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A SYSTEM OF SCHRODINGER EQUATIONS AND THE
OSCILLATOR REPRESENTATION

MARKUS HUNZIKER, MARK R. SEPANSKI, RONALD J. STANKE

ABSTRACT. We construct a copy of the oscillator representation of the meta-
plectic group Mp(n) in the space of solutions to a system of Schrodinger type
equations on R™ x Sym(n,R) that has very simple intertwining maps to the
realizations given by Kashiwara and Vergne.

1. INTRODUCTION

Generalizing results from [23] [24] and using techniques similar to those found in
[16], this paper uses Lie symmetry analysis to study the system of partial differential
equations

450y, f(x,t) + 02, f(z,t) =0, 1<i<n,
2504, [(2,1) + 02,04, f(x,1) =0, 1<i<j<n,
with s € iR*. Here = (z;) and t = (¢;;) are the standard coordinates on R™ and
the space of real symmetric matrices Sym(n,R), respectively. A brief statement of
some of the main results contained in this paper, without proofs, can be found in
[15].

A standard application of Lie’s prolongation method shows that the infinitesimal
symmetries of Equation are the Jacobi Lie algebra g = sp(n, R) X ha, 41, where
sp(n, R) is the symplectic Lie algebra on R?"™ and ha,, 11 is the (2n + 1)-dimensional
Heisenberg Lie algebra, plus an infinite dimensional Lie algebra reflecting the fact
that Equation is linear. It follows that the space of all complex-valued func-
tions f € C*°(R™ x Sym(n,R)) satisfying carries a representation of g.

While the g-action on C*°(R™ x Sym(n,R)) does not exponentiate to a global
action of the Jacobi group G7 = Sp(n,R) x Ha, 41 or any cover group, we construct
canonical g-invariant subspaces I'(q,r,s) C C*°(R"™ x Sym(n,R)) such that the g-
action on I’(g,r, s) does exponentiate to a global action of the group G = Mp(n) x
Hsp, 41, where Mp(n) is the metaplectic group, i.e., the double cover of Sp(n,R).
We then show that the space of solutions to in I'(q,r,s) gives a realization
of the oscillator representation (or its dual, depending on the sign of o where
s = io) of Mp(n). In addition, we construct very simple intertwining maps to
two realizations of the oscillator representation given by Kashiwara and Vergne in
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[18]. One intertwining map is given by evaluation at t = 0 (followed by a Fourier
transform) and the other is given by either evaluation at = 0 or application of a
gradient and then evaluation at = = 0.

For a thorough development of the history of the oscillator representation, w,
often called the metaplectic or Segal-Shale-Weil representation, we refer the reader
to []. In this subsection, we content ourselves by reproducing some of the highlights
as we gave them in [I5]:

From classical number theory, the invariance properties of Jacobi theta functions
[9] are found by lifting such functions to G”. This lift, in turn, utilizes the oscillator
representation [5]. A complete treatment of theta functions appears in [I7] and
many more results demonstrating the interplay between w and aspects of number
theory can be found in [19] 20, 29].

The quantization procedure in theoretical physics associates classical geometric
systems to quantum mechanical systems and is very well studied [T}, 12} 26| 27, 28]
30]. For example, the oscillator representation arises in quantum mechanics when
one quantizes a single particle structure [22]. The representation w is constructed
and then used to establish results about the inducibility of a field automorphism
by a unitary operator in all quantizations [25]. Another application of w appears in
quantum optics. In [2], the tensor product of w with discrete series representations
of SU(1,1) admits squeezed coherent states. The broader role that w plays in
physics can be found in [7], [IT].

In representation theory, the oscillator representation is used to construct other
important representations. For instance, the representations of G’ (n = 1) with
nontrivial central character are realized as products of representations of Mp(1) and
the oscillator representation [5]. In the well-known article [I8], the k-fold tensor
product ®w is decomposed into irreducible unitary representations. First conjec-
tured by Kashiwara and Vergne and later proved by Enright and Parthasarathy [g],
all irreducible unitary highest weight representations for which the Verma module
N(X+ p) is reducible (i.e., A is a reduction point) are found in ®xw for some k.
In a similar vein, it is shown in [13] that every genuine discrete series representa-
tion of Mp(n) appears in (Qrw) ® (®w*), for some k and m. Finally, if F is a
finite field, irreducible representations of GL(2, F') can be constructed by using the
Weil representation [6], the restriction of w to SL(2, F'). For F' a non-Archimedean
local field, the same is true of many supercuspidal irreducible representations of
GL(2,F).

