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S-ASYMPTOTICALLY w-PERIODIC SOLUTIONS FOR
ABSTRACT NEUTRAL DIFFERENTIAL EQUATIONS

MICHELLE PIERRI, DONAL O’REGAN

ABSTRACT. In this article we study the existence of S-asymptotically w-pe-
riodic solutions for abstract neutral functional differential equations recently,
introduced in the literature. An application involving a partial neutral differ-
ential equation is presented.

1. INTRODUCTION

In this work we study the existence of S-asymptotically w-periodic solutions for
a class of abstract neutral differential equations of the form

u'(t) = Au(t) + f(t,ue,uy), t€[0,00), (1.1)
ug = € B, (1.2)

where A : D(A) C X — X is the infinitesimal generator of an analytic semigroup of
bounded linear operators (T'(t));>o defined on a Banach space (X, || -||), the history
us belongs to an abstract Banach space (B, || - ||g) defined axiomatically, u} denotes
the derivative at ¢ of the function s — ug and f(-) is a suitable function.

The neutral system f was introduced recently by Herndndez and O’
Regan [21]. As pointed out in [21], the study of the existence of solutions for this
class of problems via semigroup methods and fixed point techniques is highly non-
trivial since the temporal derivative of the solution appears in the integral equation
used to define the concept of mild solution of 7, see Definition As a
consequence, it is necessary to work on spaces of differentiable functions which is a
complex problem under the semigroup framework.

To the best of our knowledge, the paper [21] is the first and only work treating
neutral problems described in the abstract form f. On the current state
of the theory of abstract neutral differential equations we cite [I} [7, (10, [T, [T5] [I6],
17, (18] [19], 20, 22], 23], B3] and the references therein.

The concept of S-asymptotically w-periodic was introduced recently in the lit-
erature, see [I3] [I4]. We note that a continuous function u(-) defined on [0, 00) is
said to be S-asymptotically periodic if there exists w € R such that lim; o [f(t +

w) = f(t)] = 0.

2010 Mathematics Subject Classification. 34K30, 34K40, 34K14, 35B15, 47D06.
Key words and phrases. Neutral equation; S-asymptotically w-periodic function;
analytic semigroup; strict solutions; partial delayed differential equation.

(©2015 Texas State University - San Marcos.

Submitted January 30, 2014. Published August 10, 2015.

1



2 M. PIERRI, D. O'REGAN EJDE-2015/210

For qualitative properties of S-asymptotically w-periodic functions, we cite [13]
28, [14]. Concerning the problem of the existence of S-asymptotically w-periodic
solutions for differential equations, we cite [8], 12}, 311, [32] 34] for ordinary differential
equations on finite dimensional spaces and [4] [5] [6, T3], 14] for ordinary differential
equations defined on abstract Banach spaces.

The abstract problem (L.1)-(L.2) arises, for example, in the theory of heat con-
duction in fading memory material. In the classical theory of heat conduction, it
is assumed that the internal energy and the heat flux depends linearly on the tem-
perature u(-) and on its gradient Vu(-). Under these conditions, the classical heat
equation describes sufficiently well the evolution of the temperature in different
types of materials. However, this description is not satisfactory in materials with
fading memory. In the theory developed in [9]29], the internal energy and the heat
flux are described as functionals of u and w,. The next system, see [2] [3 25], has
been frequently used to describe these phenomena,

t

%(u(t,x) + /_Oo k1(t — s)u(s,z)ds) = cAu(t,z) + /_Oo ka(t — s)Au(s, x)ds,

u(t,z) =0, =z €.
(1.3)
In this system,  C R"™ is open, bounded and has smooth boundary, (t,z) €
[0,00) x Q, u(t,x) denotes the temperature in x at time ¢, ¢ is a physical constant
and k; : R — R, i = 1,2, are the internal energy and the heat flux relaxation
respectively. If we assume that k; = 73 + 72 and the solution u(-) is known on
(—00, 0], we can study the above system via the initial-value problem

i(u(t,x) + / 7 (t = s)u(s, z)ds)

dt e

= cAu(t,z) + /_ ka(t — s)Au(s, z)ds — /_ Ya(t — s)u'(s, x)ds, (14)

u(s,z) = ¢(s,x), s>0,z€Q,

which can be represented in the abstract form 7. For additional appli-
cations and examples on neutral differential equations we cite our recent papers
[18, 21] and the references therein.

Next, we include some notations, definitions and technicalities. Let (Z, | - ||z)
and (W,| - |lw) be Banach spaces. In this paper, £(Z, W) denotes the space of
bounded linear operators from Z into W endowed with the norm of operators
denoted | - ||z(zw) and we write £(Z) and | - ||z(z) when Z = W. We use the
notation Z — W to indicate that Z is continuously included in W.

