] . . . Φ1[Dte

−tAzn]
. . . . . .

Φn[Dte
−tAz1] . . . Φn[Dte

−tAzn]

 , F (t) =

f1(t)
. . .
fn(t)

 .

Tt follows from (5.7) that

F (t) = Φ(t)−
∫ t

0

K(t− s)F (s) ds.

Since
‖K(t)‖L(Cn) ≤ Ct(β−2+θ)/α,

the remaining part of the proof is the same as that of Theorem 4.1. Analogously
the following theorem is established.

Theorem 5.2. Suppose 2(2 − α − β) < θ < 1, y0 ∈ D(A), Ay0 ∩ X̃θ
A 6= ∅,

zj ∈ X̃θ
A, limt→0 e

−tAzj = zj, j = 1, . . . , n, h ∈ C([0, T ];X) ∩ B([0, T ]; X̃θ
A),

limτ→0 e
−τAh(t) = h(t) for every t ∈ [0, T ], gj ∈ C1([0, T ]; C), Φj ∈ X∗, Φj [y0] =

gj(0), j = 1, . . . , n, and

det

Φ1[z1] . . . Φ1[zn]
. . . . . .

Φn[z1] . . . Φn[zn]

 6= 0.

Then, problem (5.1)-(5.3) admits a unique solution (y, f1, . . . , fn) such that

y ∈ C1([0, T ];X), f1, . . . , fn ∈ C([0, T ]; C),

y′ −
n∑
j=1

fj(·)zj − h ∈ C(2α+2β−4+θ)/α([0, T ];X) ∩B([0, T ];X(2α+2β−4+θ)/α
A ).

6. Problems (1.6) and (1.7)

Let L and M be two linear closed operators satisfying (1.8) and (1.9). Set
A = LM−1. Namely

D(A) = MD(L) = {Mu : u ∈ D(L)},
Ay = {Lu : y = Mu, u ∈ D(L)} for y ∈ D(A).

(6.1)

It is shown in Favini and Yagi [6] that A satisfies (1.2) and (1.3). The graph-norm
of D(A) is defined by

‖y‖D(A) = inf{‖Lu‖X : y = Mu, u ∈ D(L)} for y ∈ D(A).

Consider the problem
d

dt
Mu(t) + Lu(t) = f(t), t ∈ [0, T ], (6.2)
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Mu(0) = Mu0. (6.3)

Theorem 6.1. Suppose that 2α + β + θ > 3, u0 ∈ D(L), Lu0 ∈ (X,D(A))θ,∞,
f ∈ C([0, T ];X) ∩ B([0, T ]; (X,D(A))θ,∞). Then problem (6.2)–(6.3) admits a
unique solution u such that

Mu ∈ C1([0, T ];X),

Lu ∈ C(2α+β−3+θ)/α([0, T ];X) ∩B([0, T ];X(2α+β−3+θ)/α
A ).

(6.4)

Proof. Set y0 = Mu0. Then y0 ∈ D(A), and Ay0 ∩ (X,D(A))θ,∞ is not empty,
since it contains Lu0. In view of Theorem 3.1 there exists a solution y to (1.1), A
being defined by (6.1). Set u(t) = L−1(f(t)− y′(t)). Then

Lu(t) = f(t)− y′(t) ∈ Ay(t) = LM−1y(t). (6.5)

Since L is bijective, it follows from (6.5) that u(t) ∈ M−1y(t), or y(t) = Mu(t).
From the first equation of (6.5) equation (6.2) follows. It is obvious that u satisfies
(6.3). �

Analogously, using Theorem 3.2 instead of Theorem 3.1, the following theorem
is obtained.

Theorem 6.2. Suppose that θ > 2(2 − α − β), u0 ∈ D(L), Lu0 ∈ X̃θ
A, f ∈

C([0, T ];X) ∩ B([0, T ]; X̃θ
A), limτ→0 e

−τAf(t) = f(t) for every t ∈ [0, T ]. Then
problem (6.2)–(6.3) admits a unique solution u such that

Mu ∈ C1([0, T ];X),

Lu ∈ C(2α+2β−4+θ)/α([0, T ];X) ∩B([0, T ];X(2α+2β−4+θ)/α
A ).