Given the manifold applications of w, it may be helpful to identify some canonical
realizations. A standard realization of w arises via the Stone-von Neumann theorem
as an intertwining operator between equivalent irreducible unitary representations
of Ha,y1 on L2(R™) ([10] and, in more generality, [29]). A second realization is
the Fock model, where w is realized as an integral operator on a reproducing kernel
space. Motivated by Lie’s prolongation method ([2I]), we induce from a subgroup
of G and use a system of Schrédinger type equations to find a subspace on which
the action irreducible. In [3], a reproducing space of holomorphic functions on
Sp(n,R)/U(n) x U(n) is shown to satisfy analogous differential equations (if one
replaces real with complex differentiation), but no unitary action on that space is
provided.

Now we turn to a more careful description of the results contained in this paper.
For a certain analogue of a parabolic subalgebra P of G (see , we begin with
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the induced representations
_ G
I(q,7,s) = IndZ xq,r.s

(see §2.3)) where x5 : P — C index certain characters of P with ¢ € Z (determined
only up to mod 4 when n is odd and up to mod 2 when n is even) and r,s €
C. Looking at the analogue to the noncompact picture provides a realization of
I(q,r,s), denoted

I'(q,r,s) € C®(R™ x Sym(n, R))

(see §4). We then look for solutions to Equation inside I'(q,7,s). With
appropriate parity and initial decay conditions, those solutions are denoted by D/,
(see Definition [5.3)).

We show that this space of solutions to Equation is invariant under G
precisely when r = —1/2 (Theorem . Moreover, when s is nonzero and purely
imaginary and with appropriate choice of ¢, the resulting representation is isomor-
phic to the oscillator representation or its dual, depending on the sign of o. In the
case of the oscillator representation, this realization provides a kind of interpolation
between two famous realizations given by Kashiwara and Vergne in [18]. As noted
above, the intertwining maps are simply evaluation at ¢ = 0 (followed by a Fourier
transform) and either evaluation at & = 0 or the application of a gradient and then
evaluation at = = 0.

To be a bit more precise, Kashiwara and Vergne give an embedding of the tensor
product of the oscillator representation into a subspace of sections of vector bundles
over the Siegel upper half-space, £),,, and also into a subspace of certain principal
series representations. For instance, in the very special case of the even part of
the oscillator representation realized on the even Schwartz functions, S; (R™), they
construct the maps

F1

T, Ceo(SymnB) — L S (RY)
N\ e
BV Fo
O($Hn)

where S(R™) denotes the set of Schwartz functions on R™, 7', denotes the image of
S+ (R™) under the map F; = BV oFy (with C*°(Sym(n,R)) being the noncompact
picture of a certain principal series representation of the metaplectic group Mp(n)),
and the maps are given by

(Fo)(2) = / B(E)ed# g,
RTL
(BVW)(H) = lim W(t+iY),

FO) = | HOH de

where R" is identified with Mjx,(R), ¥ € St (R"), Z € H,, t € Sym(n,R), ¥ €
Im(Fp) € O(Hn), and limy _ g+ denotes the limit as ¥ — 0 with Y € Sym(n,R)
and Y > 0.

Turning to our realization, with the parameter choice of r = —1/2 and s = —272i,
we have a commutative diagram
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/
D+
g £

7 \
7, — & — SR
where
D! C C*®(R" x Sym(n,R))

is the set of smooth solutions, f, satisfying the system of partial differential equa-
tions

. 1 C
Zati,jf = mazlawjf (fOI" i # )
; 1
Zatnf = S?a:v,
with f(,t) € S4(R™) for each ¢ € Sym(n,R) and

(1.2)

7! C C*(Sym(n,R))

is a subspace of the noncompact picture of a certain principal series representa-
tion, see §2.3] that essentially consists of the set of Fourier transforms of Schwartz
functions pulled back as measures on {fyTy RS R"} C Sym(n,R) (see Corollary
. The maps £ and G are given by the particularly simple maps

~

(€f)(x) = f(=,0)
(with the Fourier transform given by f(f) = Jon [ (x)e_QﬂfxT dz) and
(G1)(#) = f(0,1).

There is an explicit integral formula for £~1 given by
(). t) = | FEOeR T dg
R’”

which gives rise to a formula for H = F;. An inverse for G can be given by
viewing elements of 7' as tempered distributions on Sym(n,R), applying a Fourier
transform, and taking a limit using approximations to a J-function (see the proof
of Theorem [7.2]).

The highest weight vector in D/ is given by the function f; € C*(R"™ x
Sym(n,R)) defined as

[+ (z,t) = det (I, — it)—1/26—2w2x(1n_it)—1zT
(Theorem . The corresponding vector in Ijr is
f4(0,t) = det(I,, —it)~1/?
and in 5S¢ (R") is
F1(£,0) = (2m) " Fe 3l

Note that the choice of, say, s = 27%i gives rise to the dual representation and
Schrodinger-like partial differential operators with lowest weight representations.
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The above commutative diagram fits on top of the Kashiwara-Vergne picture to
give the following commutative diagram.

