Electronic Journal of Differential Equations, Vol. 2015 (2015), No. 23, pp. 1-9.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

MULTIPLE SOLUTIONS FOR PERTURBED p-LAPLACIAN
PROBLEMS ON R¥

YING LI

ABSTRACT. We establish the existence of at least three solutions for a per-
turbed p-Laplacian problem on RY. Our approach is based on variational
methods.

1. INTRODUCTION

In this work, we show the existence of at least three solutions for the nonlinear
perturbed problem

—Apu+ |[uP2u = a(z) f(u) + pB(x)h(u) xRN,
ue WHP(RY),

where (RY,|-|), N > 1, is the usual Euclidean space, Ayu := div(|Vu[P~2Vu) with
p > N, stands for the p-Laplacian operator, f,h : R — R are continuous functions,
a,p € LY(RYN) N L (RY) are nonnegtive (not identically zero) radially symmetric
maps, A is a positive real parameter and p is a non-negative parameter.

The main objective of this article is to investigate the existence and multi-
plicity solutions to the above elliptic equation defined on the whole space RY,
by using variational methods. Many technical difficulties appear studying prob-
lems on unbounded domains (see [T}, 2 I} 14]). For instance, unlike bounded
domains, no compact embedding is available for W1?(R"); although the embed-
ding WHP(RY) — L>°(RY) is continuous due to Morrey’s theorem (p > N ), it is
far from being compact. However, the subspace of radially symmetric functions of
WLP(RY), denoted further by W1?(RY), can be embedded compactly into L>(RY
) whenever 2 < N < p < +00 as proved in [12, Theorem 3.1] (see Lemma [2.4)).

In this article, employing a three critical points theorem obtained in [3] which we
recall in the next section (Theorem 7 we ensure the existence of at least three
weak solutions for the problem . The aim of this work is to establish precise
values of A and p for which the problem admits at least three weak solutions.
Our result is motivated by the recent work of Candito and Molica Bisci [9]. In that
paper, problem has infinitely many radial solutions when g = 0 and A in a
suitable interval.

(1.1)
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Theorem [2.1] has been used for establishing the existence of at least three solu-
tions for eigenvalue problems in the papers [4, [5 [6]. Fora review on the subject,
we refer the reader to [10].

2. PRELIMINARIES
Our main tool is the following three critical points theorem.

Theorem 2.1 ([3, Theorem 2.6]). Let X be a reflexive real Banach space, ® : X —
R be a coercive continuously Gateaux differentiable and sequentially weakly lower
semicontinuous functional whose Gateauz derivative admits a continuous inverse
on X*, and ¥ : X — R be a continuously Gateaux differentiable functional whose
Gateaus derivative is compact, such that ®(0) = ¥(0) = 0. Assume that there exist
r>0andT € X, with r < ®(T) such that

(al) %SUPMx)gr \IJ('/I;) < gg; ’
(a2) for each A € A, :=] $(z) ——TL———[ the functional ® — AU is coercive.

V(T)’ supg(p)<r ¥ (@)
Then, for each A € A, the functional ® — AV has at least three distinct critical
points in X.

The standard Sobolev space W1P(R¥) is equipped with the norm

= ( [ Vu@lPdo+ [ ).

Since by hypotheses p > N, W1P(R¥) is continuously embedded in L°°(R¥)
and we obtain the following lemma.

Lemma 2.2 ([12, Remark 2.2]). Let u € WHP(RY). Then

2p

<
o < =5

[[ul (2.1)

for every u € WLP(RYN).

We also note that, in the low-dimensional case, every function u € W1P(RY)
admits a continuous representation (see [7, p. 166]). In the sequel we will replace
u by this element. Let O(N) stands for the orthogonal group of RY and B(0, s)
denotes the open N-dimensional ball of center zero, radius s > 0, and standard
Lebesgue measure , meas(B(0, s)). Finally, we set

ol B(o,s/2) == / az)d.
B(0,5/2)

We say that a function u € W1P(RY) is a weak solution of (1.1)) if

/ |Vu(z)|P~2Vu(z) - Vv(x)d;v—l—/ lu(x) [P~ ?u(x)v(z)de
RN

RN
- )\/ a(z)f(u(@))o(@)de —p [ Bz)h(u(z))o(r)de =0
RN RN

for every v € WLP(RY).

For completeness, we also recall here the principle of symmetric criticality that
plays a central role in many problems from differential geometry and physics, and
in partial differential equations.
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The action of a topological group G on the Banach space (X, || - ||x) is a contin-
uous map s : G x X — X : (9,2) — <(g,u) =: gu, such that

lu=wu, (gm)u=g(mu), wu+— gu is linear.
The action is said to be isometric if ||gu||x = |lul|x, for every g € G. Moreover,
the space of G-invariant points is defined by
Fix(G) :=u e X : gu =u,Vg € G,
and a map m : X — R is said to be G-invariant if m o g = m for every g € G.
Theorem 2.3 (Palais (1979)). Assume that the action of the topological group G

on the Banach space X is isometric. If J € C1(X;R) is G-invariant and if u is a
critical point of J restricted to Fix(G), then u is a critical point of J.

