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NONTRIVIAL PERIODIC SOLUTIONS TO SECOND-ORDER
IMPULSIVE HAMILTONIAN SYSTEMS

JOHN R. GRAEF, SHAPOUR HEIDARKHANI, LINGJU KONG

ABSTRACT. Based on variational methods and critical point theory, we study
the existence of nontrivial periodic solutions to a class of second-order im-
pulsive Hamiltonian systems. A unique feature of the approach used here is
that we use a combination of techniques to obtain the existence of multiple
solutions.

1. INTRODUCTION

We wish to give sufficient conditions for the existence of nontrivial periodic
solutions to the second-order impulsive Hamiltonian system

—i(t) + A(t)u(t) = AVF(t,u(t)) + VH(u(t)), ae. te][0,T],
A(uz(tj))sz(ul(tj)), i:1,2,...,N, j:172,...7p, (11)
w(0) — u(T) = u(0) — a(T) =0,

where N > 1, p > 2, u = (uy,...,un), T > 0, A > 0 is a parameter, A : [0,7] —
RY*N s a continuous map from the interval [0, 7] to the set of N x N symmetric
matrices, t;, j = 1,2,...,p, are the instants at which the impulses occur, 0 = tg <
thh < ... < tp < t;DJrl =T, and A(ul(tj)) = ul(tj) — ul(t;) = limt_)t;_r ’U,l(t) —
lim,_,- ;(t). Without further mention, the following conditions are assumed to
hold tilroughout the remainder of this article. The functions I;; : R — R are
Lipschitz continuous with the Lipschitz constants L;; > 0, i.e.,

L35 (51) = Lij(s2)| < Lijls1 — s (1.2)

for every s, s; € R, and I;;(0) =0 for i = 1,2,..., N, j = 1,2,...,p. In addition,
F :[0,T] x RV — R is measurable with respect to ¢ for all u € RY, continuously
differentiable in u for almost every t € [0,7T], F(¢,0,...,0) = 0 for ¢t € [0,T], and
satisfies the standard summability condition

Sup max{|F(-,€)|, [VF(-,§)[} € L'([0,T]) (1.3)
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for any a > 0. Also, the function H : RY — R is continuously differentiable, VH
is Lipschitz continuous with the Lipschitz constant L > 0, i.e.,

IVH (1) — VH(&)| < LI& — & (1.4)
for every &, & € RV,
H(0,...,0)=0, and VH(0,...,0)=0. (1.5)

Assuming that VF : [0,7] x RY — R is continuous implies that condition (T.3)) is
satisfied.

The study of multiplicity of solutions of Hamiltonian systems, as a special case of
dynamical systems, is important mathematically as well as being interesting from
a practical view point since these systems form a natural framework for mathemat-
ical models of many natural phenomena in fluid mechanics, gas dynamics, nuclear
physics, relativistic mechanics, etc. For background, theory, and applications of
Hamiltonian systems, we refer the reader to [9) 28, [35]. Inspired by the mono-
graphs [22] [30], the existence and multiplicity of periodic solutions for Hamiltonian
systems have been investigated using variational methods by many authors; for
example, see [7l 8, 10, 12| 16| 18, 23| 24] 37, 40, 4], 43, [44] and the references
therein.

In recent years, investigating the existence of solutions to impulsive boundary
value problems has become increasingly important due to their role in models of
such things as spacecraft control, impact mechanics, physics, chemistry, chemical
engineering, population dynamics, biotechnology, economics, and inspection pro-
cess in operations research. We refer the reader to [3 [, 15 19, B2] for a general
discussion of impulsive differential equations and their applications. There have
been many approaches used to study existence of solutions of impulsive differential
equations, such as fixed point theory, topological degree, continuation methods,
coincidence degree theory, upper and lower solution methods, and the monotone
iterative method; see, for example, [I} 13, 2T] and references contained therein. Re-
cently, in [2] 26} 36] [39], the authors used critical point theory to study the existence
and multiplicity of solutions of impulsive problems.