D,
7 N
I-ll- — Hil — S+(Rn)
AN e
BV Fo
O($Hr)

There is a similar picture for the odd part of the oscillator representation that fits
in with the Kashiwara-Vergne realization in an analogous way. There our diagram
looks like

’D/
g, £

Ve N\
7 M s Ry

S_(R™) denotes the odd Schwartz functions,
D’ CC>®(R"™ x Sym(n,R))

is the set of smooth solutions, f, satisfying the system of partial differential equa-
tions from Equation [I.2] with f(-,t) € S_(R") for each ¢t € Sym(n,R) and

I’ C C*(Sym(n,R),R™)

is a subspace of the noncompact picture of a certain principal series representation,
see and Corollary Here the maps are given by the same &,

o~

(Ef)(x) = f(z,0),
and the related gradient to G,
(Gnf)(t) = Vre f(0,1).

In this case,

()0 = ([ @A e ag) |,y

R

—omi | @f©et e, [ gup©edt ag)

Rn R

and G, ! can be recovered from certain Fourier transforms (Theorem |7.2]).
The highest K-finite vectors of D’ consist of the functions f, given by

falz,t) = det(I, — it)" /2 (2(I,, — it)"LaT)e 2w oIn=it)laT
where a € C" (Theorem [6.3)). The corresponding vector in Z” is
Y £a(0,t) = det(I,, — it) =% (a(I, — it)~}).
and in S;(R™) is
Ja(&,0) = (2m) " hi(ga™)e 2T,
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2. NOTATION
2.1. A Double Cover of the Jacobi Group. With respect to the standard

symplectic form J,, 11 = (I 0 Ig+l>7 let
n+1

*
g= 5]3(” + 17R) n { <01><(2n+2)) }

= 5p(na R) X b2n+1

where ho,4+1 is the 2n 4+ 1 dimensional real Heisenberg Lie algebra. This is the Lie
algebra to the Jacobi group

G’ = Sp(n+1,R m{( ¥ *>}
o ) O1x@2n+1) 1
= Sp(n,R) x Hapya
where Ha,, 41 is the 2n+1 dimensional real Heisenberg Lie group. Of course, written
inn x 1 x n x 1 block form, Sp(n,R) is embedded in G as

A 0 B O
0 1000 ory_ 4Tc, DTB=B"D, ATD-C"B =1
cC 0 D 0] ’ ’ "
0 0 0 1
and Hs, 11 is embedded as
I, 0 0 27T
y 1 =z z
0 0 I, —y7
0 0 O 1

We write §,, for the Siegel upper half-space
Ny ={Z=X+1iY : X,Y € Sym(n,R) with Y > 0 (positive definite)} .

The Siegel upper half-space carries a transitive action by Sp(n,R) by linear frac-
tional transformations,

g-Z=(AZ+B)(CZ+ D).
Note that the stabilizer of i1, in Sp(n,R) is the maximal compact subgroup, U(n),
embedded in Sp(n,R) by A+iB € U(n) — <_AB i)
The main object of study is the double cover of G,
G = Mp(n) x Hopy1.

Here the action of Mp(n) on Ha, 1 factors through its projection to Sp(n,R) and
we realize the metaplectic group as

C D
satisfying £(Z)? = det(CZ + D)}

Mp(n) = {(g = (A B) ,5) : g € Sp(n,R) with smooth ¢ : $,, - C

The group law on Mp(n) is given by
(91.€1) - (92,€2) = (9192, Z — €1(92 - Z)e2(2)).
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Note that the identity element is (I,,,Z — 1) and (g,e)" = (¢7',Z — e(g7* -
Z)~1). To be explicit, the group law on Mp(n) x Ha,. 1 is given by
((g1,21), 1) - ((92,€2), h2) = ((g1,€1) - (92, 22), 95 " h1gaha).

2.2. Parabolic Subgroup. Consider the subalgebra of g given, written in n x 1 x
n X 1 block form, by

a 0 0 0
= Yy 0 0 z T
p{ c 0 —aT _yT C C}.
0 0 0 0

Then p is the semidirect product of the maximal parabolic subalgebra

o= {(2 )=

of sp(n,R) and a copy of R"*! given by

000 0
_Jly 0 0 =z
m{OOO—yT}'

000 0

The Langlands decomposition for p,, is p,, = man where

{0 5) e
m= { (g ST) :aES[(n,R)}
R

Before turning to the group, first note that the Lie algebra of the maximal
compact subgroup of Sp(n,R) is

e:{(_“b Z):bT:b,aT:—a}%u(n)

and the corresponding maximal compact in Mp(n) is

K ={ (ks = (_AB ﬁ) &) A+iB € U(n), &(2) = det(~BZ + A) .

