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OSCILLATION CONSTANT FOR MODIFIED EULER TYPE
HALF-LINEAR EQUATIONS

PETR HASIL, MICHAL VESELY

ABSTRACT. Applying the modified half-linear Priifer angle, we study oscilla-
tion properties of the half-linear differential equation

s(t)
tlogP t
We show that this equation is conditionally oscillatory in a very general case.

[r) P~ 1o (2)]) + O(x) =0, O(z)=|z[P " sgna.

Moreover, we identify the critical oscillation constant (the borderline depend-
ing on the functions r and s which separates the oscillatory and non-oscillatory
equations). Note that the used method is different from the standard method
based on the half-linear Priifer angle.

1. INTRODUCTION

For any p > 1, we analyze the oscillation behavior of the second-order half-linear
differential equation

[R(t)®(z")] + S(t)®(z) =0, &(x)=|z[P 'sgnuz, (1.1)

where R is a positive continuous function and S is a continuous function. In this
paper, we focus on the so-called conditional oscillation. To recall the notion of the
conditional oscillation in a simple form, we consider with S(t) = vC(t), where
C is a continuous function and v € R, i.e.,

[R(t)®(2)) +~+C(£)d(z) = 0. (1.2)

We say that (1.2]) is conditionally oscillatory if there exists a positive constant T’
such that oscillatory for v > T' and non-oscillatory for v < I'. Such a
constant I' is called the critical oscillation constant of . Of course, once we
know its value, we are able to formulate oscillation results directly for . For this
reason, some results of this kind are presented in different forms in the literature
(see the below given results and references).

Now we collect the most relevant references of the treated topic. The reader
can find the fundamental theory overview on half-linear equations in books [1I [5].
The conditional oscillation of half-linear differential equations is studied, e.g., in
papers [4] [7, [IT] (see also [3] 8, 24, 25]). Of course, the identification of oscillation
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constants is a subject of research also in the field of difference equations (see [26])
and in the field of dynamic equations on time scales (see [I4]). In the linear case,
we refer to [10, 12 20, 28] (and also [16 [17, [1]]).

Very general results about the conditional oscillation can be found in [I3] [15]
27). In [13] 27], there are treated equations with asymptotically almost periodic
coefficients and coefficients having mean values (for the definitions of the asymptotic
almost periodicity and the mean value, see Definitions and below). In
addition, the results of [I5] cover equations whose coefficients are unbounded. The
main results of [I5 27] are reformulated in Theorems and below. Note
that the main result of [27] is superior to the results of [I3]. To mention the
basic motivation explicitly in Theorems and [I.2] we use the standard symbols
RT := (0,00) and R, := [a,0) for any a > 0 in the rest of this article.

Theorem 1.1 ([27]). Let r : Ry — RT be a continuous function, for which mean
value M (r'/(1=P)) exists and for which it holds

0 < inf r(t) < sup r(t) < oo,
Jnf r(t) < sup r(®)

and let s : Ry — R be a continuous function having mean value M (s). Let

= () ()]

p
Consider the equation

[r(t)®(z")] + ﬂ<I>(sc) =0. (1.3)

tp
Equation (1.3)) is oscillatory if M(s) > T, and non-oscillatory if M(s) < T.

Theorem 1.2 ([15]). Let r : Ry — RT and s : Ry — R be continuous functions
such that there exist § > 1 and € € (0,1/2) for which

t+1 t+1
/ r(r)dr < ot°, / [s(T)]dr < 6t°, ¢ e Ry. (1.4)
t t
Consider the equation
[r17P(t) ®(2")] + %@(m) =0. (1.5)

(i) If there exist a, R, S € RT satisfying

RP1S > (%)p

1 t+a 1 t+a
f/ r(r)dr > R, —/ s(r)ydr > S
t t

and

(0% «

for all sufficiently large t, then (L.5|) is oscillatory.
(ii) If there exist a, R, S € RT satisfying