Let I € R. As usual, C(I; Z) is the space formed by all the bounded contin-

uous functions from I into Z endowed with the sup-norm denoted by | - [lc(1,2)
and C*(I;Z) the space formed by all the functions v € C(I;Z) such that v’ €
C(I;Z) endowed with the norm |lullci(r.zy = llullerz) + |Wlleuz). In addi-

tion, C7([0,00);Z) (with v € (0,1)) is the space formed by all the functions
€ € C(]0,00); Z) such that

1€(s) = @)z
f ,00); = sup
| ]Cv([o )i2) t,s€[0,00),t#s |t —s |7
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is finite, provided with the norm [[€[[cv((0,00):2) = [l (io.00yz) T [ElC7((0,00):2)
The notation C**7([0,00); Z) is used for the space of all the differentiable func-
tions £ € C7([0,00); Z) such that £ € C7([0,00);Z) endowed with the norm
I1€llcr+(0,000:2) = 1€l (0,000 2) + 1€l ((0,00):2) -

From [13] we note the following concept.

Definition 1.1. A function f € C([0, 00), Z) is said to be S-asymptotically periodic
if there exists w € R such that lim;,o[f(t + w) — f(¢)] = 0. In this case, we say
that w is an asymptotic period of f(-) and that f(-) is S-asymptotically w-periodic.

Here SAP,(Z) denotes the space formed by the Z-valued S-asymptotically w-
periodic functions provided with the norm || - || ((0,00);2)-

In this article, A : D(A) C X — X is the generator of an uniformly stable
analytic semigroup of bounded linear operators (T'(¢)):>o on X and v, C;, i € N,
are positive constants such that

i Cie 7t
ATy < &
for all t > 0 and each ¢ € N. For 3 > 0, we represent by Xz the domain of
the fractional power (—A)? of —A endowed with the norm |z|/5 = ||(=A)?z|. In
addition, for 3 > 0 we assume that Cz > 0 is such that

Cpe 7t
AT )l xsx) < ﬂtﬁ , Vt>0.

The notation D 4(n,o0), n € (0,1), stands for the space

Da(n,50) = {2 € X : [tlyoe = sup |17 AT (2] < oo},
te(0,1)
with the norm ||z||;),00c = [#]y,00 + ||2]| and we assume that for all k € NU{0} there
exits a constant C} , such that

ot
A TOllccpatnonnx) < 28
for all £ > 0. For additional details on analytic semigroups and interpolation spaces
we cite [26].
In this article, (B, || - ||g) is a Banach space formed by functions defined from a
connected interval {0} C J C (—o0,0] into X, satisfying the following conditions.
(Al) f z: (J+{o})U[o,0+b) — X, b>0, 0 €R, is continuous on [0, + b)
and z, € B, then for every t € [o,0 + b) the following conditions hold:
(i) the function s — x4 belongs to C([o, 0 + b), B),
(i) =) < Hllzlls,
(iil) ||zellp < K(t — o)sup{||z(s)|| : 0 < s < t} + M(t — 0)||xs||5, Where
H > 0 is a constant; K, M € C(]0,00); R") and H, K(-), M(-) are
independent of z(-).
(iv) If (¢¥™)nen is a sequence in C(J,X) U B and ¥™ — 1 uniformly on
compact subsets of J, then ¢ € B and ||[¢" — ¢||g — 0 as n — oo.
Remark 1.2. For 8 > 0, we represent by Bg the space Bg = {(—A) Py : ¢ € B}
endowed with the norm ||¢||z, = [|(—A)’¢||5,. We note that By verifies the axiom
(A1) with X3 in place X.

Remark 1.3. In the remainder of this paper, to simplify, we assume that /C > 0
is a constant such that max{K(¢), M (t)} < K for all t > 0.
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From from [2I] we note the following result. In this result, P, is the function
defined by P, (t) = u;. We will use this notation for the remainder of this article.

Lemma 1.4. Ifu € C'(JU[0,b]; X), then P, € C'([0,b]; B) and 4P, (t) = Pay (t)
for all t € 10,0].
This article has three sections. In the next section we study the existence of

S-asymptotically w-periodic strict solutions for the problem (1.1))—(1.2]). In the last
section, an application involving a partial neutral differential equation is presented.

2. EXISTENCE RESULTS

In this section we study the existence of S-asymptotically w-periodic strict solu-
tion for the abstract neutral problem 7. To prove our results, we consider
the following conditions.
(H1) There are o € (0,1), 8 € (0,1] and functions f; € C*([0,00); L(Bg, X)),
f2 € C%([0,00); L(B, X)) such that f(t,¢1,v2) = fi(t,¢1) + fa(t,92) for
all ¢t >0, wleB,g and ¥, € B.

