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ANALYTIC SOLUTIONS OF A CLASS OF NONLINEAR
PARTIAL DIFFERENTIAL EQUATIONS

EUGENIA N. PETROPOULOU

ABSTRACT. We study a class of nonlinear partial differential equations, which
can be connected with wave-type equations and Laplace-type equations, by
using a functional-analytic technique. We establish primarily the existence and
uniqueness of bounded solutions in the two-dimensional Hardy-Lebesque space
of analytic functions with independent variables lying in the open unit disc.
However these results can be modified to expand the domain of definition. The
proofs have a constructive character enabling the determination of concrete and
easily verifiable conditions, and the determination of the coefficients appearing
in the power series solution. Illustrative examples are given related to the sine-
Gordon equation, the Klein-Gordon equation, and to equations with nonlinear
terms of algebraic, exponential and logistic type.

1. INTRODUCTION

Recently in [I7], a functional-analytic technique was employed for the study
of bounded, analytic or entire, complex solutions of the Benjamin-Bona-Mahony
equation [2]

Ut + Uy + ULy — Uger =0, u=u(z,t) (1.1)
as well as the associated linear equation
Ut + Uy — Ugzr =0, u=u(z,t). (1.2)

This technique was used for the first time in [I6], for finding a necessary and
sufficient condition for the existence of polynomial solutions of a class of linear
partial differential equations (PDEs). Its main idea, is the transformation of the
PDE into an equivalent operator equation in an abstract Hilbert or Banach space.
Moreover, this technique is an extension of another functional-analytic technique
for the study of analytic solutions of initial value problems of ordinary differential
equations (ODEs), introduced by Ifantis [I12] and systemized in [I3] [14].

In the present study, the analytic solutions of the general class of nonlinear PDEs

umt"'aux+bUt+CU:g(‘rat)+G(u(x7t))7 U:U(.I‘,t) (13)

where G(u(z,t)) = Yo , cnlu(z,t)]” will be studied, extending in this way the
method of [I7] to other kind of nonlinear terms. It should be noted that the
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nonlinear term G(u(z,t)) appearing in is quite general, since it includes all
kind of nonlinear terms having a Taylor expansion.

The problem of the analytic solutions of PDEs is an old and interesting problem
on its own. From the various papers regarding several results on analytic solutions
of PDEs, [7, 15 20, 2I] are indicatively mentioned, as well as the more recent
I3, @, 11].

The main result of the present paper (Theorem is stated in §3| and is of
Cauchy-Kowalewski type establishing a unique bounded solution of in the
Banach space

Hy(A?) = {f A? - C, where f(z,t) = iiﬁjxi*tﬂ € Hy(A?),
i=1 j=1

for which ZZ |fij] < +oo},
i=1j=1
where A? = A x A, A = {z € C : |z| < 1}, with norm [|f(z,t)||g,(a2) =
Py Z;il |fijl. The space Hy(A?) appearing in the previous definition, is the
Hilbert space

Hy(82) = { £+ A% = €, where f(z,t) = Y 3" Fja™ '/ is analytic in A2
i=1 j=1

with ZZ |fij|2 < +OO},

i=1 j=1

with inner product defined by

(fl(-T t) f2($ t H (A2) ZZ 1]7

where

oo o0 oo oo
= Z Zaijxiiltjil, f2 Z, t = Z Z l 1tj71
i=1 j=1 i=1 j—1
are elements of Hy(A?). (The one dimensional spaces Ha(A) and Hy(A) are anal-
ogously defined with only one series involved in their definitions.)

For the proof of the main result, which is also given in §3| the technique presented
in §2is utilized. This technique reduces the problem of H;(A?) solutions of (L.3),
to an equivalent problem for the solutions of an operator equation in an abstract
Banach space. One important advantage of this approach is that the conditions
accompanying are incorporated in the equivalent operator equation. Another
equally important advantage of this technique, which is a consequence of the spaces
Hy(A?) and H;(A?), is that the established solution is by definition analytic in the
form of a power series and thus, there is no need to prove convergence using for
example the commonly used method of majorants.

The reasons for studying PDEs in H;(A?) and Hy(A?), apart from the fact that
these spaces are included in the important class of analytic functions, is that they
are quite useful in applications and their elements are represented by one function
and not by a class of equivalent functions, as in the case of Ly(A?). Moreover, they
are suitable for studying polynomial solutions of PDEs. Also, by establishing a
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solution of a PDE in H(A?) or H;(A?), this solution is a convergent power series,
the coefficients of which can be uniquely determined in many cases, thus obtaining
an “exact” solution. Finally, these spaces appear naturally in problems of quantum
mechanics. For more details, see [I7] and the references therein.

For the main result of , the independent variables x and ¢ are both assumed
in the open unit disc A. However, this is not restrictive since one may choose
instead equation

Uiz + atiz + by + & = §(z,1) + G(u(z,1)) (1.4)
where @ = 4(Z,t) with |Z| < X and [t| < T, X, T, positive finite numbers. By using
the simple transformations

T=z-X, t=t-T, (1.5)
equation (|1.4) reduces to an equation of the form (1.3 for the function u(z,t) =

(X, tT) = @(%,1) and the results for equation (I.3) can be carried to equation
(1.4) (see Corollary [3.4).