Very recently, a great deal of work has been done on the existence of multi-
ple solutions to second-order impulsive Hamiltonian systems. In [6l [34], based on
variational methods and critical point theory, the existence of multiple solutions
to second-order impulsive Hamiltonian systems was established. We also refer the
interested reader to [20, B3] [42] in which second order Hamiltonian systems with
impulsive effects have been examined. In [I4], the present authors used variational
methods and critical point theory to study the existence of infinitely many peri-
odic solutions to a class of perturbed second-order impulsive Hamiltonian systems.
For a discussion of multiple solutions to boundary value problems via variational
methods and critical point theory, we refer the reader to [I1l [I7].

Our results here are motivated by the recent papers [6 11l [34]. We begin by
obtaining the existence of a nontrivial periodic solution by combining algebraic
conditions on F and H. Another result, Theorem [3.14] below, is concerned with the
existence of three periodic solutions. We obtain it by combining the use of algebraic
conditions on the functions F and H to obtain the existence of two distinct solutions
and then applying the mountain pass theorem of Pucci and Serrin to obtain the
third solution. This approach of combining techniques to obtain multiple solutions
of boundary value problems is somewhat unique.
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2. PRELIMINARIES

For a given non-empty set X and two functionals ®, ¥ : X — R, we define the
functions

SUPyecd—1(ry,ry) \I/(u) - \I/(U)

9(ry, = inf ,
(Tl TQ) ve'i'*l{l(rl,rg) To — (I)(U)
o (T ” ) - sup \IJ(U) — SUPyued-1(—o0,r) \I/(U)
\"1,72) —
veE®P~1(r1,r2) (I)(U) —-n

for all r1, o € R with r; < ro, and

\Ij(’l}) - Supu€¢_1(foo,r) \I/(U)

p2(r) = sup
2( ) vEP—1(r,00) CI)(U) -r
for all » € R. We also define the functional Iy : X — R by

I :®— \U.

The following two results are due to Bonanno; they will be used in the proofs of
our main results.

Theorem 2.1 (5, Theorem 5.1]). Let X be a real Banach space, ® : X — R
be a sequentially weakly lower semicontinuous, coercive, and continuously Gateaux
differentiable functional whose Gateaux derivative admits a continuous inverse on
X*, and let U : X — R be a continuously Gateaux differentiable functional whose
Gateauz derivative is compact. Assume there are constants ry, ro € R, 11 < 1o,
such that
19(7“1, ’I“g) < pl(’l“l, T‘Q).

Then, for each \ € (m,m) there exists ugx € ®~1(r1,ry) such that
I\(uo,») < In(u) for allu € ®~(ry,m2) and I} (up») = 0.

Theorem 2.2 ([5, Theorem 5.3]). Let X be a real Banach space, ® : X — R be a
continuously Gateaux differentiable functional whose Gateaux derivative admits a
continuous inverse on X*, and let ¥ : X — R be a continuously Gateaux differen-
tiable functional whose Gateaux derivative is compact. Choose r so that infx & <
r < supyx D, pa(r) > 0, and for each A > p%(r), the functional Iy := & — AU is
coercive. Then, for each A € (p%(r), +00), there exists ug .y € ®~1(r,+00) such that
I\(uo,») < In(u) for allu € @~ (r,4+00) and I§(uop,r) = 0.
We assume throughout that the matrix A satisfies the following conditions:
(M1) A(t) = (aw(t)), k =1,...,N, 1l =1,...,N, is a symmetric matrix with
ag; € L*°[0,T] for any t € [0,T];
(M2) There exists § > 0 such that (A(¢)¢,€) > §/¢|? for any € € RY and a.e.
t € [0,T], where (-,-) denotes the inner product in RV.