(H2) There is a Banach space (Y, || - |ly) — (X, - |), a integrable function
H € L'([0,00);RT), a continuous function Ly € C([0,00); R") and w > 0
such that f € C([0,00) x Bg x B;Y), | AT (s)||z(v,x) < H(s) for all s > 0,
and

1f(t, 41, C1) — f(t, 02, Q)Ily < Ly(t)(Io1 — 2llss + 1€ — C2llB), (2.1)
for all ¥; € B, (; € B,i=1,2, and every t > 0.
(H3) There is a Banach space (Y, || - |ly) < (X, ]| - ||), such that the function f(-)
belongs to C([0,00) x Bg x B;Y) and f(-) is uniformly S-asymptotically
w-periodic on bounded sets; that is,

lim sup 1 f(t+w,,8) — f(t, 4, &)y =0.

E=0 s, <rliglls<r
To prove our results, is convenient to include some comments on the problem
u'(t) = Au(t) + £(t), tel, (2.2)
u(0) =z €X, (2.3)
with I = [0,a] or I = [0,00) and £ € L*(I; X). We note that the function v : I — X

given by u(t) = T'(t)z + fot T(t — s)&(s)ds is called a mild solution of (2.2)-(2.3]) on
I and that a function v € C(I; X) is said to be a strict solution (2.2)-(2.3) on I if

ve CHI; X)NC(I; X1) and v(-) satisfies (2.2))-(2.3).
The proof of Proposition is similar to the proof of [26, Theorem 4.3.1]. We
include some details of the proof for completeness.

Proposition 2.1. Assume £ € C*([0,00); X), x € X1 and Az +£(0) € Da(w, 00).
If u(-) is the mild solution of [2.2)-[2.3) on [0,00), then u(-) is a strict solution,
u € C*([0,00); X1) and
¢
u'(t) = AT (t)x + / AT(t — s)(&(s) — &(t))ds + T(¢)E(t), Ve>0. (2.4)
0

Moreover,

Cl.a
[u] e ((0,00):x1) < - Az + £(0)]a,00 + All€llca ((0,00):) 5 (2.5)
«
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Cla
[1'] e ([0,00);x) < %\\Aﬂ? +£(0)[la,00 + (A + D)€l o ([0,00)5x) 5 (2.6)
llullc(jo,00):x1) < CollAz]| + Ar[€]ca((0,00):x) + A2ll€ll (0,000 %) 5 (2.7)
4[| ¢ (j0,00);x) < CollAz|| + Ar[E]ca(jo,00);x) + (A2 + D)€l c(o,00)ix),  (28)
where A = (201 +3Co + 1+ 552 a)) A = C’l(; + 1) and Ay = (Co +1).

Proof. Let T > 0. From [26, Theorem 4.3.1] we know that uj, ., is a strict solution
of the problem (2.2)-(2-3) on [0, T], u € C*([0,T]); X1) and that the representation
is valid on [0, T]. Moreover, a review of the proof of [26, Theorem 4.3.1] permit
us to assert that

2C C!
(0)[|a,00 + (71 +3Co+1+ ﬁ)[ﬁ]oa([o,T];X).

[U]C“([O,T];Xl <

From the above, we infer that u(-) is a strict solution of the problem (2.2))-(2.3)
n [0,00), the representation (2.4) is satisfied on [0,00) and (2.5)) is valid with
A (2C1 +3Cy+1+ a(l ) In addition, from the representation

t
Aut) =T Ao+ [ AT(t = 5)(&(s) - E(0)ds + (T(0) ~ DED),
0
it is easy to see that
1 1
[ullc(0,00);x:) < CollAz|| + Cl(; + E)[f]Ca([o,oo);X) + (Co + D€l ((0,00):x)>

which establish (2.7)). Finally, from (2.5 and (2.7, and the fact that u(-) is a strict
solution we obtain (2.6) and (2.8]). This completes the proof. d

For completeness, from [21I] we quote the followings result.

Lemma 2.2. Assume the condition (H2) is satisfied, © € X1 and £ € C([0,b];Y).
Then, the mild solution w(-) of - is a strict solution and

w'(t) = T(t) Az + /0 AT (t — s)&(s)ds +&(t), Vtel.

Remark 2.3. In the remainder of this paper, for v € C(J U [0,00); Xg), v €
C(JU[0,00); X) with ug € Bs and vy € B, we use the notations P,, P, and fy .
for the functions P, : [0,00) — B, P, : [0,00) — Bg and fy, : [0,00) — X given
by Py (t) = ve, Pu(t) = up and fo, o (¢) = f(¢, ug, ve).

By considering the above remarks, we adopt the following concepts of solution.