(6.6)

Next, consider the problem

d

dt
Mu(t) + Lu(t) =

n∑
j=1

fj(t)zj + h(t), t ∈ [0, T ], (6.7)

Mu(0) = Mu0, (6.8)

Φj [Mu(t)] = gj(t), j = 1, . . . , n, t ∈ [0, T ]. (6.9)

Theorem 6.3. Suppose 2α + β + θ > 3, u0 ∈ D(L), Lu0 ∈ (X,D(A))θ,∞, zj ∈
(X,D(A))θ,∞, j = 1, . . . , n, h ∈ C([0, T ];X) ∩ B([0, T ]; (X,D(A))θ,∞), Φj ∈ X∗,
gj ∈ C1([0, T ; C), Φj [Mu0] = gj(0), j = 1, . . . , n, and (5.4) holds. Then problem
(6.7)–(6.9) admits a unique solution (u, f1, . . . , fn) such that

Mu ∈ C1([0, T ];X), f1, . . . , fn ∈ C([0, T ]; C),

Lu ∈ C(2α+β−3+θ)/α([0, T ];X) ∩B([0, T ];X(2α+β−3+θ)/α
A ).

(6.10)

Proof. Let (y, f1, . . . , fn) be a solution to problem (5.1)-(5.3) with A defined by
(6.1) and define a function u by

u(t) = L−1
[ n∑
j=1

fj(t)zj + h(t)− y′(t)
]
, t ∈ [0, T ].

Then in view of (5.1)

Lu(t) =
n∑
j=1

fj(t)zj + h(t)− y′(t) ∈ Ay(t) = LM−1y(t). (6.11)
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Since L is injective, one gets u(t) ∈M−1y(t). This implies

Mu(t) = y(t). (6.12)

The first equation in (6.11) and (6.12) imply (6.7). It is obvious that (6.8) and (6.9)
hold. From the first equation in (6.11) and the second equation in (5.5) it follows
that

Lu =
n∑
j=1

fj(·)zj + h− y′ ∈ C(2α+β−3+θ)/α([0, T ];X) ∩B([0, T ];X(2α+β−3+θ)/α
A ).

Thus the regularity property (6.10) is proved. �

The following theorem is analogously established.

Theorem 6.4. Suppose θ > 2(2 − α − β), u0 ∈ D(L), Lu0 ∈ X̃θ
A, zj ∈ X̃θ

A,
limt→0 e

−tAzj = zj, j = 1, . . . , n, h ∈ C([0, T ];X)∩B([0, T ]; X̃θ
A), limτ→0 e

−τAh(t)
= h(t) for every t ∈ [0, T ], gj ∈ C1([0, T ]; C), Φj ∈ X∗, Φj [Mu0] = gj(0),
j = 1, . . . , n, and (5.4) holds. Then, problem (6.7)–(6.9) admits a unique solu-
tion (u, f1, . . . , fn) such that

Mu ∈ C1([0, T ];X), f1, . . . , fn ∈ C([0, T ]; C),

Lu ∈ C(2α+2β−4+θ)/α([0, T ];X) ∩B([0, T ];X(2α+2β−4+θ)/α
A ).

Remark 6.5. When L is the realization in L2(Ω) of a second order strongly elliptic
linear differential operator L with the Dirichlet boundary condition in a bounded
domain Ω and M is the multiplication operator by a function belonging to L∞(Ω)
one has α = 1, β = 1/2. Hence the assumption 2α + β + θ > 3 of Theorems
6.1 and 6.3 is not satisfied for θ = 1/2, and the assumption θ > 2(2 − α − β) of
Theorems 6.2 and 6.4 is not satisfied for θ ∈ (0, 1). A treatment of this case is
given in [7]. Furthermore, owing to the inclusion relations D(Ã) ⊂ L2(Ω)1/2A ⊂
(L2(Ω), D(A))1/2,∞ the assumptions are described by using a clearer space D(Ã)

than L̃2(Ω)
1/2

A , (L2(Ω), D(A))1/2,∞ in [7], where Ã = L̃M−1 and L̃ is the realization
of L in H−1(Ω) = H1

0 (Ω)∗.