Apart from the fact that studying equation (1.3]) is quite interesting on its own,
another strong motivation is the connection 0 with wave-type or Laplace-
type equations. More precisely, equation can be connected with the wave-type
equation

lige — K21y + il + by + ¢i = (&) + G(a(6,n), @=a(n), £#0 (16)
using the classic transformations
r=n+krE t=n-—r (1.7

used also by d’Alembert. In this way, (L.6)) is reduced to an equation of the form
([L.3) for the function u(z,t) = a(%2t, &%) = (&, 7). Similarly, the Laplace-type
equation

Qg + ki + atie + bit, + éa = §(&,n) + G(a(€,n)), a=1a(&n), k#0, (1.8)

using transformations but now for kK = —ik is reduced to an equation of the
form for the function u(z,t) = a(45:E, 25) = a(¢,n). In this way, the results
of the present paper can provide useful information for the solutions of and
. These results are presented in

The importance of equations of the form or is well-known in applica-
tions and can be found in various classic textbooks and a huge number of research
papers. Most of the classical results regarding the existence and/or uniqueness of
solutions of equations of the form or can be found for example in [9] or
[18].

Summarizing, this paper is organized as follows: In the abstract setting of
the method used is described. In the main result is stated and proved. It
worths mentioning that its proof has a constructive character, giving rise to two
easily verifiable conditions for the existence and uniqueness of solutions of
in Hy(A?%). In §4l equation is connected with equations and and
the main result of is “translated” in terms of these two equations. Finally,
various illustrative examples are given in Most of these examples arise in various
applications and concern the sine-Gordon equation, the Klein-Gordon equation, as
well as equations involving nonlinear terms of exponential, algebraic and logistic
type. For one of these examples, the coefficients of the predicted power series
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solution are also explicitly computed in order to illustrate the procedure and the
established solution agrees with the solution already found in [§].

2. ABSTRACT SETTING

Denote by H an abstract separable Hilbert space over the complex field C with
orthonormal base {e;;}75_;. The inner product and the induced norm will be
denoted as usual by (-,-), || - ||. Define also the shift operators Vi, V5 on H as
follows:

Vlem- :ei+1,j7 Z,j = ].,2,..., VgeiJ :ei’j+1, 27] = 1727...
and their adjoint operators Vi*, V5" as:
Vl*ei7j=ei_1,j, i:2,3,...,j:1,2,... ‘/1*617]*207 j:1,2,...;
Vz*ei,j:ei,j,l, i:1,2,...,j:2,3,... ‘/2*61"1:0, i=1,2,....

The operators V;, V", 4,7 = 1,2 commute as long as the indices are different. For
example, it is true that Vi Vo = VoVp or V1 V5" = V5V;. Moreover,

Vivi=1, VoVa=1, Vi = [[Vall = [Vl = [IV2'll = 1 (2.1)

where [ is the identity operator. The following two propositions are very important
for the method employed in the present study

Proposition 2.1 ([16, Proposition 1]). Fvery point at, with z,t € A = {z € C:
|z| < 1}, belongs to the point spectrum of Vi*V5* and the set of the eigenelements:

oo o o0 oo
i—1,5—1 i—1 i—1
far = E E T e, for= E V" erj,  fao = E ' lei1,  foo=e1n
j:l =1

i=1 j=1
(2.2)
forms a complete system in H i.e., if f is orthogonal to fu: for all x,t € A, then
f=0.
Proposition 2.2 ([16] §3.2]). The mapping ¢ : H — Ha(A?%) with

¢(f):(fl’tvf):f(x7t)7 (23)

is a one-to-one mapping from H onto Hy(A?%), which preserves the norm.

Actually, for every f(x,t) = 3272, 3202, f 2" '#/7! € Ha(A?), there exists the
element f = >27°, 377 fijei; € H such that ¢(f) = f(x,t), which is called the
abstract form of f(x,t). Conversely, if f = 3772, >3 (f,ei;)ei;, then due to
7 f(l?,t) = Zjil Z;)il (.fv ei,j)lﬂiltjil'

Consider now the linear manifold of all the elements of Ha(A?%), f(x,t) =
Sy oy Fiyat ™71 which satisfy the condition 7%, 377 |fij| < +oo. This
linear manifold equipped with the norm || fi(z,t)||a,(a2) = 2252, D252 [ fijl, be-
comes the well known Banach space Hj(A?) and it “carries” the inner product
of Hy(A?). The corresponding to Hy(A?) by the mapping , Banach abstract
space will be denoted by H; and its norm by || - ||;. For a discussion on why the
space H;(A?) is chosen, see [14] or [17].

As in [14], the following statements are true:

e [ is invariant under the shift operators V;, V;*, ¢ = 1,2 and their powers.