Definition 2.4. A function v : J U [0,00) — X is called a mild solution of the
abstract problem (L.1)-(1.2)) if up = ¢, P, € C([0,00); B) N C([0, 00); Bs) and

u(t) = T(t)p(0) +/0 T(t— 8)fuun(s)ds, Vte][0,00).

Definition 2.5. A function u : J U [0,00) — X is said to be a strict solution
of (LI)-(L.2) 1f P € C1([0,00); B) N C([0,00); Bg), u € C([0,00); X1) and u(-)

satisfies (1.1])—

Next, we include some results on S-asymptotically w-periodic functions. In the
next results, (Z,] - ||z) is a Banach space.



6 M. PIERRI, D. O'REGAN EJDE-2015/210

Lemma 2.6. Assume (Z,||-||z) — (X,|- ), v € C(JUI0,00); Z) and up € B. If
u{[o o0y € SAP,(Z) and M(t) — 0 as t — oo, then P, € SAP,(B). Similarly, if

(Z,]z) = (X, |1 ), w € C(TU0,00); Z), wo € By, w|, , € SAP,(Z) and
M(t) — 0 as t — oo, then P, € SAP,,(Bg).

Proof. We only prove the assertion involving the space X. Let iz x : Z — X be
the inclusion map from Z into X. For 1 > € > 0 there exists L. > 0 such that
lu(t + w) —u(t)||z < e and M(t) < e for all t > L.. Then, for t > 2L, we obtain

”Pu(t + w) - Pu(t)”B
= |lutyw —utls
<Mt —Le)|lu,_lls + Klliz x|l ciz,x) sup [u(s +w) —u(s)|lz

< M(t — Le) (M(Le)|uollg + Klliz x| 2cz.x)lullco,00):2)) + Klliz,x l(z,x)€
<e(elluolls + Klliz,x ez, x) lulleo,c0)z) + Klliz,x ez x)),
which implies that lim;_o [|Pu(s +w) — Pu(s)|lz = 0 and P, € SAP,(B). O
Lemma 2.7. Assume Q € C([0,00); £(Z,X))NL([0,00); £L(Z, X)), v € SAP,(Z)

and let u : [0,00) — X be the function given by u(t) = fot Q(t — s)v(s)ds. Then
u € SAP,(X).

Proof. From Bochner’s criteria for integrable functions and the estimate

t
Ju(®)]| < /O 19t = )l cz.x) vl zds < 1QlL1(10.00).£2.x)) IV | c(10,00):2).

it follows that v € C([0, 00); X). On the other hand, for € > 0 given there is L, > 0
such that [[v(s+w) —v(s)|lz < e and || Q|11 (L. ,0),(z,x)) < € for all s > L.. Then,
for t > 2L, we obtain

[u(t +w) = u(®)]]

< / 19t +w — 8)ll ez lo(s) | zds
0
t
+ [0 = ez llols + ) = o) zds
0
t+w
< Jolleqoseyz) / 19(5)ll2(z.x)ds
t

L. t
- 2ulleqomez) / 10t — ) lezxyds + ¢ / 1Q(t = )| c(zx)ds
0

< vlleqo,00):2) 19l L1 (1L 00)s(2,x)) T 2l0l c(10,00):2) | QN L1 (L. 00):2( 2, %))
+ e[| Q| L1 (j0,00)5(2, x))
< eBllvlleqo,00):2) + 1Rl L1 (0,00)52(2,x)) )

which implies that lim;_, oo [u(s + w) — u(s)] = 0 and u € SAP,(X). O

In addition to the above, from [I3] we note (without proof) the following corol-
lary.
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Corollary 2.8 ([13, Corollary 3.2]). Let w : [0,00) — Z be a S-asymptotically w-
periodic function and assume that w' is bounded and uniformly continuous. Then
w’ s S-asymptotically w-periodic.

We include now some Lemmas on a-Hélder functions. We omit the proofs.
Lemma 2.9. Assume that u € C*([0,b]; X), v € BN C*(J; X) and u(0) = ¢(0).
Let v be the function v : JU[0,b] — X given by v = ¢ on J and v = u on

[0,0]. Then v € C*(JU[0,0); X) and [v]ca(supp:x) < [Wloa(r.x) + [ulca(op:x)-
Moreover, the assertion is valid replacing X by Xg.

