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COMBINED EFFECTS IN NONLINEAR SINGULAR
SECOND-ORDER DIFFERENTIAL EQUATIONS ON THE
HALF-LINE

IMED BACHAR

ABSTRACT. We consider the existence, uniqueness and the asymptotic behav-
ior of positive continuous solutions to the second-order boundary-value prob-

lem
1
LAY s (Bu +aa(Bu =0, 1€ (0,00),
t
lim u(t) =0, lim ult) =0,
t—0+ t—oo p(t)

where 01,02 € (—1,1), A is a continuous function on [0, 00), positive and
differentiable on (0, 00) such that fol ﬁdt < oo and [;~° ﬁdt = oco. Here
p(t) = fg ﬁds and for ¢ € {1,2}, a; is a nonnegative continuous function in

(0, 00) such that there exists ¢ > 0 satisfying for ¢ > 0,

L hmle) o hn(0)
c A2(t)(L+p(t)me = 7 T TA2()(L 4 p(t)Hi
where m(t) = % and h;(t) = cit—>i exp(f/ ziT(S)ds), c >0, N <2

w1 > 2 and z; is continuous on [0, 7] for some n > 1 such that z;(0) = 0. The
comparable asymptotic rate of a;(t) determines the asymptotic behavior of the
solution.

1. INTRODUCTION

Boundary-value problems on the half-line, have been studied widely in the lit-
erature (see, for example, [1l 13| 14} 16, 21, 23] and the references therein). The
motivation for these studies stems from the fact that such problems arise naturally
in the study of radially symmetric solutions of nonlinear elliptic equations (see,
[4, 6, T3], 18], M9, 21, 22] and also many physical models, for example, the model
of gas pressure in a semi-infinite porous medium, the Thomas-Fermi model for de-
termining the electric potential in an isolated neutral atom (see, the Monographs,
[1,10] and the references therein). Therefore it is very important to investigate the
boundary-value problems for differential equations on half-line.
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Zhao [23] considered the problem
' + (., u) =0, on (0,00),
u>0, on (0,00), (1.1)
li t)=20
Jim u(t) =0,

where ¢ is a measurable function on (0, 00) X (0, 00), dominated by a convex positive

function. Then he showed that there exists b > 0 such that for each p € (0, b], there
exists a positive continuous solution u of (1.1)) satisfying lim; Q = u.

On the other hand, in [2], the author studied the singular problem
1
—(AY) + (- u) =0, te(0,00),

A
u >0, on (0,00), (1.2)
: _ L ou(t)
tlir& u(t) =0, tlggo p(t) 0,

where A is a continuous function on [0, 00), positive and diﬂerentiable on (0,00)
such that fol ﬁdt < oo and [j° A%t)dt oo. Here p(t fo A )ds and the
function ¢ : (0,00) x (0,00) — [0, 00) is required to be Contmuous non-increasing
with respect to the second variable such that for each ¢ > 0, <p(.,c) # 0 and
J7 A(s) min(1, p(s))¢(s, ¢)ds < oco. The author proved the existence of a unique
positive solution « in C([0,00)) N C?((0,00)) to problem (T.2).

Recently, in [3], the authors considered problem with p(t,u) = a(t)u’,
o < 1, (which include the sublinear case) and a is a nonnegative continuous func-
tion on (0, 0o) satisfying some appropriate assumptions related to Karamata regular
variation theory. They have proved the existence, uniqueness and the global as-
ymptotic behavior of positive solutions to problem .

In this article, we study the boundary-value problem

1
Z(Au')' + a1 (t)u” + ax(t)u’ =0, te (0,00),

u >0, on (0,00), (1.3)
t
lim wu(t) =0, u(t) =0,
5 A8 (e )
where 01,09 € (—1,1), Ais a continuous function on [0, c0), positive and differen—
tiable on (0, 00) Such that fo A ydt < oo, I Al dt = oo and p(t fo FOLE

t>0.

Our goal is to study , especially, when the nonlinearity is the sum of a
singular term and a sublinear term. Under appropriate assumptions on a; and
ag related to the Karamata class I (see Definition , we prove the existence,
uniqueness and the global asymptotic behavior of positive continuous solution to

problem (1.3]).