Next, we recall some basic concepts that will be used in what follows. Set
E= {u :[0, 7] — RY : u is absolutely continuous,
u(0) = u(T), i € LZ([O,T],RN)}

with the inner product

< »Ez/o [(at), () + (u(t), v(t))]dt.
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The corresponding norm is defined by
T
lulle = / (Ja(t)|* + [u(t)[*)dt  for all u € E.
0

For every u, v € E, we define

T
<= [ 1), 5(0) + (Au(o), ot
0
and we observe that conditions (M1) and (M2) ensure that this defines an inner
product in E. Then F is a separable and reflexive Banach space with the norm
ful| =< u,u =2 for all u € E.

Clearly, E is an uniformly convex Banach space.
A simple computation shows that

N N
(A& ) = Y au®b < Y llawlrel¢
k=1 k=1
for every t € [0,T] and ¢ € RY. Along with condition (A2), this implies
Vmlulle < flull < VM|lulle, (2.1)

where m = min{1,d} and M = max{l,zglzl llaki||oo }, Which means the norm

Il - || is equivalent to the norm || - ||g. Since (E,| - ||) is compactly embedded in
C([0,T),RY) (see [22]), there exists a positive constant ¢ such that
[ufloo < clfull, (2.2)

where ||ullso = maxieo,r) | u(t) | and ¢ = /2 max{ﬁ, VT (see [6]).
For u € E, Au(t) = u(tt) — 4(t~) = 0 does not necessarily hold for every
t € (0,7), and the derivative & may possess discontinuities. This leads to the

impulsive effects.
Next, we define what we mean by a solution of (|1.1)).

Definition 2.3. A function v € {u € E:u € (W'2(t;,t;41)N, j=0,1,2,...,p}
is said to be a classical solution of the problem (1.1 if w satisfies the differential
equation, the impulse relations, and the boundary conditions given in problem ([1.1)).

Definition 2.4. By a weak solution of the problem (1.1)), we mean any v € E such
that

(2.3)

P

305 It )i(t) — A / (VF(t,u(t)), v(t))dt = 0

j=11i=1

/0 [(@(t), 9(1)) + (A@u(t), v(t) = (VH(u(t)), v(1))] dt

for every v € F.

An important relationship between a weak solution and a classical solution of
(1.1) is given in the next lemma.

Lemma 2.5 ([I4, Lemma 2.2]). If u € E is a weak solution of (L.1), then u is a
classical solution of (L.1)).
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In what follows, unless stated otherwise, by a solution of (l1.1) we will always
mean a classical solution. Without further mention, we will assume throughout
that

p N

K:=cQLT+Y Y Lij) <1

j=11i=1
The following proposition is needed in the proofs of our main results.

Proposition 2.6. Let J: E — E* be the operator defined by

), 0(t) + (A)u(t), v(t)) — (VH (u(t)), v(t))]dt

=~
)
N—
(4
I
h
3
=
S

for every u, v € E. Then J admits a continuous inverse on E*.
Proof. Since —L|¢2 < (VH(),&) < LI¢? for every ¢ € RY, and —L;;|s|> <

I;j(s)s < Lij|s|* for every s € R and all i = 1,2,...,N, j = 1,2,...,p, in view of
(2.2)), we have

Ty = [ [(a(e) 0) + (A0, u(6) = (A ute)) )]

p N
+ T3 (ui(t ) )ua(t;)
j=11i=1
p N
> (1-Lr =Y 3 L) ull?
j=1i=1
> (1K) lull®.

Since K < 1, J is coercive. Now for any u, v € F,

> (1 — LT — ¢ EP:ZLM) lu — o2

j=11i=1
> (1= K)|u—of?

so J is uniformly monotone. By [38, Theorem 26.A (d)], J~! exists and is contin-
uous on E*. g
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3. MAIN RESULTS

Our first existence result is contained in the following theorem. For a given
function w € F and a given nonnegative constant r with

1
P 50+ Kl

we set

T
fO max|§|§5(lgy~ )1/2F t 5 dt fO dt
r— 51+ K)|wl?