Lemma 2.10. Assume that the condition (H1) is satisfied, z € C*([0,00); Bz) and
w € C*([0,00);B). Then fi1(-,w(-)) € C*([0,00); X), fal-,w(:)) € C*([0,00); X)
and
[f1(5 2)]ca(0,00):x) < [f1lce((0,00):2(85,3) 12l C(10,00):85)
Fllfrlleqocoews xpleloe(o,00:80),
[f2(s w)] g (0,00):x) < [f2lea((0,00);:2(8,x)) [wlle(o,00):8)
+ 1 f2lleo,00);:2(8,%)) [W]c ((0,00):8) -

We can establish now our first result on the existence of an S-asymptotically
w-periodic strict solution for (1.1)—(1.2). Next, A, A; and Ay are the constant in
Proposition and ¢ : JU[0,00) — X is the function given by ¢(t) = o(t) for
t € Jand ¢(t) =T(t)e(0) for t > 0.

Theorem 2.11. Assume (H1) is satisfied, C(J; X) — B, M(t) — 0 as t — oo,
f1 € SAP,(L(Bg, X)) and fo € SAP,(L(B,X)). Suppose that the function ¢(-)
belongs to C'(J; X) N C*(J; Xg), (0) € X1, 2(0) = Ap(0) € Da(a, ),
£0,0,¢") =0, Py € C1*([0,00); B) N C([0,00); By) and

E=K[(K+1)(AA+1) + A(A1 + A2) +1]O(f1, f2) < 1,
where

O(f1, f2) = If1llea(o,00)255,%0) + 1 f2ll 0 (10,0008, %))
and A = ||[A7Y| + [[(=A)P~Y|| + 1. Then there exists a unique S-asymptotically
w-periodic strict solution u € C*T*(JURT; X) N C(JURT; Xg) of (LI)—-(L.2).
Proof. Let Y = C1T*(JURT; X)NC*(JURY; X3) endowed with the norm | - ||y
given by || [[y = || - lcr+asurt;x) + | - le(sur+;x,) and & be the space
S={uey: u‘[o o) € SAP,(X), P, € C*T*([0,00); B) N C*([0,00); Bs)}, (2.9)

endowed with the metric

(I)(u,’u) = ”Pu - PUHCH“([O,OO);B) + ”Pu - PvHC“([O,OO);Bﬁ)'

Let T be the map I' : & — & given by (T'u)g = ¢ and

Tu(t) = T(t)p(0) +/0 T(t—s)fuu(s)ds, t>0, (2.10)

where f, v :[0,00) — X is the function defined by fy, ./ (t) = f(t, s, uy).
In the remainder of this proof we show that I' is a contraction on &. To this
end, next we assume that u,v € &.
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Step 1. Tuy, , € SAP,(X)NC*([R*;X;) and T'u € C'**(JURT; X) N C*(J U
RY; Xj).

From the definition of )} we have that «'(-) is uniformly continuous on [0, c0),
which implies via Corollary that v € SAP,(X). Moreover, from Lemma
and Lemma we infer that f; o P, and f o P), belong to SAP,(X) and from
Lemma (with Q(s) = T'(s) and Z = X)) we obtain that I'y), =~ € SAP,(X).

On the other hand, from Lemma [2.10] we have that f, .. € C*([0,00); X) which
implies via Proposition that Tu, ., € C*([0,00); X1) N C1(]0,00); X) N
C%([0,00); X3) and

)

(L] g (j0,00):x7) < C;’a [A@(0)[la,00 + Al fu,ur] o (0,000 %) (2.11)
ITullc(o,00):%1) < CollAp(0)]] + (A1 + A2)|| fu,ur o (0,000 %) 5 (2.12)
(CuYJen ooy € 2 | Anllo o+ A+ Dlfuwlongoorsy  (213)

[(Tw) le(o,00):x) < CollAp(0)|| + (A1 + Ao + )| fuw loa(o,00)x)s  (2.14)
ITulloqo.000:xs) < (=4 ITulle (0,001 (2.15)
[Culoe o,00):x5) < (=A)7H[[Pul e (0,00):1) (2.16)

Moreover, by noting that (T'u)’(0) = Ap(0)+ fu,w (0) = Ap(0) = ¢'(0) and T'u(0) =
©(0), from the properties of the function ¢ and Lemma we infer that T'u €
CHe(Ju0,b]; X) N C(J U0,b]; X5), which completes the proof of this step.

Step 2. Pr, € C'*2([0,00); B) and

[Pro — Prolce o) < KK+ DIATMAfuu — forrloe(o,00):x)s (
I1Pru = Prolleqop:s) < KIATHIAL + A2) || fuwr — o lloa(ooyix), (218
[(Pra)" = (Pro)]ee oz < KK+ 1)(A+ 1) [fuw — forloe(oe)x),
1(Pra) = (Pro)lleqops) < KA1+ Az + D)l fuur = fourllcao,cx)- (
From the properties of the space B it is easy to see that Pr, € C([0,00);B). To
show that Pr,, € C*([0,00); B) is convenient to estimate ||Pr,(t) — ¢| 5. By using
the properties of Pj, for ¢ > 0 we obtain
[ Pru(t) — ¢llB
< [[Pru(t) = Pa(t)lls + |1P5(t) — #lls