Throughout this paper and without loss of generality, we assume that fol ﬁdt =
1. To state our result, we need some notation.

Definition 1.1. The class K is the set of all Karamata functions L defined on (0, 7]

by
L(t) := cexp (/tﬁ %S)ds>7
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for some 1 > 1, where ¢ > 0 and z € C(]0,7]) such that z(0) = 0.

The theory of such functions was initiated by Karamata in the fundamental
paper [I5]. On the other hand, we emphasize that the first use of the Karamata
theory in the study of the growth rate of solutions near the boundary was done in
the paper of Cirstea and Radulescu [§].

Remark 1.2. A function L is in K if and only if L is a positive function in
C*((0,7n]), for some n > 1, such that lim, g+ % =0.

As a typical example of function belonging to the class IC (see [5l [I7, 20]), we

quote
m

L(t) =2 +sin(logy(%)) and  L(t) = [ logx(S)%,
k=1
where ¢, are real numbers, log, x = logologo...logz (k times) and w is a suffi-
ciently large positive real number such that L is defined and positive on (0, ], for
some 71 > 1.

In the sequel, we denote by B¥((0,00)) the set of nonnegative Borel measurable
functions in (0, 00) and by Cy([0,00)) the set of continuous functions v on [0, c0)
such that lim; o, v(¢) = 0. It is easy to see that Cy(]0, 00)) is a Banach space with
the uniform norm ||v||oc = sup,~ [v(t)].

For two nonnegative functions f and g defined on a set .S, the notation f(t) ~
g(t), t € S means that there exists ¢ > 0 such that < f(t) < g(t) < ¢f (%), for all
tesS.

Furthermore, let G(t,s) = A(s) min(p(t), p(s))), be the Green’s function of the
operator u — —=%(Au/)" on (0,00) with the Dirichlet conditions lim; g+ u(t) = 0
and lim;_, o % =0.

For f € B*((0,00)), we put

Vi) = /000 G(t,s)f(s)dt, fort>0.

We point out that if the map s — A(s) min(1, p(s)) f(s) is continuous and inte-
grable on (0, 00), then V f is the solution of the boundary-value problem

1

—Z(Au’)’ = f, in (0,00),
g, ult) =0, (14)
cou(t)
vy M =0

For A <2, 0 € (—1,1) and L € K defined on (0,7] (for some n > 1), we put for
t € (0,n)

S

(Qﬂﬁ@)fi it =2,

1
L)) 7, ifl+o<A<2,
Upao(t) = (L®) o Hira (1.5)
(S E24s) 77, A =140,
1, ifA<1l+o.

Throughout this article we assume the following condition:
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(H1) For i € {1,2}, a; is a nonnegative continuous function on (0, c0) such that

1 N N
(1) ~ (1 L, 1.
i(t) ~ PO N A+ s L), t>0, (16)
where \; < 2, pu; > 2, m(t) :== 1i§-f()t)’ for t > 0 and L; € K defined on (0, 7]
( for some n > 1) such that

U
/ s Li(s)ds < oo. (1.7)
0

As it will be seen, the numbers

2-) 2-)
f$1 = min(1, 1_01) and (2 = min(1, l—az) (1.8)

will play an important role in the study of asymptotic behavior of solution. Without
loss of generality, we may assume that

2— )\ <2—)\2
l1—01 " 1—o09

and we define the function 6 on (0, 00) by

G(t) _ (m(t))ﬁ1@L17A1,01 (m(t)) if ﬁl < B2
(m(t))ﬁl (\IIL17A1,01 (m(t)) + \I/Lz,)\zﬁz (m(t))) it 1 = B,
)

where m(t) := p( oy for £> 0.
For an exphclt form of the function 6 see (3.1). Now, we are ready to state our
main results.

Theorem 1.3. Let 01,09 € (—1,1) and assume that (H1) is fulfilled. Then for
€ (0,00),

(1.9)

V(07" + as0%2)(t) ~ 0(t). (1.10)

By applying the above theorem and using the Schauder fixed point theorem, we
prove the following result.