RP1S < (I%l)p,

1 t+a 1 t+a
f/ r(r)dr <R, —/ s(r)ydr < S
t t

e o
for all sufficiently large t, then (L.5)) is non-oscillatory.
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In this paper, motivated by Theorems and [[.2] our aim is to extend the
family of conditionally oscillatory equations. More precisely, we identify the critical
oscillation constant for the Euler type equations in the form

) ) =0, (1.6)

tlogPt
where r : R, — RT and s : R — R are continuous functions. We introduce a
new modification of the half-linear Priifer angle in combination with the Riccati
transformation. We remark that the results proven in this paper are stronger than
the ones known for (compare and with (L.4)). To the best of our
knowledge, the presented results are new even for with periodic coefficients
T, S.

The article is organized as follows. The notion of the Priifer angle is mentioned
in the next section. Auxiliary results are collected in Section [3] The content of
Sections [2| and [3| gives the description of our method which is used in the proofs of
the main results in Section [l Section [4is finished by corollaries and examples.

[~ o)) +

2. EQUATION FOR PRUFER ANGLE

In this section, we derive the equation for the modified half-linear Priifer angle
which will be fundamental for our investigation. To do this, we have to begin
with the well-known notion of the Riccati equation corresponding to the general
half-linear equation

[RH)D(2)) + S()d(z) =0, @(z) = |z[PLsgna, (2.1)

where p > 1 and R : R, — RT and S : R, — R are continuous functions. The
Riccati equation
p

W' () + S(t) + (p— DRTF () |w(t) |71 =0 (2.2)

can be obtained applying the transformation

a'(t)
w(t) = R(t)CI)( o ) (2.3)
to 7 where z is a non-trivial solution of . Of course, the transformation is
valid whenever z(t) # 0. For more details including the used calculations, see [5]
Section 1.1.4].

To introduce the modified half-linear Priifer transformation, we should shortly
recall the half-linear trigonometric functions. The half-linear sine and cosine func-
tions, denoted by sin, and cos,, are defined via the initial problem

(@) + (p—1)®(x) =0, 2(0)=0, 2'(0)=1. (2.4)
More precisely, sin,, is given as the odd extension of the solution of (2.4) with period
4
2y = 77:7
psin 7

Then, cos,, is introduced as the derivative of sin,. The functions sin, and cos, have
many properties similar to the common sine and cosine functions. In this paper,
we will use only the Pythagorean identity, whose half-linear version is

|sin, z|P + |cos, z|P =1, x €R. (2.5)
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For more details concerning the half-linear trigonometric functions, we refer to [5,
Section 1.1.2].
We introduce the modified Priifer transformation in the form
t
£(t) = p0)siny o(t), R0/ (1) = 2 cos, (1) (26)
0g
together with the substitution
v(t) = (logt)” %w(t), t e R, (2.7)
where log stands for the natural logarithm and ¢ is the number conjugated with p,
ie.,
p+aq=npg (2.8)
Note that substitutions similar to (2.7) can be used also in the Riccati equation
(2.2)). This approach leads to the so-called adapted (or weighted) Riccati equation.

Nevertheless, we use this process only partially (see below) and we have to take
into consideration the modified Priifer transformation (2.6) as well.

Using (2.7)), (2.3), (2.6), and (2.8) successively, we obtain

o(t) = (log £"/%w(t) = (log t)p/qR(t)d)(g;/((;)))

D(R4(t) cosp ()

= (log t)P/1R(t 2.
(log )" R(t) —g r1og sin, o (t)) (29)
_ (I)(cosp go(t))
siny, @(t) /°
One can easily verify that
cos, t
o(t) =0 — (2.10)
( siny, t )
solves the equation
o'(t)+p—1+(p—1)0(t)? = 0. (2.11)