< K sup [[Tu(s) = @(0)]| + K sup [15(0) = G(s)]| + t%[Pglcea (0,058
s€[0,t] s€[0,t]

< t*K[Cu]ca(j0,00),x) + 1" (KH + 1)[Pglce (j0,00):8)-

From this estimate, for ¢ > 0 and h > 0, we see that

[1Pru(t + h) = Pru(t)|5

S Kl[Pru(h) —¢lls + K s [Tu(s + h) — Tu(s)]|
s€[0,t

< K?h~ [Fu]ca([opo);x) + h*K(KH + 1)[P[ﬁ]ca([0’oo);6) + Kh® [Fu]ca([o’oo);X)7

which implies that
[Prulce(0,00):8) < KK + 1)[T'u]ca((0,00):x) + K(IKH + 1)[Pglca(o,00):8), (2:21)
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and Pr. € Ca([O OO) B) since [Fu]ca([o o)X) S ||A71||[F'U;]Ca([0 0);X1) < Q.
Moreover, by noting that I'u — I'v is the mild solution of (2.2)-(2.3) with # = 0 and
&€ = fuu — fv,ur, from the above remarks, the estimative 1_} and Proposition [2.

we infer
[Pru — Prolca(0,00)8) < K(K 4 1)[Fu = T'v]ca(j0,00); %)
< KK+ DA [Cu = Tv]ea((0,00):x1)
<K+ DIAT A fuwr = foor]on(0,00):)s
which establish the estimate (2.17)).

Proceeding as above, we also can prove that (Pr,)" € C*([0,00); B). Since ¢’ € B
and (T'u)j = ¢’ (note that (I'u)’ (0) = Ap(0) + fu.w(0) = Ap(0) = ¢’(0)), from the
properties of B and the estimate (2.14]) we obtain that (Pr,)" € C([0,00); B). In

addition, for ¢ > 0 it is easy to see that
[ Pray () — ¢'llB < t*K[(Tw) | ¢ (j0,00):x) + 14 (KH + 1)[Ppr]ca(o,00)8)-  (2.22)
Using this estimate, we have that
||P(pu)/(t + h) — P(pu)/(t)HB

< Kl[Pruy (h) = ¢lls + K sup [(Tw)' (s + h) = (Tu)' (s)]]
s€(0,t

< K(hK[(Tu) e ((0,00):x) + D (KH + 1)[Pg]ca((0,00):8))
+ Kh*[(Tu) ] ca (0,000 )

< h*K(K 4+ 1)[(Tu)’ ]Ca([O,oo);X) + h*K(KH + 1)[P§5/]Co¢({0700);3)))

which implies
[Pruy] oo (10,00):8) < KIK+1)[(Tu) ] o ((0,00):x) FRIKH+1) [Pyr] ¢ ([0,00):8)s (2-23)
and P,y € C“([O,oo),B) since [(I'u)']ca(jo,00);x) 18 finite. This completes the
proof that Pp,, € C17([0,00); B). Proceeding as above, we also note that
[Pruy — Proylee(0,000:8) < KK+ 1)[(Tu)" = (T) e (j0,00):x)
< ’C(IC + 1)(A + 1)[fu,u’ - fv,v’]C“([O,oo);X):

which establish (2.19)).
Concerning the estimate (2.18)), from Proposition we have

HPFu(t) - Pl"'u(t)HB

<K sup |[Tu(s) —Tv(s)]
s€[0,t]

< KA sup [[Tu(s) —To(s)]|x,
s€0,t]

< KNATH(AL fuywr — Foorlce(o,00):x) + A2l fuswr = forlle(o,00):3))s
which proves . Finally, from the estimate
1(Pra)" = (Pro)'lleqo.01:8)
< K[|[(Tw)" = (T) leo,e:x)
< K(ITu — Tl egop)x) + | fuw = forllco,e0);x))
S K(AL[fuw = fovlee(o,00):x) + A2l fuur — forlleo,00):x))
+ Kl fu,ur = fovllc(0,00):%)
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we obtain ([2.20]).
Step 3. The function Pr,, belongs to C*([0, c0); Bg) and

1Pru = Prolleqom:ss) < KI(=A) (A + A2l fuswr = Forllow(o,000:x))s (2:24)
[Pru — Prolea(osss) < KK+ DA A fuw = fowrlon(oeeyx).  (2:25)
From Proposition [2.1] it follows that
| Pru — Prolleop:ss) < KllTu —Tvllcgo,p;x,)
< KlI(=A)"HITu = Tolleo,p:x)
< KN(=A) (A1 + A2 fuur = Foor llom (f0.00):)
which establish . Concerning we note that

| Pt + ) = Pry(t + 1) = (Pra(t) — Pro ()5,
< KllBru(h) = Pro(®)l, + K sup [[Fu(s + ) = Pu(s + ) = (Cu(s) = Pus)ls