Moreover, [[Vi[ly = [[Vallx = [Vi"[ly = [[V5'][L = 1.
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e H; is invariant under every bounded diagonal operator De; ; = d(3, j)e; ;,
i,j=1,2,... on H. Moreover, | D|; = || D| = sup;, ; |d(i, j)|-
e The null spaces of (V;*)* and (V5)* in H belong to H;.
For the implementation of the method, the abstract forms of all the appearing
terms in , are needed. For all the linear terms, the corresponding abstract
forms have been found in [I6] Proposition 2] and the following hold:

Wl _ (1. cOvy ),
8]0(85? t) _ (f:nt, CéO)VQ*f), (24)
0% f(x,t)

e = e OOV OOV )

where C’fo), Céo) are the diagonal operators defined on H as follows:
0 . 0 . o
C§ )ei,j =164 5, 02( )ei,j =J€ij, 1,J]= 1,2, e

These operators have the following properties [16, Remark 3]:
(i) They have a self-adjoint extension with discrete spectrum, i.e. the definition

domain of C’{O), Céo) can be extended to the range of the bounded operators BEO),

Béo), respectively, defined by: B%O)ei’j =le, j, Béo)ei’j = %ei,j, ,j=1,2,...

(ii) The definition domains of the operators (Cfo))p , (C’éo))p are extended to the
range of the bounded operators (B:EO))I’, (Béo))p, p=2,3,...,k, respectively.

(ifi) The range of (B (B)?) in H, p = 1,2,...,k, ie. the definition
domain of (Cfo))p ((Céo))p) is isomorphic to the linear manifold in Ha(A?) which
consists of functions with derivatives with respect to x (¢) up to order p in Ha(A?).

For the determination of the abstract form of the nonlinear term G(f(z,t)) =
> s enlf(z,t)]™ appearing in (1.3), a good starting point are the Propositions 3
and 4 of [17], where it was found that the abstract form of the term [f(z,)]? is the
nonlinear Frechét differentiable operator

FOVALVR) =YY (freap)Vi Vi S (2.5)

i=1 j=1

defined on all Hq for f € H;.
In the proof of [I7, Proposition 3|, the following useful relation was contained,
although not explicitly stated:

f*(Vh VQ)fmt = f(x’t)fwta (2'6)

where f*(V1,V3) is the adjoint of f(Vi,V53).
By using ([2.6) and mathematical induction, the following can be proved:

Proposition 2.3. The abstract form of [f(xz,t)]" is the element [f(Vy,Va)]"71f,
where n = 2,3, ... and is defined on all Hy for f € Hy.

Proof. As already mentioned, this is true for n = 2. For n = 3, the element
[f(V1,V2))2f is defined on all Hy for f € Hy, since

IFV, Vo) flle < IF Vi Va) I - [LF I < IIFIR < oo
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Moreover,

(Fots [V, V)P ) = (fur, fF(VA, Vo) (VA Va) f)
= (" V1, Va) fur, f(V1, V2) £)

- (f(xvt)frt» f(Vh V2)f)
f@ ) (far, F(V1,V2) f) = [, )(f*(V1, V) far, f)

[f(x7t)]2(fl‘t7 f)

[f (z, 1))

Now suppose that for n = p, the abstract form of [f(z,t)]? is [f(V1, V2)]P~1 f. Then,
as before it can be proved that the abstract form of [f(x,t)]P™! is the element
[f(V1,V2)]P f, which is defined on all Hy for f € Hy. Thus, the proposition is true
by use of mathematical induction. O

7 ﬁ
S

IR
&) )

Proposition 2.4. Suppose that the analytic function G(w) = Yo", c,w™ has a
radius of convergence Ry > 0. Then, the nonlinear operator

N(f) =D elf(Vi, V)" ' f (2.7)

is the abstract form of G(f(z,t)) = Y>oorycnlf(z,1)]™ and is defined in the open
sphere S(0,R1) C H;.

Proof. The operator N(f) is well defined for f € S(0, Ry), since

INCOI < D lenl - IF VA VRl < D fenl - 1T <D lenl R < o0,
n=2 n=2

n=2

for ||f|| < R < Ry. Moreover, N(f) is the abstract form of G(f(z,t)), since

(Fots N = (forr D al (V2 V2)" 1)

M

Cn (factv [f(V1, V2)]n71f) =G(f(z,t)),

n=2

due to Proposition [2.3 (]

Remark 2.5. If G(w) is an entire function of w, then N(f) is defined on all H;.

Operator N(f) defined by , is Frechét differentiable under specific assump-
tions and the proof of this fact is similar to the Weierstrass proof for the existence
of the derivative of an analytic function. Also, it follows closely a proof given in
[T4, Theorem 4.4], for the Frechét differentiability of a similar to N(f) nonlinear
operator, used in the study of analytic solutions of nonlinear ODEs. However, the
proof will be included here for reasons of self-completeness.