Uy (1) =

Theorem 3.1. Assume that there exist constants r1 > 0 and ro > 0, and a function
w € FE such that

N 1/2

(A1) (Z5)"? < flwl < (2
(A2) ay(r2) < ayw(r).

Then, for each \ € (a )’ m

tion u* € E such that

i (5)
<X ||u*||2—|—ZZ/ I ds—/ H(u* (£))dt < rs.

j=11:i=1

)1/2

)

) problem (1.1) has a non-trivial periodic solu-

Remark 3.2. In the above theorem, and in the results below, by u* we mean the
vector (uf,ud, ..., ul).

Proof. Choose )\ as in the conclusion of the theorem. To apply Theorem to our
problem, we take X = F and define the functionals ®, ¥, I, : X — R by

T
B(u) *lluH2+ZZ / Iy (s)ds - / H(u(t))dt

j=11:=1

w) :/0 F(t,u(t))dt
I(u) = ®(u) — AP (u)

for every u € X. It is well known that ¥ is a Gateaux differentiable functional
whose Gateaux derivative at the point u € X is the functional ¥'(u) € X* given
by

T
U (u)v = /0 (VE(t,u(t)), v(t))dt (3.1)

for every v € X, and that ¥’ : X — X* is a compact operator. Moreover, ® is a
Gateaux differentiable functional whose Gateaux derivative at the point u € X is
the functional ®'(u) € X* given by

@' (u)o = / [(ae), o(6)) + <(t)u(t)w(t))7<VH<u<t>>,v<t>>}dt

p N (3.2)
153 pAmmIe
Jj=11i=1
for every v = (v1,v2,...,v5) € X. Furthermore, ® is sequentially weakly lower

semicontinuous (see [14]). From (1.4) and (L.5), we have |H(£)| < L|¢|? for all
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¢ € RY. From (L1.2), (2.2)), and the fact that I;;(0) = 0, we have

| —

(1= Kl < ®(u) < 51+ ) Jul?

—~ DN

for uw € X. Condition (A1) together with implies
ry < ®(w) < ra.
From and , for each u € X,
O (—o0,mp) = {u € X : ®(u) < ry}

1
ClueX: 5(1 — K)|ull* <2}

2ry (1/2
- X |lu@)| < e(—=
C {ue X: )] < o 2)
and it follows that
T T
sup U(u) = sup / F(t,u(t))dt §/ max
u€d—1(—o00,rs) u€d—1(—o0,r2) J0 0 [El<e(=%
Therefore,
Supue@*l(—oo,'r'g) \Il(u) - \I/(U))
9 <
(r1,m2) < ro — ®(w)
Ji max o \172 F(t,€)dt — T (w)
< ‘g‘SC(I,K
- ro — ®(w)

1-K

<

for each ¢ € [0, 7]},

fOT maX‘E‘SC( 21y )1/2 F(t,f)dt — fOT F‘(t7 U}(t))dt

- r2 = 3(1+ K)|w|?
= ay(r2).
On the other hand, arguing as before,

\Il(w) - Supue@*l(foo,rl) \Il(u)
D(w) —rq

p(ri,ra) >

L)uz F(t,&)dt
O(w) —rq

[ F(tw(t))dt — [ max

T
N U(w) — [, max|§|§c( ,

- jel<e( 2

ymF@Oﬁ

(L4 K)[lw]|? =y

= ay(r1).

F(t,&)dt.

Hence, from condition (Al), we have ¥(r1,72) < p(r1,r2). Therefore, by Theorem
for each A € (% ﬁ), the functional I admits at least one critical point

Aoy (71) 7 G

u* € X such that r < ®(u*) < ry, that is, u* is a nontrivial local minimum for I

in X.

Since weak solutions of problem (1.1]) are precisely the solutions of the equation

I5(u) = 0 (see (2.3), (3.1), and (3.2)), u* is a weak solution of problem (L.I). In
O

view of Lemma this completes the proof of the theorem.
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The following corollary provides a sufficient condition for applying Theorem
that does not require knowledge of two constants 71, 7o and a test function w
satisfying (A1) and (ag).