< K? sup [Pu(s) — Tu(h) — (Tu(0) — Tu(0))]l5

s€[0,h]
+ K sup |Tu(s+h) —Tu(s+ h) — (Tu(s) — T'u(s))||s
s€0,t]
< K2|(=A)°7H sup |[Tu(s + k) —Tu(s + h) — (Cu(s) — Tu(s))|.x,
s€0,t]
+Kl(=A)"7| sup [[Tu(s +h) = Tu(s + h) — (Tu(s) — Tu(s))| x,
s€0,t]

< KK+ DI(=A)H[Pu = Tu)ca (0,001
which, via Proposition 2.1} implies
[Pru = Prolox(o.:85) < KK+ DA A fuwr = foorlon(o.00):x)-

From Steps 2 and 3 we obtain that ®(I'u, 'v) < E®(u,v) which proves that I' is a
contraction on &. Finally, from the contraction mapping principle and Proposition
[2.1] we infer that there exists a unique S-asymptotically w-periodic strict solution

uwe CT(JURT; X)NC(JURT; X3) of the problem (1.1)—(1.2). O

In the next theorem we prove the existence of a strict solution via the conditions
(H2) and (H3). In this result, Y is the space in condition (H2) and iy x denotes
the inclusion map from Y into X.

Theorem 2.12. Assume the conditions (H2) and (H3) are satisfied, C(J; X) — B,
M(t) — 0 ast — oo, p € CYHJ;X) N Bg, »(0) € Xy, d;—;"(O) = Ap(0) and
f(0,0,¢") = 0. Suppose, in addition, there are 11 € Bg and o € B such that
f(11,12) € C([0,00);Y) and

© = K(||(—A) M+ DIIH * Lyl o (o,00)%+)

. Co (2.26)
+ IC”Lf”C([O,oo);R*')||ZY,X||L(Y,X)(7 +1) <1,

where H + L (t) = fot H(t—s)Ls(s)ds. Then there exists a unique S-asymptotically
w-periodic strict solution u € CH(JURY; X)NC(JURT; Xg) of (1.1)-(1.2).
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Proof. Let & = C*(JU[0,00); X) N C(JU[0,00); Xg) and

F={ues: u|[0 Oo),u’|[ooo) € SAP,(X),P, € C([0,00); Bg) N C([0,00); B)},

endowed with the metric ®(u,v) = ||Pu — Pullc1(j0,00):8) + |Pu — Pullc((0,00):85)-
Let I : § — § the map defined in the proof of Theorem [2.11] Next, we show that
I" is a contraction on §. To begin, we show that I' is a well defined function from
§ into §. In the remainder of this proof we assume that u,v € §.

By noting that f, . € C(]0,00);Y), from condition (H2) it is easy to see that

I(=A)"Tu(®)]
< Coe " [I(=4)70(0)] + II(—A)B_III.c()q/0 AT (t = $)ll cv,x) [ fuw (8) v ds

< Coe (=) (0)[| + (=47 20 s lle 0,000 1 21 0,00,

which implies that T'u € C(J U [0,0); Xg) and Pr,, € C([0,00); Bg) since ¢ € Bg.
Moreover, from Lemma we have that T'u is continuously differentiable and

ITw) Ol < e 1AL + [l fu,ur 0,000 (H | 21 (0,00),2+) + 1),
which shows that (I'u)’ € C([0, 00); X). In addition to the above, from Lemma[T.4]
the compatibility condition ‘Z—;"(O) = Ap(0)+ (0,0, ¢") = Ap(0) and the fact that

(Tw)'(t) = AT (t)¢(0) +/0 AT (t = ) funr (8)ds + f(t,ug,uy), YVt >0,

we infer that Pp, € C*([0,00); B) and (Pru) = Pruy -
To complete the proof that I' has values in §, it remain to prove that the functions
Fu‘[o 00) and (Fu)’|[0 00) belong to SAP,,(X). From Lemmawe have that P, €

SAP,(Bg), Pw € SAP,(B) and from the conditions (H2) and (H3) is casy to

show that f(-,Pu(-),Puw () € SAP,(Y). In addition, by using Lemma with

Z = X and Q(t) = T(t) we obtain that Tu € SAP,(X). Moreover, arguing

as above, but using Lemma with Z = Y and Q(t) = AT(t) it follows that

(I‘u)"[opo) € SAP,(X). This completes the proof that T' is a F-valued function.
On the other hand, for u,v € §F and t > 0 we obtain

t

[Tu(t) = To®)]s < ||(—A)ﬁ_1\|/O AT = 8)lleevx) Ly (s)@(u, v)ds,
and hence,

10w — Tolleqomes) < (=AY IIH * Lillcqomymn ®w,v).  (2.27)
Similarly, from the inequality