Proposition 2.6. Suppose that the analytic function G1(w) = > 0", c,w™ " has a
radius of convergence Ry > 0. Then, the nonlinear operator N(f) defined by (2.7)),
is Frechét differentiable at every point fo € S(0, R1) and its derivative is given by

N'(fo)f = enln—1)[fo(Vi, Va)]" 2 f. (2.8)
n=2
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Proof. Since formally

(fat, N'(fo)f

oumnN

= (£, 3 aln — Do, V)" %)
n=2
:ch nfl fzta fO(‘/la‘/Q)]n 2f)
n=2
= > enln = 1) (f5 Vi, Va) fars Lo (Vi V)" f)

n=2

Z (n = D)folw,1) (for, Lfo (V2. V)" %)

which implies

(fwta ch n_l fO T t)]n 2f<.’17 t) G2<f<x’t))7
n=2
it suffices to show that Ga(f(z,t)) is the Frechét derivative of
Gl(f(ll',t)) = Z Cn[f(xat)]nil
n=2

at the point fo(x,t) € S(0, Ry) C Hi(A?).
Obviously, Ga(f(x,t)) is a linear operator of f(x,t) for which

1G2(f (2, )|, (a2) < Z [eal(n = DR[£ (2, )| a2) < D leal(n = R,

n=2 n=2

which converges for fo(z,t) € S(0,R1) = || fo(x,t)||f,a2) < R < Ry due to the
analyticity of G1(w). Thus, Go(f(z,t)) is well defined for f(x,t) € S(0, Ry).
Moreover, for || fo(x,t) + h(z,t)|| g, (a2) < R < Ry it is

Gl(fO(xat) + h(l‘,t)) - Gl(fo(xa t))

= ch [(f()(xvt) + h(x’t))n_l - (fO(mvt))n_l]

=3 el ) [(folw, )" + (folw, )" (fo(w, ) + hx, 1))
n=2

+ .o 4 (folz,t) + h(x, 1) 2

=h(z,1) ) en {(n = 1)(fol,1))" 7% + (fol(z, )" (fo(@. t) + h(x,t) — fo(x,1))

n=2
o (ol t) + b, )72 = (folw, 1)
and as a consequence

Gi(fo(z,t) + h(z, 1)) = Gi(fo(x, 1)) — Ga(h(x, 1))

o0

= h(z,t) Z Cn {(fo(x,t))”*?’h(x, t) + (fo(z, )" *h(z, t)(fo(z,t) + h(z,t)

n=3
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+ foz, ) + ...+ h(z, ) (folx, t) + h(z, )" > 4+ ... + (fo(x,t))"_ﬂ

= (b, 1)* 3 ea (ol )" + (olar, 0" (fol,£) + hla, 1) + fole, )

n=3
oot (ol )+ b, )" 4+ (fola, 1)
which implies

1G1(fo(z, 1) + h(z, 1)) — G1(fo(z, 1)) — Ga(h(2, 1)) ||, (a2)

< s )y ay D lenl (B2 +2R75 - (1 = 2)R™9)

n=3
h(z,t)|? ad

I Mo § - 1 - 0
n=3

which implies
1G1(fo(x, 1) + h(z,t)) — G1(fo(x,1)) — Ga(h(x, 1)) || my(a2)
1Pz, )| 1y (a2)
Z lenl(n —1)(n — 2)R"™3 — 0,

n=3

< I, Dl a2
- 2
for [|h(x,t)|| i, (a2) — 0, since the series Y ° o |en|(n — 1)(n — 2)R™™ converges,
due to the analyticity of Gy (w). O

3. MAIN RESULT

Consider the problem consisting of equation (1.3)), i.e.

Ugt + Qg + buy + cu = gz, t) + Z enlu(z, )], u=u(z,t) (3.1)

n=2
and the conditions
u(@,0) = 61(x),  u(0,1) = da(t). (3.2)
Theorem 3.1. Assume that g(z,t) € Hi(A?), u(z,0),u(0,t) € Hi(A). Suppose
also that the seriesy -, cow™ is an analytic function which converges for |w| < Ry,
Ry > 0, sufficiently large. Then, if
la| + |b] + |¢| < 1, (3.3)
there exist Ry > 0 and Py > 0 such that if
9@, )| a2y (a2) + (L + []) [[ulz, 0)| 1y (a) + (1 + lal) [[w(0, )| 1, a) — [u(0,0)] <(P05
3.4
problem (3.1))-(3.2) has a unique solution in Hy(A?) bounded by Ry.

Remark 3.2. The previous result is not a purely local result, in the sense that
the constants Ry > 0 and Py > 0 can be explicitly determined. More precisely, as
it will be made clear in the proof of Theorem the constant Ry is the point at
which the function

1
1—af = [b] = |c|

P(R) =

1

=Y lea|R",  with L =
n=2
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attaints its maximum and Py = P(Ryp).

Remark 3.3. Even if the quantities Ry and Py cannot be explicitly determined in
some cases, they can be approximately determined by truncating the power series
appearing in P(R). In this way P(R), becomes a polynomial of which the maximum
can be found, at least numerically.