Equation (2.11]) is the Riccati equation associated to the equation in (2.4). Hence,
due to (2.5)), (2.8), , and (2.11f), we have

v'(t) = [o(e®)] = [-p+ 1= (p— DIi(e®))|"]¢'(t)

—(1- cosp (1) 71 s
=(1-p) [1 |, @(t)‘ } (t) 2.12)
__l=r
~ sin, p(2)[P ().
On the other hand, considering together with , we have
’U/(t) = E(log t)§_1@ + (logt)p/qw/(t)
q
p vt -
e “(()g)t + (log t)P/9[=S(t) — (p — R ~(t) w(?)|] (2.13)
_ 22 U(t) _ p/q _ _ 1—q ‘U(t)|q
=4 Tlogt ~ losDIS(1) = (p— DRI 50

We combine (2.12)) and (2.13). This leads to

$£W&P¢m=§¢ﬁ;—mawww—@—mmqwﬁgf
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Taking into account (2.9)), we obtain

(1-pe'w =" uigt D (cos, (1)) siny (1)
~ (log )"/18(8)siny (O — (p — 1) R—9(1) L PP

logt
which gives us the desired equation for the Priifer angle as

| cosy, (t)|P

o) = B0 10

(2.14)

B ) (log t)P/a ) ,
Flog (om #(1)) sing () + =25 S(D)lsing w0

In this article, we apply (2.14]) to the study of the half-linear equations with the
coeflicients in the form

R(t) =r(t)t"",  S(t) = ﬂi(;?)’t’ t € Re. (2.15)

Thus, we will analyze the equations

[r(t) P~ 1o (2] + tfo(;))tfb(x) =0, (2.16)

where r : R, — RT and s : R, — R are continuous functions. We point out that

the form of (2.14) for the coefficients in (2.15) is

et = tligt {Tlfq(m cosp p(t)[” -
— ®(cos, p(t)) sin (1) + s(t>|811;p¢<1t>l” ,

which can be simply verified.

3. PRUFER ANGLE OF AVERAGE FUNCTION

In this section, we assume that the coefficients r : R, — R and s : R, — R in
(2.16]) are such that

ftHa ri=a(r)dr

li =0 3.1
v Vitlogt ’ (3.1)
t+a
d
lim Je " ls(n)ldr — (3.2)
t—oo  4/tlogt

hold for some oo € R*. For this number «, we define the function v which deter-
mines the average value of an arbitrarily given solution ¢ of (2.17)) over intervals
of the length «; i.e., we put

t+a
P(t) == l/t o(r) dr, teR,,

«

where ¢ is a solution of (2.17) on R.. We formulate and prove auxiliary results
concerning the function .
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Lemma 3.1. It holds
tlim Vitlogtlp(s) —9(t)] =0 (3.3)

uniformly with respect to s € [t,t + a].

Proof. For s € [t,t 4 ], it is seen that

lim sup v/t log t|p(s) —
t—oo
< limsup /tlogt / T)|dr

t—o0
= li?isogp \/@ ) = log - 1=a(7))| cosp, p(7) [P
: | sin, o (7)[”
— ®(cosp (1)) sin, (1) + 8(7’)71} dr
=

t+
< limsup \/tlogt/
t

t—o0o

(1797 cosy ()]

tlogt

+ [®(cosp (7)) sing, p(T)] + |S(T)|W} dr.

Since (see directly (2.5))
|sin, P <1, |cospzlP <1, z€R, (3.4)
and, consequently,
|®(cos, x) sin, 2| = | cos, z[P | sin, x| <1, =z €R, (3.5)

we have

0 < limsup +/tlogt|p(s) —

t—oo
< limsup ——— / +1+| s(r )|dT, € [t,t+al.
T s \/tlog p—1

Using (3.1) and (3.2), we obtain
O<hm1nf\/tlog lo(s) ()] <hmsup\/tlog lp(s) =0

uniformly with respect to s € [t,t + a]. O

Lemma 3.2. It holds

cos p it
00) = o [FEOE [ 00 dr — afeos, w(o)sing ()

sin p[ita
+ 7' o pT/)l()t; /t s(t)dr + U(t)

for allt > e, where ¥ : R, — R is a continuous function such that lim;_, o ¥(¢t) = 0.