ITu(t) = To(®)]| < Co /Ot e 7 iy x ey, I fur (8) = fowr (5) v ds
we obtain

T Polleomyn < “livxlleaolLsleemn @ o). (229
In addition, from Lemma it follows that

I(Tu)’(t) = (To) (D] < /O H(t = s)Ly(s)([[us — vslls, + ul — vill)ds

+ Ly (O)lliv.xleevx) (lwe = vellss + [l = vills),
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from which we infer that
[(Tu)" — (T'v)" [l ¢ ((0,00): %)
< (I1H * Ll e (po,00):2+) T 1Ll (0,000 liv.x L 2(v,x)) @ (u, ).

From inequalities (2.27)-(2.29) we obtain that ®(I'u,I'v) < ©®(u,v) which proves
that T' is a contraction on § and there exits a unique mild solution u € § of f
(L:2). Finally, from Lemmal[2.2]it follows that u(-) is a strict solution of the problem
(1.1)-(T.2). This completes the proof. O

(2.29)

3. APPLICATIONS

Motivated by the examples presented in the introduction, in this section we
discuss the existence of a S-asymptotically w-periodic strict solution for the partial
neutral differential problem

t

u'(t,€) = Au(t, &) — /_ a(t)k(t — s)u'(s,&)ds + g(t), (3.1)
u(t,0) = u(t,m) =0, (3.2)
U(S,g) = (p(s,f), s <0, (33)

for (t,€) € [0,00) x [0,7] where g € SAP,,(R) and ¢(-) is a function defined from
(—00,0] x [0, 7] into R.

To treat the problem — under the abstract framework in Section (1}, we
take X = L?([0,n]) and A : D(A) C X — X be the operator Az = z” on D(A) =
{reX: 2" e X, (0) = x(n) = 0}. It is well known that A is the generator of
an analytic semigroup (T'(¢));>0 on X, A has discrete spectrum with eigenvalues
—n?, n € N, and associated normalized eigenvectors z,(¢) = (2)/?sin(ng). We
note that ||T'(t)|| < e~ %, [[AT(t)|| < e~ 2t~ and || A2T(t)|| < 4e~2t2 for t > 0.

As a phase space we consider the space B = C,. X LP(p, X). Let r > 0,1 < p < o0
and p : (—oo,—7] — R be a nonnegative measurable function which satisfies the
conditions (g-5)-(g-7) in the terminology of [24]. The space C, x LP(p, X) is formed
by all classes of functions ¢ : (—00,0] — X such that ¢y __ € C([-r,0], X), ¥()
is Lebesgue-measurable and p%w € L?((—o0,—r],X). The norm in C, x L?(p, D) is
given by [[¥5 = |¥|lc(=r0:x) + ||p%¢||Lp((,OO7,T]’X). From [24], we know that B
satisfy the conditions in Section [2|and B is a uniform fading memory space, which
implies that M (¢t) — 0 as t — oo and K (-) is bounded, see [24] pp.190] for details.

Next we assume k € C([0,00);R), a € C*([0,00),R) N SAP,(R) for some « €
(0,1) and w > 0, and

0 1.2
k*(—7) , \1/2
O =2|a . (/ dT) < 00.
Under these conditions, the function f : [0,00) X B — X given by f(t,¢)(§) =
fix; a(t)k(=7)yY(r,&)dr is well defined, f € C*([0,00); L(B,X)) N SAP,(L(B))
and || fllce((0,00);2(8,x)) < ©-

Next, we say that a function u € C*(J URT; X) N C(J URT; X;) is a strict
solution of (3.1])-(3.3) if u(-) is a strict solution of the associated problem (|1.1)—
(1.2). In the next result, which follows directly from Theorem A is the number
in Propositionand D 4(a,00), K are as in Section We also note that A appears
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explicitly in the end of the proof of Proposition 2.I] and that in the current case
A= +4+ 7im) M =2+ 2) and Ay =2.

Proposition 3.1. Assume that p(0,-) € X1, d;—;"(O,) = Ap(0,-) € Dy(a,00),
F0,0) + f2(0,¢") = 0, ¢ € CHH(J; X)NC(J; Xg) and Py € CHH([0,00); B). If

IC[(IC+1)(AA+1)+A(4+$)+1]@< 1, (3.4)

where A = ||(=A)P~Y| + [|[A7Y| + 1, then there exists a unique S-asymptotically
w-periodic strict solution of the problem (3.1])—(3.3]).
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