Theorem 1.4. Let 01,02 € (—1,1) and assume that (H1) is fulfilled. Then (L.3)
has a unique positive continuous solution u satisfying for t € (0, c0)

ult) =~ 6(1). (1.11)

The content of this paper is organized as follows. In Section 2, we present some
fundamental properties of the Karamata class K including sharp estimates on some
potential functions. In Section 3, exploiting the results of the previous section,
we first prove Theorem [I-3] which allow us to prove Theorem by means of the
Schauder fixed point theorem.

2. PROPERTIES OF KARAMATA REGULAR VARIATION THEORY

We collect in this section some properties of functions belonging to the Karamata
class K.

Proposition 2.1 ([I7, 20]). The following hold:

(i) Let L1,Ly € K and p € R. Then L1+ Ly € K, L1Ls € K and L} € K.
(ii) Let L € K and € > 0. Then lim; g+ t°L(t) = 0.

Applying Karamata’s theorem (see [I7, [20]), we obtain the following result.



EJDE-2015/235 NONLINEAR SINGULAR SECOND-ORDER DIFFERENTIAL EQUATIONS 5

Lemma 2.2. Let v € R and L be a function in KC defined on (0,n]. We have
(i) If v < —1, then [} s"L(s)ds diverges and [ s”L(s)ds S —tu,tlfl(t).
tHIL(t)
t—0t v+l

(ii) Ifv > =1, then [ s"L(s)ds converges and fot s¥L(s)ds

The proof of the next lemmas can be found in [7].
Lemma 2.3. Let L be a function in K defined on (0,n] (n > 1). Then
L(t)

0 7 E s

In particular t — [/ @d‘s ek.
If further [ L&) gs converges, then

S

im _L®
Oy s
In particular t — fg @ds ek.

Lemma 2.4. Fori € {1,2}, let L; € K be defined on (0,n] (n > 1) and put for

t € (0,n),
o ([T La(s) T T Lo(s) , \ =%
M“)‘</t B ) +(/t Lal) ) =

Then for t € (0,n) we have

[
t S

ds =~ M(t).

Lemma 2.5. For i € {1,2}, let L; € K be defined on (0,n] (n > 1) such that
" LiT(S)ds < 00. Put fort € (0,7),

0
o= ([ Bt ([ 0

Then for t € (0,n) we have
/t (N°'Ly + N°2Ly)(s)
0

ds ~ N(t).
- s~ N()

Next, we have the following fundamental sharp estimates on the potential func-
tion Vb, for

1 ) L
b(t) = W(P(f)) P(1+ p(t))" 7 L(m(1)),
where 8 < 2,7 > 2, L € K and m(t) = 1i(;()t) for t > 0.

Proposition 2.6 ([3]). Let 5 <2, v > 2 and LeK be defined on (0,m] (n > 1)
such that [ s*PL(s)ds < oo. Then fort >0,

Vb(t) = ¢p(m(t)),
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where for r € (0,1],
r L(s) e
0 —o-ds if =2,
2 BL(r)  ifl1< <2,
r [ @ds if =1,
r if B < 1.
3. PROOF OF MAIN RESULTS

Let 01,09 € (—1,1), assume (H1) and for i € {1,2}, let L; € K defined on (0, 7
(for somen > 1) satisfying ([1.6) and (1.7)). Let b, L, M and N be the nonnegative
functions defined in (0,7) by

b(t) := (/tﬂ Lls(s) ds) = ,

L(t) = (Lo () 777 + (La(t) 77,
M(t) == </tn La(s )ds) =1 —l—(/tanS(S)ds)llw,
N(t) = (/(:Lls(";)ds)ll‘”+(/o LQT(S)ds)’i if /OULS( Li(8) 4 < oo,

First, we give an explicit form of the function 6 defined by (1.9). We recall
that for i € {1,2}, \; <2 and B; = min(1, 2= Ay ). Since ;1 < (s is equivalent to