Let
Tr—t L3 3

+ —=(T° —t2) > 0,
t2 3t12)( »)
and for a given nonnegative constant 6 and a positive constant 7, with

(1—K)0* # (1 + K)DMn?,

=17 +—(t2+t T+T?) + (t, —t1) +

D =
t1t2 3t2

let

by (6) = fOT max|¢|<q F'(t, §)dt — fttlp F(t,ne)dt
T T - K)6? — LE(1+ K)DMy?

where ¢ = (1,0,...,0) € RV,

Corollary 3.3. Assume that there exist constants 61 > 0, 02 > 0, and n > 0 with

[ %) 1-K
C\/57m<77<?2 msuchthat

(A3) F(t,&) >0 for each t € [0,t1] U [tp, T| and [€] < UL

(A4) by(02) < by(01).
Then, for each X\ € (02 5 (191), 012 3 (92 ) the problem (1.1)) has a non-trivial periodic
solution u* € E such that

ISR S 3y /

Jj=11:=1

/ H(u*(t))dt < - (1K)<9§>2

Proof. Choose 11 = (1 — K)(2)2, ry = 3(1 — K)(%£)?2, and

c

1
2

T+ 50, e fon),
w(t) = ¢ ne, t € [t1,tp), (3.4)
%t, t € (tp, T
Then w € E and ||w|3, = Dn?. By (2.1)),
Dmn? < ||w||* < DMn?, (3.5)

and this together with the condition on n implies (A1) is satisfied. Moreover, since
0<w()< % for each ¢ € [0,T] and (A3) holds, we have

t1 T
ti1 =T
/ F(t, (T+ L t)f)dw/ F( ey )dt > 0. (3.6)
0 tp tp tp tp
Therefore, from (3.5) and (3.6) it follows that
T
J, max 2y 10 F(,€)dt — [T F dt
Ay (re) = (Sl 0 < c2b,7(92)7

r2 = 5(1+ K)lw|?

T T
Jo F(t,w(t))dt — [] max ¢\ .21/ F(E §)dt
3(1+ K)|w|? -

b, (01) <
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Therefore, (A4) implies that (A2) is satisfied. Hence, by Theorem [3.1}the conclusion
of the corollary follows. ([

An easy consequence of Corollary is the following existence result.

Corollary 3.4. In addition to (A3), assume there exist 6 > 0 and n > 0 with
n < %‘/Wﬁfﬂ such that
(A5)
Jy maxig<o F(6Edt 1K [} Pt et
02 A1+ K)DM 0> ’
where € = (1,0,...,0) € RV,
Then, for each

( (1+ K)DMn? (1 - K)6? )
2ft t 778 dt 2c2 fO max|¢|<g F(t f)dt
problem (L.1)) has a non-trivial periodic solution u* € E such that

uj (t;)
O<7Hu ||2+ZZ/ i ( ds—/ H(u*(t))dt < 2(1—1{)(%)2.

j=11i=1

Proof. Choosing 67 = 0 and 6, = 6, we have

C2 2 T
(1 — ) Jo maxie<p F(t,€)dt
by(0) < —— T
T1—K)0? = 12(1+ K)DM?

_ fOT HlaX‘g‘Sg F(t, g)dt

0 K
t
1 " F(t,ne)dt
< - ftl ( n ) an(O).
sc2(14+ K)DM 72

In particular,
T
Jo maxe|<g F(t,&)dt

b,(0) <
o) 1(1-K)6?
The conclusion then follows from Corollary O

Next, we present an application of Theorem [2.2] that will be used to obtain
multiple solutions to problem (|L.1J).

||w||? such that
(B1) [y max;¢<, 20 )1/2 F(t,€)dt < [ F(t,w(t))dt;
(B2) thUP|g|—>+oo ‘5‘2 ) <0 uniformly for t € [0, 7).
Then, for each A\ € (/\,Jroo), where
30+ Kl -
T - T
fO F(t,w(t))dt — fO maxlﬂgc(lg})uz F(t,f)dt