The following corollary is an immediate consequence of Theorem [3.1]and extends
the previous result for independent variables lying in a disc with radius not equal
to 1.

Corollary 3.4. Consider the equation

oo

g + iy + bilg + 60 = gy (2,1) + > _ a[a(E,1)]", @ = a(i,1) (3.5)
n=2
with |#| < X and |t| < T, X, T, positive finite numbers, which after using transfor-

mations (|1.B)) becomes:

Uzt + Qg + buy + cu = g(x,t) + Z cnlu(z, )", (3.6)
n=2
where u(x,t) = (X, tT) = u(z,1), g(x,t) = XTg(zX,tT), a = aT, b = bX,
c=¢XT and ¢, = ¢, XT. Assume that g(z,t) € Hi(A?), u(z,0),u(0,t) € Hi(A),
the series Y, éuw™ is an analytic function which converges for lw| < Ry, Ry > 0,
sufficiently large and
Tla| + X|b| + XT|¢| < 1. (3.7)
Then there exist Ry > 0 and Py > 0 such that if

g, t) s o + (1 + X I u(a, 0) 1,
+ (1 +Tlal) [[u(0, )| 1, (a) — [u(0,0)] < Py,
then (3.5) has a unique solution bounded by Ry, of the form

(3.8)

a8 =323 (5) )
which converges absolutely for |&| < X, |t| < T.
Proof of Theorem[3.1. According to equation is written as
(Fer OY Vi O3V Vi) - a(fe, OF Vi) 4 b(far, O3 Vi) o { fur, )
= (fa:tag) + (factaN(u))7

where ¢ is the abstract form of g(x,t) and N(u) the operator defined by (2.7)), or
since f,+ form a complete system of H,

OV Vyu+aC?Viu+ 50 Vi u+2u = g + N(u) (3.9)

which is the equivalent to (3.1]) abstract operator equation in H.
By using the inverse Bio) of C’l(o) and the properties of V;*, equation (3.9) becomes

Vi COViu + aViru + 0B Vi u + eBVu = B g + BN (u)
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which implies
COViu +au+ Vi BV Viu+evi BOu
> (3.10)
= V1B§O)g + V1B§O)N(U) + Z Ajel,j,
j=1

where the coefficients A; are uniquely determined by the coefficients of ¢2(t), by
taking the inner product of (3.10) with e; ; as follows:

(CéO)V;’LL, el’j) —|—6(u,el,j) = Aj = Aj = j(u, 61’j+1) +6(u7 61,j).

But since u(z,t) = 32572, 3200 (u,e55)x" 070, it is ¢a(t) = 3272, (u,eq )87
Thus, the coeflicients A; are determined via the coefficients of the power series in
t of ¢a(t). Proceeding in the same way, equation (3.10) is rewritten as

Viu+aBu+ bV BV u +eBPv; BOu

=BYViB g+ BYViB"N(u) + Y e
j=1

which implies
u+aVaBu+ v BOu + eV, B v By,

A > (3.11)
- VzBéO)V13§O)g + VzBéo)V13§O)N(u) + Z 7J€1,j+1 + Z Bie; 1.
=1 i=1

The coefficients B; are again uniquely determined by the coefficients of ¢1(x), by
taking the inner product of (3.11)) with e; ;. More precisely, they are given by

b )
Bi=(ue1n), Bi=(wein)+ —7(uei-1a), ¥V i#1
and since ¢1(z) = Y o) (u,e;1)x' 1, it is obvious that B; are determined via the
coefficients of the power series in x of ¢1(x).
For reasons of simplicity, (3.11]) is written as

(I+K)u=h+V%BYVB"g+ v, BV B N(w), (3.12)

where
K =aVeBy + WiB{” + B ViBY", h=3" TJeLjH +)  Biei.
j=1 i=1

According to a classical inversion theorem: “If T"is a linear bounded operator of
a Hilbert space H, with ||T'|| < 1, then I — T is invertible, defined on all H and
|(I-T)7Y < ﬁ.” Thus, since ([3.3)) holds, the operator I + K is invertible and
its inverse is bounded by L = m Then, (3.12)) can be rewritten as:

u=(I+K)" [h +V,BOV B g + Vngo)VlB@N(u)} = g(u). (3.13)

At this point the following fixed point theorem of Earle and Hamilton [6] will be
applied: “If f: X — X is holomorphic, i.e. its Fréchet derivative exists, and f(X)
lies strictly inside X, then f has a unique fixed point in X, where X is a bounded,
connected and open subset of a Banach space E. (By saying that a subset X’ of X
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lies strictly inside X it is meant that there exists an €; > 0 such that ||2' —y| > €;
forall 2’/ € X’ and y e E — X.)”