Proof. For any t >
mathrme, we have
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— ®(cos, (7)) sin (7) + (>% ar

We can replace ¢’ (t) by

L1y | siny, o(7)[”
—q p _ . P
" /t Togi [r ()] cosp p(T) [P — ®(cos, (7)) siny, p(T) + s(T) p— } dr,

because we can easily estimate (see (3.1)), (3.2]), (3.4), (3.5))

. tlogt /t‘m
lim sup ‘
t

t—o00 @

o [P 08, (I = Blcosy () sing ()

4 8(7’) | Sinp (10(7-)|p

t+a
Jar— [ S sy o) — cos () i )

p—1
1 p
+s(n 220 g
tlogt [T 1 1 _ 1
< lims — J[rm +1 Ja
a lgﬁp @ /t Ltlogt TlogT r )+ —Hs(T)‘p—l 4
i tlogt [T 1 1
< lim sup - ]
t—oo oy Ltlogt  (t+ a)log(t+ @)
1
=a(r) 4 1 Ja
x [r19(r) + sl = dr

tlogt Q@ ita 1
<1i : [ =a(r) 41 ]d
=P T t(t+o¢)logt/t P AL sl = ] d

la/:m o) + 1+ Js(r)

p—1

< limsup

t—o0o

}deo.

Applying the uniform continuity of the half-linear trigonometric functions and

(3:3) in Lemma [3.1] we see that

t+a
Jim (®(cos, (1)) sin, (1) - é /t Dcos, p(r)) siny o) dr) = 0. (3.6)

In addition, the half-linear trigonometric functions are continuously differentiable
and periodic (see, e.g., [B, Section 1.1.2]). Hence, they have the Lipschitz property
on R and, consequently, there exists a constant L € RT for which

“COSPIL'|p7‘COSpy‘p|SLlI*yh x,yGR,

||sin, #|? — |sin, y|’| < Llz —y|, z,yeR.

Therefore, from (3.1)), Lemma and (3.7)), it follows

t D t+a 1 t+a
lim sup M/ ’I“l_q(T) dr — f/ rl_q(7)|cosp o(T)|Pdr
t t

t—o0 « «
1 t+a
<~ limsup / P07 cosp (1) — | cosp o(r)[P| dr (3.9)
— 00 t
1 Vilogt [tTe
< = limsup Y28 P9 LI (L) — o(7)] dr = 0.

a oo tlogt Jy
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Analogously, from (3.2), Lemma and (3.8), we have

: t)|P 7 e 1 t+o . P
limsup‘w/ s(r)dr — 7/ S(T)M dT‘
t—o0 (p 1)Oé t a J; D 1

t+a
limsup/ |s(T)] - || sing, ()P — | sin, o(7)[P| dT (3.10)
¢

T (p-Da e

1 . Vilogt [tTe
< 1 Yo Liy(t) — dr =0.
S po D S e /. |s(T)|L|(t) — @(7)dr

Finally, the statement of the lemma directly comes from the combination of (3.6]),
(3.9), and (3.10). The continuity of ¥ is obvious. O
4. OSCILLATION CONSTANT

At first, we recall known results concerning the studied equations with constant
coefficients.

Theorem 4.1. If A, B € R satisfy B/A > q7P, then the equation
B

AP (")) + - O(z) =

AF10(@)] + (@) = 0
is oscillatory.
Proof. See, e.g., [l Theorem 1.4.4] (or directly [6] and [7]). O
Theorem 4.2. If C, D € RT satisfy D/C < q~P, then the equation

D
P10 (2)) + - P(z) =

(O 1)) + 1 () =0
is non-oscillatory.
Proof. See [5l, Theorem 1.4.4] (or [6] [7]). O

Now we can prove the announced results which identify the critical oscillation
constant for the analyzed equations with very general coefficients.