A=
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problem (L.1)) has at least one non-trivial periodic solution @ € E such that

i (t;)
f||u||2+22/ I ( dsf/ H(u(t))dt > 7.

j=11i=1

Proof. Choose A as in the conclusion of the theorem. Taking X and the functionals
® and ¥ as in the proof of Theorem [3.I] we see that all the regularity assumptions
required in T heorem are satisfied. By (B2), there is a constant € and a function
he € LY([0,T]) with 0 < e < 235% such that

F(t,€) < €€ + he(t) forallte[0,T], £ €RY. (3.7)
From the definitions of ® and ¥, (2.2)), (3.3) and (3.7, we obtain

1 2 r 2 r
Inw) > (1= Kl —)\e/o ()| dt—)\/o he (t)dt

1
> 5 (1= K = xee?) Jul = Al go.m)-

Since 1 — K — Xec? > 0, the functional I is coercive. Arguing as in the proof of
Theorem [3.1] shows that

T _ T
Jo F(t,w(t))dt — [] MaX¢| <o

ET}( )1/2 F(t, f)dt

palr) = N+ Kol - .
by (Bl) and (B2). By Theorem [2.2] the functional I, admits at 1eabt one local
minimum @ € X such that £||al|? +30 ZZ 1 Ou‘(tj) I (s)ds — fo a(t))dt >,
and the conclusion follows. (]

The following corollary provides a sufficient condition for applying Theorem
that does not require knowledge of a constant 7 and a test function w satisfying
(B1) and (B2).

Corollary 3.6. Assume that (A3), and (B2) hold and there exist positive constants
\/— < 1 such that

(B3)
T

tp
max F(t, €)dt < / F(t, 7)dt
o l&<o ty

where € = (1,0,...,0) € RV,
Then, for each \ € (N, +00), where

o KDV 1 KI5
. f F(t,ne)dt — fo max|¢ <5 F(t, §)dt

problem (L.1)) has at least one non-trivial periodic solution 4 € E such that

i (t;) 5
||u||2+ZZ/ I ds—/ H(a dt>2( - K)(2)”

j=11:i=1

Proof. Choose 7 = 3(1— K)(g)2 and let @ be as in (3.4) with » replaced by 77. The
conclusion follows from an application of Theorem [
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Next, we point out some results for which the function F' is in factored form. To
be precise, consider the problem

—i(t) + A(t)u(t) = X(#)VG(u(t)) + VH(u(t)), a.ete€]0,T],
A((t) = Ij(wi(ty), i=1,2,....,N, j=1,2,...,p, (3.8)
u(0) — u(T') = u(0) —w(T) =0,
where b € L1([0,T]), b(t) > 0 ae. t € [0,7],b# 0, G € CY(RY,R), G(0,...,0) =0,

and each component of the vector VG : RN — RY is a non-negative continuous
function.

Remark 3.7. Since the first term on the right hand side of the equation in
is nonnegative, any weak solution of is nonnegative. To see this, assume that
the set A = {t € [0,T] : up(t) < 0} is non-empty and of positive measure. Let
o(t) = min{0,ug(t)} for all ¢t € [0,T]. Clearly, v € E. Using the fact that ug is a
weak solution of , we have

p N
+ Z Z Iij (uoi(t))vi(t5)

- )\/ DV G (uo(t)), 5(t))dt.