The action of the group O(N) on WHP(RYN) can be defined by (gu)(z) =
u(g~'z), for every g € WHP(RY) and z € RM. It is clear that this group acts
linearly and isometrically, which means ||u|| = ||gul|, for every g € O(N) and
u € WHP(RY). Defining the subspace of radially symmetric functions of W1?(RY)
by

X = WEPRN) ;= {u e WHP(RY) : gu =u,Yg € O(N)},
we can state the following crucial embedding result due to Kristaly and principally
based on a Strauss-type estimation (see [16]).

Lemma 2.4. The embedding WHP(RYN) — L>®(RY), is compact whenever 2 <
N < p < +o0.

See [12, Theorem 3.1] for details. We also cite a recent monograph by Kristély,
Rédulescu and Varga [13] and the classical book of Willem [I7] as a reference for
these topics.

For the sake of convenience, we define

t ¢
F(t) = /0 f()d¢ forallteR, H(t) = /0 h(§)d¢ for allt € R.

3. MAIN RESULTS
Fix 7 > 0 such that
||04HB(0,T/2)
K= i >0
wr (2P { 2B 1 1(p, V) s
where o(N,p) := 2PN (2N — 1), as well as

1+2N+pNB1 2,1 (N,p-l—l)
I(p, ) = S

in which B(; /2,1)(IV, p+1) denotes the generalized incomplete beta function defined
as follows:

(3.1)

1

Bayaa)(N,p+1):= /1/2 tN=1(1 — t)Pdt.
We also note that w, := meas(B(0,7)) = TN%? where T is the Gamma
2
function defined by

+oo
I'(t) ::/ 27 le™dz (Yt >0).
0
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To introduce our result, we fix three constants ¢ > 0 and ¢ such that
1 cP
> .
KF(C) ~ suppy<. F(t)

Taking
Pwr N, N P
)\eA:} (w {0( p) , 9@ )}’ - c [
lallzo,r/2)F(C) * pr? P p(; % )P llerlly maxy <. F(t)
we set » Fit)
. P = Asuppy < F(t) 1 \F(Q)
Ox,p = min , 3.2
and )
5)\7h := min {5/\79, : }, (33)
max{0, || 3|1 } lim SUD|¢| 00 %
where we define r/0 = +o0, so that, for instance, ) 5, = +00 when
H
lim sup M <0,
|t]— o0 tp

and H, = H¢ = 0.

Now, we formulate our main result.
Theorem 3.1. Assume that there exist constants ¢ > 0 and ¢ > 0 with

2p P o(N,p)
p o, N]
¢ <(p—N) (Pw { — taN)

such that

(A2) MRS < k()

(A3) limsupy,_ 4o HO‘”tlipF(t) <0.
Then, for each

Pwr N, N P
AeA::} (w {U( p) , 9@ )}’ S
Ha”B(O,T/Q)F(C) pTP p p(m) lleel1 max|¢|<c F(t)

and for every function h : R — R satisfying the condition

H(t
meup B
|¢|—oc0 tp
there exists dxp > 0 given by (3.3) such that, for each pu € (0,8 [, problem (L.1)
admits at least three distinct weak solutions in X.

< +00,

Proof. To apply Theorem to our problem, we introduce the functionals ®, ¥ :
X — R for each u € X, as follows

1
P(u) = Z;HUII%Z

V() = [ [o@P (@) + 8 ()] o

Now we show that the functionals ® and W satisfy the required conditions. It is well
known that W is a differentiable functional whose differential at the point u € X is

() = [ fola)f(u@) + §o@htu)l@)d,
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for every v € X, as well as, is sequentially weakly upper semicontinuous. Fur-
thermore, ¥/ : X — X* is a compact operator. Moreover, ® is continuously
differentiable and whose differential at the point u € X is

' (u)v = /}RN |Vu(z)|P~2Vu(z) - Vo(x)dz + /RN |u(2) [P~ ?u(x)v(z)dr,

for every v € X, while by standard arguments, one has that ® is Gateaux differ-
entiable and sequentially weakly lower semicontinuous, and its Gateaux derivative
@’ admits a continuous inverse on X*. Clearly, the weak solutions of the problem
(1.1)) are exactly the solutions of the equation ®'(u) — AV’ (u) = 0. Put r = ( e

and )
0, r € RV \ B(0,7),
w(zx) = 27C<T—|x‘>, x € B(0,7)\ B(0,7/2), (3.4)
¢ x € B(0,7/2).

It is easy to see that w € X and

o(N,
ol = e [T 4 g, ).