Y 1l—0;

bp(r) =

1_)‘1 < ’\2 and 14 o7 < A1, we deduce that for t € (0, 00),
(fom(t) 7Lls(s) ds) ﬁ, if Ay =2 and A\ < 2,
(m(£) =7 (L (m() =7, i 222 < 2222 and 140y < Ay < 2,
, (m(t)) =7 L(m(t)), if f A= 22 and 140y < Ay < 2, ,
()= m(t)M(m(t)), if \f =1+4+01 and Ay = 1 + 09, (3.1)
m(t)(1+ b(m(t))), if \y =1+ 01 and A\ < 1+ 09,
Qm(t), if)\1<1+01,
N(m(t))7 if )\1 = )\2 = 2,
where m(t) = %.
Proof of Theorem [1.3l

Lemma 3.1. Forr,s > 0, we have
27 max(Imon1=e2) (4 g) < plTO(p 4 8)7 4 51 T2 (r 4 5)72 < 2(r +5). (3.2)
Proof. Let r,s > 0 and put ¢ = —. Since 0 < ¢ < 1, then we obtain
g max(l—ou,1=02) < yl=o1 4 (1 _4)l=02 < 9,
Which implies the result. ([

Now we are ready to prove Theorem We recall that for i € {1,2}, a; is a
nonnegative continuous function on (0, c0) such that

ai(t) ~ (p(t)) (L + ()N ~# Li(m(1)), t > 0,
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where A\; < 2 and p; > 2.
Note that throughout the proof, we use Proposition [2.1]and Lemma [2.3] to verify
that some functions are in . We distinguish the following cases.

Case 1: A1 =2 and Ay < 2. We have

o(t) = (/Om(t) LIT(S)ds) T

@ (D07 (1) + az (167 (1)
DO ) ([ ale) gy
0

Therefore

(A1) 5
(p(1) (1 + p(t) >~ ) L(s) |\ 5
" (A(1))? L2<m“”(/0 —ds)

Since for i € {1,2}, the function ¢t — L;(t) := Li(t)(fot Lls(s) ds)lfiffl € K and
A2 < 2, we deduce by Proposition [2:1] that

(007 () + ax(0072 (1) m PO QEAOT .
Moreover, since \; = 2, we have

nT n 1
/ 7L1(S)d5 < c(/ 7L1(T)dr) o < 00,
0 8 0 r

it follows by applying Proposition with 8 =\ = 2, v = u, we obtain
m() [, S L L
V(aloal +a29”2)(t) %/ 1(5) (/ 1(7')d )1 1d Ne( )
0

0 S T

Case 2: ?:: < % and 1+ o7 < A\ < 2. Since

= (Ly (m(1))) =,

we obtain
a1 ()07 (t) + a2(t)07> (1)
SRR N a0y, o
~ ) ((;(J;))pz(t)) (LiLT77)(m(t))
(p(1) “TEE R (14 () e
i (A(1))? (L2Ly ™" )(m(t)).

Since in this case % Ag > % — A1, we deduce by Proposition that
a1 ()01 (t) + a2(t)07%(t)

(2=A1)oy A)og

T M a-EPna o1
_ (1) (1+p(t) .

(A(1))?
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Therefore applying Proposition with 8 = A\ — % € (1,2), ¥y = pu and
~ o1 1

L=LiL; " =L; 7" € K, we obtain

V(@167 + as6%)(t) ~ (m(t)>~ (Ly (m(1))) =7 = 6(0).

Case 3: ?:: =222 gpnd 1+ o1 < A1 < 2. We have

17(72
2-x

0(t) = (m(t)) == L(m(1)).
So

(2=Xj)oy —N 2=XAj)og

SR (14 () R
(A1)
H . . op e . _ (2—)\1)0’1 _
ence using again Proposition with 8 = A\ — T € (1,2), v = p and
L= L1L° € K, we obtain

w0 (1) ~ L

(LA L7)(m(1))

2
—

V(@:107)(t) = (m(1)) =7 (L L71) (m(t)).

On the other hand, since 1 + 02 < Ay < 2, we similarly obtain
2—X
V(a267)(t) = (m(t)) =1
Using Lemma (3.1} we deduce that

(Lo L72)(m(1)).

2-2;

V(a107" + a20?)(t) ~ (m(t)) =1 L(m(t)) = 6(¢).