Thus,

p

0< (1-Lr - Y3 L) /A[(uo(t),uo(t)) (Ao (b), uo ()] dt

j=1 i=1

} (G0 (), (1)) + (A(E)uo (), uo(t)) — (VH (uo(t)), uo(t)) ) dt

p N

—|—ZZ ij qu ’U,Ol(t ) <0.

j=1i=1

Now 2LT + ¢? p -1 ZZ 1Lij < 1,50 ug =0is in A, which is a contradiction.
We will now present some existence results that are consequences of Corollaries

and respectively. For a given nonnegative constant # and a positive
constant 7, with

(1 - K)6? # (1 + K)DMn?,
define
o (0) i 120 OO Jo b(t)dt — G(ne) [ b(t)dt
K 1(1-K)02 - ic2(1+ K)DMn?
where € = (1,0,...,0) € RV.

Corollary 3.8. Assume that there exist constants 61 > 0, 0 > 0, and n > 0 with

0 0, /__1-K
76\/57 <n< 2 DIMA+E) such that

(A6) cn(b2) < cy(61).
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Then, for each \ € (02 %, 612 - (192)), problem (3.8) has a positive periodic solu-
tion u* € E such that

0 ) ul (t5)
Lm0y < L +z§;/ I ds—/H
022
<J0-K)(%2)

c

Corollary 3.9. Assume that there exist constants 6 > 0 and n > 0 with n <

% WEFK) such that
(AT)
max|¢|<p G(€) fy b(t)dt 1K G(ne) [i7 b(t)dt
62 2(1+ K)DM 7 :

where € = (1,0,...,0) € RV,
Then, for each

( (1+ K)DMn? (1- K)o? )
2G(ne) [{7 b(t)dt 2¢2 maxig<q G(€) [ b(t)dt
problem (3.8)) has a positive periodic solution u* € E such that

i (t))
Hu ||2+ZZ/ Iij ds—/ H(u*(t))dt < ;(1-1@(%)2.

j=11i=1

. = _ ) Pl _
Corollary 3.10. Assume there exist constants 8 > 0 and 77 > 0 with vom <1
such that

(B4)

max G(§) b dt<G775/ b(t
lg1<e ty

where € = (1,0,...,0) ERN

: G(¢ )
(B5) hmsuP|§|~+oo HE <0.

Then, for each A € (A, +00), where

: i +K)DM772 - 30 -K)(%)?
= , (3.9)
)ft — maX¢|<p G(&) fo b(t)dt

problem (3.7) has at least one positive periodic solution 4 € E such that

Ui (tJ é 2
||u||2+ZZ/ I ( ds—/ H(a dt>2( K)(E) )
j=11i=1
One consequence of Corollary is the following existence result.
Theorem 3.11. Assume that
ma e
lim 22 GO (3.10)

z—0t ‘l’|2
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Then, for each X € (0, \*), where
1-K sup 62
222 [T b(t)dt 050 maxig < G(E)°

* .

problem (3.8) has a positive periodic solution.

Proof. For fixed A € (0, \*), there exists a positive constant 6 such that
- 1-K 62
2¢2 [ b(t)dt maxig<o G(£)

Moreover, by (3.10)), we can choose 1 > 0 satisfying 7 < %, /WEFK) such that
(1+ K)DM - G(ne)
2\ [[7b(tydt P

where € = (1,0,...,0) € RY. The conclusion then follows from Corollary ([

The following examples illustrates some of our results.
Example 3.12. Take N =1 and consider the problem
u’ () +u(t) = b(t)g(u(t)) + h(u(t)), ae. te]0,3],
A (ty) = Li(ulty), j=1,2, (3.11)
u(0) — u(3) = u/(0) — v/ (3) =0,
where b(t) = e for every t € [0,3], t; = 1, to = 2, g(z) = 1 + 3z|z|e” + 4z|z|5e”
h(z) = $52T, 2t = max{xz,0}, and I;(z) = gz for j = 1,2 for every x € R. It is
casy to see that G(z) = = + |z[%¢”", and

max G
lim 7‘&%3: (©) = +o00.
z—0+ x
Moreover, since ¢ = \f L==,and L; = for j = 1,2, we see that K = 2 < 1.