Indeed
9P
/ [Vw(x)Pdr = / ¢ dx
RN BO,N\BO,7/2) T
P (P r—Nepy,
= 2 neas(B(0, 7)) — meas(B(0,7/2)) = 2 SWm 9N _y),
TP TP
and
oP(P
/ |w(x)|Pdx = / ¢Pdx —|—/ (1 — |z|)Pdx
RN B(0,7/2) B(o,r/2) TP
9P
o wrZ (r ~ lal)Pdz) = w.CPq(p. V).
B(0,7/2) ™ JB(0,m)\B(0,7/2)
Note that the last equality holds owing to
L= / (7 — |a|)de = Nwr? B sy (N,p+1).  (3.5)
B(0,7)\B(0,7/2)

The easiest way to compute this integral is to go through a general polarcoordinates
transformation. Let
x1 = pcosb,
xj = pcosBycosby---cosbj sinb;, (j=2,---,N—1)
xny = pcosbycosly---cosby,, forpenr,7], 0; € (—n/2,7/2],
j=1,---,N—2and Oy_; € (—m,m7].
The Jacobian of this transformation is
N—1
dry---dzy = pNﬁl{ H |0059j|N*7*1}dpd91 cedOn_q.
j=1
Hence, one has

1, = ( / :2(7 — o ap) /_ ’ do -+ )

/2 ]
/ P | cos 0|V ~71de;.

T .

N-2
Jj=1
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On the other hand, since

1_[/_7r |cos ;[N ~I71de,; = HF )/1"( ‘7+1),

taking into account that

N ] —j+1, NglN/21
HF )/F( 5 )= or(N 1)

an elementary computation gives (3.5). Moreover, from the condition
a(N,p) 2p \P
< | E5E e | (5755)
e < CPwr| == +9,N) | ¥ —

one has 0 < 7 < ®(w). Exploiting the embedding X — L>(RY) (by relation
(1.1)), one has max;crn |v(t)| < ¢ for all v € X such that ||v]|2 < pr and it follows
that

sup U(u) = sup / [a(z)F(u(z)) + %B(x)H(u(m))]dw
ueP—1(]—o0,r]) ueP—1(]—oo,r]) JRNV
< /RN a(x) I?JSPC F(t)dx + %HC.

On the other hand, from the definition of ¥, we infer
Ww) = [ a@F@)s+k [ p@H W)
RN )\ RN
— [ a@Fw@)ds+ & [ s@Hw)s
RN A RN
> [ o) FGuta)ds + 18,5 it 1

— [ a@F@@)ds+ 5151
RN
Therefore, owing to Assumption (A2), we have

SUPy 1 (—o0,r) V(1)

_ SUPuca—1(—oo,r)) Jpw [a(x)l:(U(x)) + 56(x)H (u(z))ldz 56)
Jan supy <o (@) F(t)dz + & || Bl H°
- Ey
and
U(w)  Jan a(@)F(w(z))de + & [on B(z)H(w(z))de
d(w) ¢Pw. (2052 +9(p,N)]
i (3.7)

5 Jew a(@)F(w(@))dz + |5l 5 Hy

- ¢Pw, [Z52 4 g(p,N)]
p
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Since p < 03,4, one has

(NLEW — /\fRN Sup|y <. () F(t)dx

n < He )

which means
Jr sup|y <. a(2) F(t)dr + K H* 3
cP
(Z)Pp

> =

Furthermore,

- CPwr "5+ 9(p, N)] = A fon al@) F(w(x))da

H )
pllBll Hy
and this means |
Jen (@) F(w(z))dx + |18l 5 H, L
(Pw, [U(N .p) +9(p, N)] ;%
P
Then
Jo SuP<c 0@ F()dz + §HC 1 fyw al)F(w(a)do+ |84
cP <3< D) (3.8)
) A ¢Pwr [ 2G5 +9(p,N)]
N—p )

Hence from (3.6)-(3.8), the condition (al) of Theorem is verified.
Finally, since p < 6,4, we can fix [ > 0 such that

11512 ()
tp

lim sup <1

[t|—o0

and pl < . Therefore, there exists a function ¢ € L'(R") such that

1
p(525)Pllelly
Bl1H(t) < 1t? 4 q(x) for all z € RN and for all ¢ € R.
Now, fix
1= ppul (555)" el
PA(F25) ol
From (A3) there is a function ¢. € L'(R") such that
a1 F(t) < et? + g.(x) for all z € RNand for all ¢ € R.
It follows that, for each u € X,
D(u) - AU(u)

P B 8(a) H (u(x))]da
= Sl = A [ o) F(u(e) + 4B Hu(a))d

1 P \p 2p \p
2(7—)\57 a|p —vi(—— a)up—)\q6 — ullgll1,
» ( _p) el = wi( _p) el ) [[ull llgellr — wllalla

O<e<

N N

and thus
lim (®(u) — A¥(u)) = 400,

l[uf| =00
which means the functional <I> AV is coercive, and the condition (a2) of Theorem

is satisfied. Since, from and (| .,
) e } <I>(w) 7 r {’
\IJ(U)) SuP@(m)gr \IJ(I)

There was a strange
symbol between
and A; so am not
sure that — is the
correct symbol
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Theorem 2.I] with T = w, assures the existence of three critical points for the
functional ® — AU, and the proof is complete. ([

Remark 3.2. The methods used here can be applied studying discrete boundary
value problems as in [§], and also non-smooth variational problems as in [15].
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