Case 4: \; = 1+ 07 and Ay = 1 + 05. In this case we have 0(t) = m(t)M (m(t))
By calculations, we obtain

o o2 (PO) T+ p(t) o o
ay ()07 (£) + az (1072 (t) ~ O (M° Ly + M2 Ly)(m(t))

Using Propositionwith 6=1,~v=pand L =MLy + Mo Ly, we deduce that

V(a107* + a202)(t) ~ m(t) /71 &ds

m(t) S
Hence the results follows from Lemma 2.4

Case 5: A\; = 1+ 07 and A2 < 1+ o9. Since lim; o+ b(t) € (0, 00], it follows that
0(t) = m(t)b(m(t)). So, we obtain that

)1+ p(t)
ay (£)07(t) + ax(t)072(t) ~ (p(*)) (1(4(25)'2( ) (L1567 )(m(t))
(p(O))H72 (L + p(e) 7
Using the fact that for i € {1,2}, the function t — L;(t) := L;(t)b°(t) € K and
that Ay — 02 < 1, we deduce by Proposition that

(p(t))~1 (1 + p(t)) "
(A@))?

ar ()07 (1) + aa(t)072(t) ~ (L1b71) (m (1))
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Hence applying Proposition 2.6 with 3 = 1, v = u, we obtain that

Vo™ + a0 = min [

m(t) S

ds = 6(t).

Case 6: A\ <1+ o1. Since 0(t) = 2m(t), we obtain
(p(£)) 71 (14 p(t)) =14
(A1)

Applying Proposition with 8 =X —01 <1,v=p and L= L1, we obtain
V(a167%)(t) = m(t).
On the other hand, since also A2 < 1 + 05, we similarly obtain

V(a267%)(t) = m(t).

a1(1)87 (t) = Li(mf(t)).

Hence
V(a10°' + a2072)(t) = m(t) = 0(t).

Case 7: A1 = A2 = 2. We have 6(t) = N(m(t)). By calculus, we conclude that
(p(t))"2(1 + p(t))*~*
(A1))?

On the other hand, since s — (N9 L; + N°2Ly)(s) € K and from Lemma [2.5]

/1 (N'Ly + N°2Ly)(s)
0 S

ar (t)07*(t) + az(t)07* (t) ~ (N7 Ly + N7 Ly)(m(t))

ds =~ N(1) < oo,

then by Proposition with 8 =2, v = p and L = N L, + N° Lo, we deduce

that

m® (N9 Ly 4+ N2 Ly)(s)
s

ds.

V(@107 + as07*)(t) ~ /
Hence the results follows from LemmaO
Proof of Theorem The next Lemma will be useful to prove the uniqueness.
Lemma 3.2 ([2]). Let a >0 and u € C*((a,00)) be a function satisfying

1
——(Au) >0, in (a,oc0),
A
u(t) (3.3)
lim w(¢) =0, lim —= =0.
gt t—oo p(t)
Then u is nondecreasing and nonnegative function on (a,o0).
Now we are ready to prove Theorem Let 01,09 € (—1,1), assume (H1) and
put & := a107* 4+ a20?2 and v := V(@). From Theorem there exists M > 1
such that for each ¢t > 0,

%9@) <o(t) < MO(t). (3-4)

On the other hand, using hypothesis (H1), , Lemm and Lemma we
verify that

/OOO A(s)min(1, p(s))w(s)ds < oo. (3.5)
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Put 0 = max(|oy], |o2]), ¢ = M%, where the constant M is given in (3.4]) and let
o(t 0(t

_ ) <w(t) < -2 (t) :

c(1+p(t)) 1+ p(t)

Using (3.1]), Proposition and Lemma we verify that the function t +—

1%;()1:) € Cp(]0,00)) and so A is not empty.
We define the operator T on A by

Tw(t) = %p(t) /000 G(t,s)[ar1(s)(1 + p(s))7 w (s)

+ax(s)(1+ p(s)) 72w ()] ds.

We shall prove that T has a fixed point in A.
First observe that for this choice of ¢, by using (3.4), we have for all w € A and
t>0

A = {w € Cy([0,0)) :

t > 0}.