Theorem 4.3. Let a, R, S € Rt be such that (3.2)) is valid and RP~1S > ¢q~P. If
there exists T' > e with the property that

1 t+a 1 t+a
—/ r~(r)dr > R, 7/ s(r)dr > S, teRp,
Q Jy a Jy

then (2.16) is oscillatory.

Proof. We study the equation for the Priifer angle corresponding to the average
function . It is well-known that the non-oscillation of solutions of (2.16) is equiv-
alent to the boundedness from above of the Priifer angle ¢ given by (2.17). We
refer, e.g., to [3, 4] [19] [24]. It also suffices to consider directly and (2.17) when
sin, ¢(t) = 0. Based on Lemma we know that the boundedness (from above)
of ¢ is equivalent to the boundedness (from above) of ¢. Hence, we will show that
1) is unbounded from above. At first, we assume that is true.
Taking into account Lemma [3.2] we have

coS prita
P (t) = tligt [' p;/}(t” /t r179(7) AT — ®(cos, (1)) sin, 1(t)



EJDE-2015/220 OSCILLATION FOR MODIFIED EULER TYPE EQUATIONS 9

| siny, ¥ (¢)[7
T o-ta
= Togl [R| cosy ()P — ®(cos, 1(t)) siny, (1)

4 s | siny, ¥(t)|P

t+o
/t s(r)dr + \I/(t)]

10]
for all ¢ € Ry and for some continuous function ¥ : Ry — R satisfying
Jim W (t) = 0. (4.1)
Let € > 0 be arbitrary. From (2.5) and (4.1), we have

| sin, z|?

5(|Cospx|p+ : ) > |U(t)] (4.2)

for all x € R and for all large ¢t € Ry. Thus,

P (t) > tligt [(R — )| cos, Y(t)|P — (cos, (t)) siny, ()
[sing $ ()P (43)
+(S— 5)#}

for all large t € Ry. Let € be so small that (R —&)P~!(S —¢) > ¢ P and R—¢ > 0.
Using Theorem for A=(R— E)qu and B = S — ¢, we know that the equation
S—e
——®(x) =0
tlogPt (z)
is oscillatory; i.e., any solution ¢ : R — R of the equation
R 1 R . S
¢'(t) = {(R — &)l cosp @(1)[” — P(cos, p(t)) sing, (1)

tlogt
(5 o)L 2P

p—1
has the property that limsup,_, . ¢(t) = co. Indeed, one can simply compute that
B/A=(R—¢e)’"1(S—¢)>qP.

Considering (4.3) with (4.4) and the 27m,-periodicity of sin, and cos,, we see that
lim sup,_, . ¢(t) = oo implies lim sup,_, . ¥(t) = oco.

To finish the proof, we have to consider the case when (3.1) is not valid. Evi-
dently, there exists a continuous function 7 : R, — R with the properties

t+a
ﬂﬂ@zﬂﬂ@,l/ A-9(r)dr > R, te€ Ry,
a Jy

[(R—e)Tatr10(2")) +

(4.4)
+

and .
ft to Fl=a(r)dr

li =0. 4.5
tirlgo VA log t ( )
We actually know that the equation
- t)
=10 + =D _a(z) = 0
O8] + o)

is oscillatory (cf. (3.1) and (4.5)). Since r(t) < 7(t) for all ¢ € Ry, the Sturmian
half-linear comparison theorem (see, e.g., [5, Theorem 1.2.4]) gives the oscillation

of ([2.16). 0
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Theorem 4.4. Let o, R, S € R be such that (3.2) is valid and RP~1S < q7P. If
there exists T' > e with the property that

1 t+a 1 t+a
o] rimarsr L[ smar<s tern )
o Jy @ Jt

then (2.16)) is non-oscillatory.