7. Problems for systems

Let us consider the following inverse problem: Recover yi, fij , i = 1, . . . , n,
j = 1, . . . , N , such that

y′1 = A1y1 +B11y1 + · · ·+B1nyn + f11(t)z1 + · · ·+ f1N (t)zN + h1(t),
. . .

y′n = Anyn +Bn1y1 + · · ·+Bnnyn + fn1(t)z1 + · · ·+ fnN (t)zN + hn(t),
(7.1)

y1(0) = y10, . . . , yn(0) = yn0, (7.2)

Φj [yi(t)] = gji(t), i = 1, . . . , n; j = 1, . . . , N. (7.3)

Assume 0 < β ≤ α ≤ 1 and 2α+β+θ > 3. It is also assumed that for i, j = 1, . . . , n,
Ai and Bij satisfy

‖(λ−Ai)−1‖L(X) ≤
C

(1 + |λ|)β
for λ ∈ Σα = {λinC; Reλ ≥ −c(1 + | Imλ|)α},

Bij ∈ L(D(Aj), Xθ
Ai).
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Also assume that yi0 ∈ D(Ai), Aiyi0 ∈ (X,D(Ai))θ,∞, zj ∈ ∩nk=1(X,D(Ak))θ,∞,
hi ∈ C([0, T ];X) ∩B([0, T ]; (X,D(Ai))θ,∞, gji ∈ C1([0, T ]; C), Φj ∈ X∗, Φj [yi0] =
gji(0), i = 1, . . . , n, j = 1, . . . , N . Set

y =

y1. . .
yn

 , A =

A1 0 . . . 0
. . . . . .
0 0 . . . An

 , B =

B11 . . . B1n

. . . . . .
Bn1 . . . Bnn

 .

Then A and A+B generate infinitely differentiable semigroups in Xn. The system
(7.1) is written as

y′ = (A+B)y + f11(t)


z1
0
. . .
0

+ f12(t)


z2
0
. . .
0

+ · · ·+ f1N (t)


zN
0
. . .
0



+ f21(t)


0
z1
. . .
0

+ f22(t)


0
z2
. . .
0

+ · · ·+ f2N (t)


0
zN
. . .
0

+ . . .

+ fn1(t)


0
0
. . .
z1

+ fn2(t)


0
0
. . .
z2

+ · · ·+ fnN (t)


0
0
. . .
zN

+


h1(t)
h2(t)
. . .
hn(t)

 .

Theorem 6.3 applies provided that

det

Φ1[z1] . . . Φ1[zN ]
. . . . . .

ΦN [z1] . . . ΦN [zN ]

 6= 0.

Indeed, the further information reduces to the N linear systems in the unknowns
fi1, . . . , fiN , i = 1, . . . , n, whose determinant is just the indicated above. Identifica-
tion problem (7.1)–(7.3) admits a unique solution y = (y1, . . . , yn)t, fij , i = 1, . . . , n,
j = 1, . . . , N such that

y ∈ C1([0, T ];Xn), fij ∈ C1([0, T ]; C), i = 1, . . . , n, j = 1, . . . , N,

(A+B)y ∈ C(2α+β−3+θ)/α([0, T ];Xn) ∩B([0, T ];X(2α+β−3+θ)/α
A+B )

⊂ C(2α+β−3+θ)/α([0, T ];Xn) ∩
[
B([0, T ]; (X,D(A1))(2α+β−3+θ)/α,∞)

× · · · ×B([0, T ]; (X,D(An))(2α+β−3+θ)/α,∞)
]
.

Example. Let us consider the inverse problem

d

dt
(A+ 1)y +Ay =

∫ t

0

k(t− s)Ay(s)ds+ f(t)z + h(t), 0 ≤ t ≤ T, (7.4)

(A+ 1)y(0) = (A+ 1)y0, (7.5)

Φ[(A+ 1)y(t)] = Φ[g(t)], 0 ≤ t ≤ T. (7.6)

We suppose that −1 is a simple pole for the resolvent of A, i.e. (A+ 1 +λ)−1 exists
for 0 < |λ| ≤ ε and

‖(A+ 1 + λ)−1‖L(X) ≤
C

|λ|
.
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A change of variable y(t) = eκtx(t) transforms equation (7.4) into
d

dt
(A+ 1)x(t) + κ(A+ 1)x(t) +Ax(t)

=
∫ t

0

k(t− s)e−κ(t−s)Ax(s)ds+ f1(t)z + e−κth(t),

where f1(t) = e−κtf(t). Now

λ(A+ 1) + κ(A+ 1) +A = (λ+ κ+ 1)A+ λ+ κ

= (λ+ κ+ 1)
(
A+

λ+ κ

λ+ κ+ 1

)
= (λ+ κ+ 1)

(
A+ 1− 1

λ+ κ+ 1

)
.