Returning to (3.13), suppose that v € B(0,R), R < R;. Then, |Jull; < R < Ry
and

lg(@)llx < L(IRl + gl + IN@)1) < LR+ llglh)) + L leal - [lul?
n=2
which implies
lg()llx < L (-]l + llglh)) + LY leal R (3.14)
n=2

Suppose M (R) = Y7, |c,|R"~2. By hypothesis, R; is sufficiently large and as a
consequence there exists an Ry € [0, Ry) such that LRoM(R2) > 1. Then, for the
function

Mi(R) =1— LRM(R)
it is M1(0) =1 > 0 and M;(R2) < 0, which by the intermediate value theorem

implies that there exists an R3 € (0, Rz) such that M;(R3) = 0.
Consider now the continuous function

P(R) = L"'RM,(R).

Then, P(0) = 0 = P(R3) and P’(0) > 0, whereas P'(R3) < 0. Thus, there exists
an Ry € (0, R3) where P(R) attains its maximum.
Now for every € > 0 and R = Ry, if

€
Il +llglly < P(Ro) — (3.15)

relation (3.14]) gives

lg(w)|| < LP(Ro) — € + LRIM(Ry) = LP(Ry) — € + Ro — RoMy(Ro)
which implies ||g(u)]] < Rg — € < Ro. Moreover, g(u) is Frechét differentiable and
thus according to the theorem of Earle and Hamilton, equation ([3.13]) has a unique
solution in Hy, bounded by Ry.

Rewriting the left-hand side of inequality (3.15]) in terms of the original functions
gives

4

oo oo
Bl + llgll = llgl + 1 jj e1jr1+ Y Bicinls
=1

j=1

<llglh + > l(w,en i)l +lal Y 1w, 1))

j=1 =1

+ ) e )| + 10D [(u,eim1)]
=1 =2
= llg(@, )|, a2) + [[u(0, )| 11, (a) — [w(0,0) + [a] - [[u(0, )], (a)
+ [lu@, 0) || ar, (a) + (0] - [[u(@, 0) || 1y (a)-

Thus, if (3.4) holds, the problem (3.1), (3.2) has a unique solution in H;(A?),
bounded by Ry. (]



12 E. N. PETROPOULOU EJDE-2015/201

Remark 3.5. Following a procedure similar to the one employed in [I7], one may
prove by use of the Fredholm alternative, that operator I + K is invertible without
restriction . Then, theorem remains valid without condition , but the
bound L is undetermined. Hence, it has now a pure local character, since Ry and
Py cannot be explicitly determined.

4. CONNECTIONS WITH WAVE-TYPE AND LAPLACE-TYPE EQUATIONS
As already mentioned in §1} equation (1.3]) can be connected with wave-type and
Laplace-type equations. Indeed, consider the wave-type equation

lige — Ky + il + ity + 60 = §o(&,m) + D Ealdl&,m)]", @ =a(&,m), (4.1)
n=2

where k is a non zero real number. By using transformations (1.7)), i.e.
r=n+kKE, t=n-—k (4.2)

the previous equation becomes

o0
Ugt + QUg + buy + cu = g(z,t) + Z enfulz, t)]", (4.3)

n=2
where u(z,t) = (5L, 51) = a(€n), 9(e,1) = —gada(G, 5H1), a = i,
b=— b;ﬂ%“, c=— 422 and ¢,, = 74‘%. Then according to Theoremthe following

holds.

Corollary 4.1. Assume that g(x,t) € H1(A?), u(z,0),u(0,t) € Hi(A), (x,t given
by [4.2)), the series > >, éow™ is an analytic function which converges for |w| <
Ry, Ry > 0, sufficiently large and

b+ k| + |b— ar| + |é < 4K2. (4.4)
Then there exist Ry > 0 and Py > 0 such that if
b —
4K2

g, ), a2 + (1 + DE PN

b+ axl
(14 (0, ) ya) — [u(0,0)] < Py,

then (4.1) has a unique solution bounded by Ry, of the form

a(&m) =3 i+ k) (n— k€T,

i=1j=1
which converges absolutely for |n £ k€| < 1.

In a similar way, consider the Laplace-type equation

dge + K2y + ailg + ity + 60 = §o(€,m) + > eal@(§,m)]", @ =a(&n), (4.6)

n=2
where £ is a non zero real number. By using transformations for Kk = —ik, the
previous equation becomes
o0
Ugt + auy + buy + cu = g(z,t) + Z cnfu(z, )], (4.7

n=2
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where u(z,t) = (e, 4 = (&), g(e.t) = gde(GE, 51), o = P58, b =
btiak . _ _¢ [

7 C= 15z and ¢, = TR Then according to Theorem the following holds

Corollary 4.2. Assume that g(z,t) € H1(A?), u(z,0),u(0,t) € Hi(A), (x,t given
by (4.2) for k = —ik), the series ., ¢,w™ is an analytic function which converges
for |w| < Ry, Ry > 0, sufficiently large and
b — iak| 4 |b + iak| + |&| < 4K>. (4.8)
Then there exist Ry > 0 and Py > 0 such that if
b+ iak|
o, )l an + (1 4+ =5 ) lu@, 0l s, ) o)

b — iak|
(14 LY 0, 1)y )~ 0,0 <

then (4.6) has a unique solution bounded by Ry, of the form

ag,m) =D wii(n—ik&) " (n+ikE) T,

i=1 j=1

which converges absolutely for |n £ ik&| < 1.