(3.6)

o ooy o ono2 — ﬂv Ce(t)
Tw(t) < 1+p(t)V(‘“C MO 4 apc” M?072)(t) = 1+ (D) (t) < 1+ p(t)
and
Tw(t) > V(are "M 0% + ase M ~70%2)(t) = C;:"j(;;v(ﬂ > C(li(t,())(t))‘

On the other hand, for all w € A we have
a1 (B)(1+ p(£)) 7w (£) + az(t) (1 + p(t)) 2w (1) < " MW(E),  (3.7)
and for all ¢, s > 0, we have
G(t,s)
1+ p(t)
G(t,s)

Since for each s > 0, the function ¢ — 7755 is in Cy(]0,0)), we deduce by using

B, and that the family {t — Tw(t), w € A} is relatively compact in
Co([0,00)). Therefore, T(A) C A.

Now, we shall prove the continuity of the operator 7" in A in the supremum norm.
Let (wk)ken be a sequence in A which converges uniformly to a function w in A.
Then, for each t > 0, we have

< A(s) min(1, p(s)). (3.8)

[ Twi () =Tw(t) Ve (14p() 7wt =0 [+aa(14p(.) 7 fwi® —w||(2).

| < ;
~ 1+p(t)
On the other hand, by similar arguments as above, we have
ar(1+p()7H wp' —w [+ az(l+ p(.) 7 |w® — w??| < cw(s).
We conclude by and the dominated convergence theorem that for all ¢ > 0,
Twi(t) — Tw(t) as k — +oo.

Consequently, as T'(A) is relatively compact in Cy([0,00)), we deduce that the
pointwise convergence implies the uniform convergence, namely,

ITwp — Tw||oo — 0 as k — +oo.

Therefore, T' is a continuous mapping from A into itself. So the Schauder fixed
point theorem implies the existence of w € A such that

1
Y0 =10

Viar(1+p()"w? +az(1+ p(.))2w?)(?).
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Put u(t) =1+ p(t)w(t). Then u is continuous and satisfies
u(t) = V(a1u + agu®?)(1).

Since the function s — A(s) min(1, p(s))[a1(s)u’*(s) + az(s)u(s)] is continuous
and integrable on (0, 00), then it follows that u is a solution of problem .
Finally, it remains to prove that u is the unique positive continuous solution sat-
isfying . To this end, assume that problem has two positive continuous
solutions u, v satisfying . Then there exists a constant m > 1 such that

1 U
— < —<m.
m = v
This implies that the set
1 U
J={m>1: —<—<m}
m = v

is not empty. Let o := max(|o1],|o2|) and put ¢y := infJ. Then ¢o > 1 and we
have %v < u < ¢gu. It follows that for ¢ € {1,2}, u” < ¢§v? and that the function
w = c§v — u satisfies
(Aw") = a1 (v —u’) + az(cgvg2 —u%) >0,

lim w(t

Jim w(t) =

w(t)
=5 p(1)

A

=0.

By Lemma this implies that the function w = ¢fv — u is nonnegative. By
symmetry, we also have v < c¢fu. Hence ¢f € J and ¢y < ¢f. Since 0 < ¢ < 1, then
¢o = 1 and therefore u = v. [l
Example 3.3. Let 01 € (—=1,0), 02 € (0,1) and Ay, A2 < 2, such that ?:21 < 2=22

— 1— 0’2
Let p1, e > 2 and aq, as be a positive continuous function on (0, 00) such that

——(p(t)) N (L + p(t))N M, forie{1,2}.

Then by Theorem problem (|1.3)) has a unique positive continuous solution u
satisfying for ¢ > 0,
p(t) I3 :
(1+p(t))1 L, 1f1‘|’0’1<>\1<27
p(t) (log(2+2’)(t)))71*1"27 if A\ =1+0; and Ao = 1 + 09,
(lo

u(t) = { 1HrM) L
p(t) (2—;2(5)@ ))ﬁ, if Ay =1+ o0y and Ay <1+ 09,

1+p(t)

if A <1+o0.

1+p(t)’
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