Proof. We proceed analogously as in the proof of Theorem [I.3] In this proof, we
show that % is bounded from above. Note that (3.1)) is valid (see the first inequality

in (4.6))). From Lemma we obtain
1 . | sinp, ¥ (2)[P
Y'(t) < Togt [R| cosp Y(t)[P — ®(cosp (1)) sin, P (t) + Sppfl
for any ¢ € Ry and for a continuous function ¥ : Ry — R satisfying (4.1). In
addition, using (4.2)), we obtain

W(t) < [(R+ )] cos, p(0)]” — B(cos, Y1) siny (1)
| siny, (1) [P

p—1
for any € > 0 and all sufficiently large t € Rp. We choose € in such a way that

(R+e)P1(S+¢)<qgP. Weput C = (R+€)1%q and D=S+¢in Theorem
Since

+ \If(t)]

1
tlogt @)

+(S+e)

D/C = (R+e)P Y (S+e)<q?,
we know that the equation

1 S+e
R = tP~ 1o (2")]) d(z)=0
(R+e) @)+ oy @)
is non-oscillatory. This fact means that any solution ¢ : R — R of the equation
y 1 . y S
F(0) = 1oy (R -+ )] cos, (O — B(eos, p(1)) sin, (1)
N (4.8)
b (54 lsR 2O

p—1

has the property that limsup,_, . @(tf) < oco. Finally, considering together
with and considering the 27,-periodicity of the generalized trigonometric func-
tions, we have the inequality limsup, . ¥(t) < oo. Therefore, the statement of
the theorem is proven. (Il

Now we mention definitions which enable us to formulate the below given Corol-
laries [4.8) and (motivated by the results of [13] 27] recalled in Introduction).

Definition 4.5. Let f : R, — R be a continuous function. The mean value M(f)
of f is defined as

1 a+t
M(f):= lim f/ f(r)ydr
t—oo t [,
if the limit is finite and if it exists uniformly with respect to a € R,.

Definition 4.6. A continuous function f : R — R is called almost periodic if, for
all £ > 0, there exists I(g) > 0 such that any interval of length I(g) of the real line
contains at least one point s for which

|f(t+s)— ft)| <e, teR.
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As a direct generalization of the almost periodicity, we consider the notion of
the so-called asymptotic almost periodicity.

Definition 4.7. We say that a continuous function f : R, — R is asymptotically
almost periodic if f can be expressed in the form f(t) = f1(¢) + f2(t), t € Re, where
f1 1s almost periodic and fo has the property that lim;_, o, f2(t) = 0.

Concerning coefficients with mean values, we obtain a new result which reads as
follows.

Corollary 4.8. Let continuous functions r : Re — RT and s : R, — R be such that
the mean values M(r1=7) € R*, M(s) € R exist and let be valid for some
a € RY. Let [M(rt=9)P=tM(s) # q=P. Then, is oscillatory if and only if
[M(rt= )P~ M (s) > q7.

Proof. The corollary follows from Theorems and [£4] Let € > 0 be arbitrary.
The existence of M (r!1=%) and M(s) implies the existence of n € N such that

1 t+no 1 t+na
L - <s |5 [T s ar - are) <o
t

na J,
for all t € Re. If [M(r1=9)]P~tM(s) > ¢~P, then it suffices to choose ¢ so that
M~ —e>0, [M@E'9) P {M(s) —¢] >q?,
toput R = M(r'=%) —c and S = M(s) —¢, and to replace @ by na in Theorem
Obviously, (3.2)) is true also for na. If [M(r'=49)]P~1M(s) < ¢~P, then we choose &
so that
M(s)+e>0, [M@™9) +eP[M(s)+e]<q?,

we consider R = M(r179) + ¢ and S = M(s) + ¢, and we replace a by na in
Theorem 4 (]

Remark 4.9. We point out that the requirement about the validity of for
some o € RT cannot be omitted in the statement of Corollary Indeed, the
existence of M (s) does not imply . We remark that, from the same reason,
Theorem [L.1] does not follow from Theorem 21

For asymptotically almost periodic coefficients, we get a new result as well.
Again, we formulate it explicitly.