5. EXAMPLES

To show the usefulness of Theorem [3.1] several examples will be given in this
section, most of which arise in various applications. For the first example, the
coeflicients of the predicted power series solution will be explicitly computed in
order to demonstrate the procedure. Of course this can be done for all the other
examples, once the initial conditions are specified.

5.1. Equations with algebraic nonlinear terms. In this first example, equa-
tions of the form or with a nonlinear term of the form [a(¢,n)]*, k € N,
k > 2 will be considered. Such kind of equations have been studied for example
in [8], [10] and [19]. More precisely in [10], it was proved that there exist some
quasi-periodic solutions with frequencies of the form w = Aw*, A~ 1, A € R, w* a
fixed Diophantine frequency, for the one dimensional nonlinear wave equation

lige — iy +mi+a° =0, @ =14(g,mn),
subject to Dirichlet boundary conditions.
In [§], exact solutions of the Klein-Gordon equation
lige + ity + B+ yi* = f(&m), @ =1a(&n), (5.1)

were found for various values of k and various functions f(£,7) by using a mod-
ification of the homotopy perturbation method under initial conditions on (7, 0)
and g (n,0). Some of the examples treated in [8] were also studied in [19] by use
of a modified decomposition method.

Starting with this motivation, the PDE

Ugs + atiy + buy + cu = g(z,t) +u*, u=u(x,t), keN, k>2 (5.2)
is considered. The function P(R) in this case is

1
1—laf = [b] = ||’

—RF, L=
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which attains its maximum at Ry = (I%L)ﬁ Thus, according to Theorem the
following holds:

Result 5.1. Assume that g(x,t) € Hy1(A?%), u(x,0),u(0,t) € Hi(A),
la| + |b] + |¢| < 1 (5.3)

and
l9(z, )|, a2y + (1 + [b]) [Julz, 0)|| &, (a)

(1 + [al) [4(0,£) 1,y — (0, 0)] o)
1., &
k—1)(—)F 1.
<*k-1(7)
Then equation (5.2)) has a unique solution in H;(A?) bounded by Ry.
One of the equations studied in [§] was
lige + gy + 0+ 47 = 2 + 0> +17°€°, al&,m), (5.5)

U
for which it was found that it has the exact solution @(&,n) = né2.
By consequently using the transformations

T=zX, t=tT, u(z,t)=u(z,t), X,T>0
equation ({5.5) is reduced to

XT XT
Uyt + T’LL = h(% t) - 71“’37 u = U(Z, t)’ (58)

4
which is of the form (5.2)), with
OTI0X  3t8T%2 X2 0T723X*  3t5TOz1XP

hw.t) = = 2048 T 2048 256 1024
3tATOP X6 3740 XT  3TEX 2T X% 3tT%a8X?
1024 256 32 7 32 T 2048
tT222 X3  T2X  T29X10 T3X* TzX?
YT T T s s 1

For reasons of simplicity only the real solutions of ([5.8]) will be considered.
If (5.8) is complemented by the initial conditions
X3 T3
u(z,0) = —?zS, u(0,t) = —§t3, (5.9)
then Result [5.0] becomes

Result 5.2. If
XT <4 (5.10)
and
TOX 37°X2%2 T7X* 378X° 37°X% TiX7T TiX @ T3X?
2048 + 2048 + 256 + 1024 + 1024 + 256 + 32 + 32

Jr3TZX*9JrTz)(?’JFTQAXJFTAXIO+TAX4+TAX2+AX73+T73 (5.11)
2048 32 4 2048 32 4 8 8
4—XT\3/2
2
<2 )

the initial value problem (5.8)), (5.9) has a unique solution in H;(A?%) bounded by
(4—1)2(T)1/2.



EJDE-2015/201 ANALYTIC SOLUTIONS OF NONLINEAR PDES 15

Moreover, this solution can be determined by computing the coefficients (u, e; ;)
of the real solution u(z,t) = 3272, 3372 (u, e;)z' 't~ in the following way:
The equivalent to (5.8)—(5.9)), for the abstract operator equation, according to

(3-12), is
XT o 50y, p0) 0y O 0y O
(I—i—TVgBQ Vi B! )u:h+\/’232 ViBVg + V,BOViBON (),  (5.12)

where

3 3
N(u) = XT[ (V1,Va)Pu, h= —:%61,4 - %64,1,

X T*X TOX TX? T3X2 379X2

g= 1 €1,2 — 39 €1,4 — 2048 €1,10 + T€2,1 + 3 €23+

T2X3 TX4 T7X4 376 X5 375X6

Ty 2T gy T To5e 4T Tiopg 8T TTopa

T4X7 372 X9 TX10

~ 256 4 2088 92T 208

By the second of the initial conditions (5.9)) it is deduced that
TS
(u,e1) =0, Vj#4 and (u,e14)= -5