1

48
Hence, applying Theorem 3.11 for each \ € ( ) I8 T (1+6)) problem ([3.11)) has
a positive periodic solution.

Example 3.13. Let N =2, p=2,T =3,t; = 1,and t5 = 2. Let A : [0,3] — R?*?
be the identity matrix, let G(&1,&) = & + 52 + &t + 163 for all (&,&) € R?,
b € L'([0,3]) be a positive function, I;;(s) = g5s(1+e~*) for all s € R, for i = 1,2
and j = 1,2, and H(E1,&) = iy (3 + 616+ 163) for all (€1,6) € R2. It is clear
that

im M oo
z—0+ x

Moreover, since ¢ = V6, L = #[ and L;; = 9—16 fori = 1,2, j = 1,2, we have
K =22 1 Hence, applying Theorem for each

4V2
242
_ 02
AE (0 4*[ sup );
12 fo t)dt 6>0 MaxX¢|<g (&1 + &+ 368+ 163)

problem (3.8)) has a positive periodic solution.
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Our next theorem is for the existence of three positive periodic solutions to
problem . It is based on Corollaries and We use a combination of
algebraic conditions on the functions G and H that give two local minimums for the
functional Iy, and then we apply the Pucci-Serrin mountain pass lemma to obtain
the third solution.

Theorem 3.14. Let (B5) hold and assume there exist constants 6 > 0, n > 0,
0 >0, and 7 > 0 with

DM(1+ K —
%T}<0§0<chmﬁ

such that (A7) and (B4) hold. If

maxjej<q G(€) Jo b(O)dt _ 1= K maxig<p G(€) Jo b(t)dt — Glire) [ blt)at
0? 2¢? 11 - K)(9)2 - L1+ K)DMi?
(3.12)
where € = (1,0,...,0) € RN, then, for each

e (max{x (1+K)tDM772 } (1—K)(%); )
2G(ne) [,7 b(t)dt? 2maxgj< G(€) [, b(t)dt

where \ is given in (13.9), problem (3.8)) has at least three positive periodic solutions.

Proof. First we observe that ([3.12) implies A # @. Fix A € A. Using Corollary
we obtain the first positive periodic solution u* as a local minimum of the
functional I with

w} (t;) )
Hu ||2+ZZ/ Iij( ds—/ H(u dt<;( K)(g).

Jj=1i=1

Corollary [3.10] guarantees a second positive periodic solution @ with
wilt) 1 0
2 2
>l ?i? [ o [ > 0w

The mountain pass theorem of Pucci and Serrin ([27]) then ensures the existence
of a third positive periodic solution. [

As a consequence of Theorem we have the following result.

Theorem 3.15. Assume that
max|e¢| <, G(£)

lim sup = +o0, 313
o]0+ |z (3.13)
~ G(§)
lim sup =0, (3.14)
|§]—+o0 €17
\/— < 7] such that
maxje < G(€ fo 1Kk G [ b(t)dt

(3.15)

2(1+ K)DM ﬁ2
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where ¢ = (1,0,...,0) € RN. Then, for each
( (1+ K)DMi? (1— K)f? )
— J T
2G(7e) [,7 b(t)dt  2¢? max ¢ <5 G(§) [y b(t)dt
(3.8) has at least three positive periodic solutions.

Proof. We can easily observe from (3.14)) that (B5) is satisfied. Moreover, by choos-
ing n small enough and 6 = 0, we see that (3.13)) implies condition (A7) holds, and
(3.15) implies (B4) and ([3.12)) hold. We thus have the conclusion of the theorem. O

In conclusion, we would like to mention that we believe that this approach of
combining techniques to obtain multiple solutions of boundary value problems, with
or without impulses, will prove to be a valuable strategy.

Future research. One direction for future work would be to extend the results
here to the case where the right hand side of the equation in is not continu-
ous. In this regard, we refer the reader to the paper of Molica Bisci and Repovs
[25]. Another possibility is to consider the situation where the equation in is
replaced by an inclusion.

Acknowledgments. This article was written while the second author was visiting
The University of Tennessee at Chattanooga.
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