Corollary 4.10. Let functions 7'79 : Ry — Rt and s : R, — R be asymptotically
almost periodic and let [M (r'=9)|P~1M(s) € R*\{q P}. Then, (2.16)) is oscillatory
if and only if [M (r*=9)]P~1M(s) > ¢~ P.

Proof. Since any asymptotically almost periodic function has mean value and it is
bounded (see, e.g., [2,[]), this corollary is a consequence of Corollary O

Remark 4.11. Let us pay our attention to (1.3). We repeat that the result about
(1.3), which corresponds to Corollary is proven in [27] and that the one, which
corresponds to Corollary is proven in [13].

Remark 4.12. In Corollaries and the case [M(r!=9)P=1M(s) = ¢ P
cannot be solved as oscillatory or non-oscillatory for general coefficients (which
have mean values or which are asymptotically almost periodic). We conjecture
that this case is not possible to solve even for general almost periodic coefficients.
Our conjecture is based on constructions of almost periodic functions mentioned in

[22] (see also [211, 23]).
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At the end, we give some examples to illustrate the proven results.

Example 4.13. Let us consider constants u > 0, v € R, and w # 0 and the
function h : Ry — R given by the formula

v+ nw2"(t —n), tenn+ L), neN;
h(t) == v+nw2'(n+ 2 —t), tEn+4,n+%),neN;
v, ten+&,n+1),neN.

We analyze the equation

(tz')*1"  _h(t)
[ U ] +t10g4tx320' (4.9)

Hence, we deal with , where p = 4 and
M) =, s() =ht), 1eRe.
One can verify that
M(h)=v, M(r'=%) =M(r~5)=M@us)=us >0.

Therefore, applying Corollary (condition is trivially valid for all o € RY),
we know that is oscillatory when 4*uv > 3% and non-oscillatory when 4*uv <
3%. Note that the second coefficient h has mean value, but it is not asymptotically
almost periodic (it suffices to consider that limsup,_, ., |h(t)| = o).

Example 4.14. For a,b,c > 0, we consider the equation
t2a’ 51" |sin(at)| + arctan[sin(bt) 4 cos(bt)] 5
[(1+t[1+sintcost]) } c(t +Vt)log®t !
which is in the form of with
t

rlt) = (1 +t[1 +sintcost
t(| sin(at)| + arctan[sin(bt) 4 cos(bt)])
et +t) ’

and p = 6. Since r'~¢ and s are asymptotically almost periodic functions (see, e.g.,
[2,[@]), we can use directly Corollary We have

—0 (4.10)

5
]>, t e R,

s(t) =

t € Re,

1
M(r'=9) = M(r~1/%) = M(; +1 +sintcost) =1,

cM(s) = M (| sin(at)| + arctan[sin(bt) + cos(bt)]) = M (|sin(at)|) = %

Therefore, (4.10]) is oscillatory for

and non-oscillatory for ¢ > T.

Example 4.15. Let p = 3/2 and let f,g: [-1,1] — R™ be continuous functions.
We find the oscillation constant for the equation

Vit d()] + i (1111’? o(z) = 0. (4.11)
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Evidently, the functions r(t) = / f(sint) and s(t) = g(sint) are periodic and

s d s
M(r?) = % B ]”(Tflt)’ M(s) = i/ g(sint) dt.

We can apply, e.g., Corollary [£.10} If

1 us
Com ),

=)

g(sint)dt

1 (™ dt
— [ s
2 /_7T f(sint)

then (4.11)) is oscillatory. If [ < 373/2, then (4.11) is non-oscillatory.
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