By taking the inner product of (5.12)) with ez ; and using the othonormality of
{e; ;} one obtains:

2048 2

€6,5

€10,1-

(u762,1) = 07
XT 1
(u,e2,5) = —m(%@l,jq) + jj(%el,jq)
XT
G-0 ZZ u, e1,0)(u, €1,) (U, €1,5-e—p+1),

=1 p=1

from where it is deduced that

XT?
(u,e2,;) =0, Vj#3 and (u,ez3)= 5
Similarly, by taking the inner product of (5.12)) with es ; it is deduced that
TX?
(u,es;) =0, Vj#2 and (u,e3q2)= 5
and by taking the inner product of (5.12) with ey ; it is obtained that
X3
(u,eq;) =0, Vj#1 and (u,eq1)= 5

Continuing in the same way and after some tedious manipulations, which can be
performed also by use of a symbolic package calculations such as Mathematica, it is
found that for ¢ = 5,...,11 it is (u,e; ;) = 0, for all j and by use of mathematical
induction it is finally proved that (u,e; ;) =0, V j and V ¢ > 12. Thus, the unique

solution of (5.8)), (5.9) in H;(A?) is

o — i T3 XT1? TX? X3
) => > (uej)a " = —§t3 + ot + —— < 2%t — ?x?’
i=1 j=1
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for X, T satisfying (5.10) and (5.11f). Notice that by using (5.7) and (5.6), u(x,t)

is rewritten as 4(£,n) = né.

5.2. Equations with logistic type nonlinear terms. In [I], the traveling waves
of

Upy = VU + ku(l —u), u=u(z,t) (5.13)

were studied. Such kind of equations appear in chemical and population dynamics.
Thus, in this example the PDE

Ugt + Ay + buy + cu = ku(l —u), u=u(z,t), (5.14)
will be considered. The function P(R) in this case is
P(R) = R(1 — |a] = [b| —[c = A) = [A|IR?,
which attains its maximum at Ry = W. Thus, according to Theorem
the following holds.
Result 5.3. Assume that u(z,0),u(0,t) € Hi(A), |a| + [b] +]c— A] <1 and

—la| = [b] —le = A
4[| '

Then equation (5.14) has a unique solution in H;(A?) bounded by Ry.

1
la| + [b| +2 <

5.3. The sine-Gordon equation. Consider now the well-known sine-Gordon equa-
tion

Gige — Wiy + dsindg = 0, (5.15)
where w is a non zero real number, which arises in various problems such as dif-
ferential geometry, oscillations, optics, fluid mechanics, elementary particle physics
and biology. (For more information see [5] and the references therein). Equation
(5.15)) can be rewritten in the form

s 2s+1
- 2 A 25+
- di = —d E 1
Ugg — W Uy + du 2 28+1 ) (5.16)
or after using (4.2)) for K = w in the form
d d (=D ot
t— U = —u 5.17
Yot T 402" T qw? Z (25 +1)! v (5.17)

where u(z,t) = a(%ft, £=t) = a(n, £). The function P(R) in this case is

) 2w
4R \d| 1 5
P(R)= — _— p2st+l
(R) 4w? — |d| 4w2 — (2s+1)!
4R |d|
o ﬁ(smhR R)
16w* + 4w?|d| — |d|? ||
= R— —=sinh R
4242 — |d)) 42 DA
which attains its maximum at Ry = cosh™! ( W). Then a direct appli-

cation of Corollary [4.1] gives
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Result 5.4. Assume that u(x,0),u(0,t) € Hi(A),

|d| < 4w?, (5.18)
[u(z, 0) |y (a) + [[u(0, )] iy (a) — |u(0,0)] < P(Ro). (5.19)

Then equation (5.17) has a unique solution in H;(A?) bounded by Ry.

5.4.

Equations with exponential nonlinear terms. Consider the PDE

Ugt + AUy +bug +cu=€*, u=u(z,t), (5.20)

which can be rewritten as

=1
Ugt + Uy + bug + (¢ — u = 1—1—2511”, u = u(z,t).

n=2

Then, the function P(R) becomes

=1
P(R)=R(1—|a| — [b] - Ic—ll)—ZﬁR"
n=2"

=1+R(2—a| = [b] = [c—1]) e,

which attains its maximum at Ry = In (2 — |a| — |b| — |¢ — 1]). Thus, according to
Theorem the following holds.

Result 5.5. Assume that u(z,0),u(0,t) € H1(A), |a] + |b] + |c — 1] < 1 and

(L + oDz, 0) ][ o, (a) + (1 + lal)[[u(0, D)z, (&) = (0, 0)]
< (2—lal = [b] = e = 1[)(In (2 — |a] — [B] — [e = 1]) = 1).

Then ([5.20) has a unique solution in H;(A?) bounded by Ry.
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