Hence if 0 < |λ+κ+ 1|−1 < ε, i.e. |λ+κ+ 1| > ε−1, λ(A+ 1) +κ(A+ 1) +A has a
bounded inverse. Take κ so large that κ+1 > ε−1. Then (A+1− 1

λ+κ+1 )−1 ∈ L(X)
exists for λ ∈ C \ S(−1− κ, ε−1) and

(A+ 1)(λ(A+ 1) + κ(A+ 1) +A)−1

= (A+ 1)(λ+ κ+ 1)−1
(
A+ 1− 1

λ+ κ+ 1
)−1

= (λ+ κ+ 1)−1
{

1 +
1

λ+ κ+ 1
(
A+ 1− 1

λ+ κ+ 1
)−1}

,

so that

‖(A+ 1)(λ(A+ 1) + κ(A+ 1) +A)−1‖L(X) ≤ C|λ+ κ+ 1|−1

for |λ+ κ+ 1| > ε−1. Hence the previous results (See also Favini and Tanabe [5])
apply for α = β = 1.

However, this pole case allows a better treatment. First of all the change of
variable y = e−tx transforms the given problem (7.4)–(7.6) into

d

dt
(A+ 1)x(t)− x(t) =

∫ t

0

k1(t− s)Ax(s)ds+ f1(t)z + h1(t), (7.7)

(A+ 1)x(0) = (A+ 1)y0, (7.8)

Φ[(A+ 1)x(t)] = g1(t). (7.9)

where k1(t) = etk(t), f1(t) = etf(t), h1(t) = eth(t), g1(t) = etg(t). If −1 is a simple
pole for (A− λ)−1, so that

X = N(A+ 1)⊕R(A+ 1),

and P denotes the projection onto N(A+ 1), problem (7.7)–(7.9) reduces to
d

dt
(A+ 1)(1− P )x(t)− (1− P )x(t)

=
∫ t

0

k1(t− s)A(1− P )x(s)ds+ f1(t)(1− P )z + (1− P )h1(t),
(7.10)

(A+ 1)(1− P )x(0) = (A+ 1)(1− P )y0, (7.11)

Φ[(A+ 1)(1− P )x(t)] = g1(t), (7.12)

−Px(t) =
∫ t

0

k1(t− s)P (A+ 1− 1)x(s)ds+ f1(t)Pz + Ph1(t)

= −
∫ t

0

k1(t− s)Px(s)ds+ f1(t)Pz + Ph1(t).
(7.13)
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Since the restriction of A + 1 to R(A + 1) is boundedly invertible, the change of
variable (A+ 1)(1− P )x(t) = ξ(t) transforms (7.10)–(7.12) into

d

dt
ξ(t)−Rξ(t) =

∫ t

0

k1(t− s)[1−R]ξ(s)ds+ f1(t)(1− P )z + (1− P )h1(t),

(7.14)

ξ(0) = (A+ 1)(1− P )y0, (7.15)

Φ[ξ(t)] = g1(t), (7.16)

where R indicates the inverse of the restriction of A + 1 to R(A + 1). Therefore,
if k is continuous in [0, T ], Φ[(1 − P )z] 6= 0, h ∈ C([0, T ];X), (1 − P )y0 ∈ D(A),
g ∈ C1([0, T ]; C), problem (7.14)–(7.16) admits a unique strict solution (ξ, f1).
Hence, we have a unique strict solution ((1 − P )x, f1) to (7.10)–(7.12). Since f1
is now known, we only remain to solve integral equation (7.13), that is uniquely
solvable. Notice that this improves the preceding result, since condition Φ[z] 6= 0
is replaced by the weaker condition Φ[(1− P )z] 6= 0.
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