We turn now to the group. Writing A = exp a, we see

e ey
N={nc= ((25 I(l),ac) T =0}

where ¢ is the unique smooth function

ec:H, —C

and N = expn is
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satisfying ec(Z)? = det(CZ + I,,) determined by the condition that ec(Z) =

\/det(CZ + I,) for sufficiently small Z € §),, (where v/- denotes the principal square
root).
Now it is easy to check that the centralizer of A in K is

{<(§ 31) ’Z—>C> ;A€ O(n,R), ¢ =det A

which has the structure of SO(n) x Z4 when n is odd and SO(n) x Z4 when n is
even. The subgroup M is then defined to be the group generated by this centralizer
and expm so (using the subscript 0 to denote the connected component)

My = {< (13 A_OLT) Z— 1) CAc SL(n,R)},

A 0
M = {mA7c = ( (O AI,T) L = C) :

A€ GL(n,R), det A € {£1}, ¢* = det Ail}.

Thus the component group, M /My, is isomorphic to Z4. Finally, writing W =
exp to, we see

I, 0 0 0
_ y 1 0 z
W_{wy’z_ 0 0 I, —y” }
0 0 0 1
We let P be given by
P=MAN x W.

2.3. Induced Representations. For ¢ € Z (determined only up to mod 4 or
mod 2 depending on n), r € C, and s € C, we define a character
Xq,r,s P—-C
by
Xar,s(Ma,caiMcwy ) = cle™ e,
Note that for n = 1, the choice of ¢ in [23] is the negative of the choice here. We
study the induced representation

I(q,r,s) = Ind%xqmS
= {Smooth ¢:G—C:¢(gp) = Xq’m(p)*lgb(g) forgeG,pe P}

with action group action (g- ¢)(g’) = ¢(g~1g’).
We will also have occasion to use two related induced representations of Mp(n).
To this end, define a character and an n-dimensional representation of M AN

Xq,r * MAN — C,
Tar s MAN — GL(n,C)
Xq,T(mA7catﬁC) = quTm‘,’

Tgr(Ma,caific) - v = cle™p AT
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for v € C" given as a row vector. The associated induced representations are

— Mp(n)
I(q,r) = Ind "5 Xq.r B
= {C°° ¢:G—C:o¢(gp) = qu(p)*lqb(g) for g € Mp(n), p € MAN}
— Mp(n)
In(g,r) =Ind, “rc mor
={C™ ¢:G— C": ¢(gp) = mq,r(p)~" - ¢(g) for g € Mp(n), p € MAN}

with action group action (g- ¢)(g’) = ¢(g~1g’).

3. BOUNDARY VALUES OF ¢

Recall elements of Mp(n) are given by pairs (g,¢) with g = (é ZB;) € Sp(n,R)

and smooth ¢ : §,, — C satisfying £(Z)? = det(CZ + D). If we are in the special
case of det D # 0, then det(CZ + D) = sgn(det D)|det D|det(D~1CZ + I,,). In
particular, for all sufficiently small Z,

e(Z) = i?|det D|2\/det(D-1CZ + I,)
= P|det D|Y2%ep-1c(2)

where /- denotes the principal square root and p = p(e) is one of the two choices
(determined precisely by €) of p € Z4 for which (—1)? = sgn(det D). Note that the
identity

e =i?|det D|"?cp-1
then holds for all Z since the functions are analytic.

We need to extend the definition of € from $),, to Sym(n, R) almost everywhere.
For this, let € : Sym(n,R) — C be given by

e(X) = Yliﬁn&+ e(X +1Y)

(here Y — 0% denotes Y — 0 with Y > 0) which will be defined when det(CX +
D) # 0. To see this limit exists when det(CX + D) # 0, observe that, for Z with
sufficiently small Im(Z), we can write e(Z) = i'\/sgn(det(CX + D)) det(CZ + D)
where /- denotes the principal square root and [ = (e, X) is one of the two choices
(determined precisely by € and X) of [ € Z4 for which (—1)! = sgn(det(CX + D)).
In particular, we see £(X) exists and is given by

e(X) =i'y/|det(CX + D). (3.1)

In the special case where X = 0 and det D # 0, there is a useful formula for
recovering the p in the formula e = i?|det D|'/%2c 1. Namely,
_ €0
~ |det D|V/2°

v

Finally, define an almost everywhere action of Sp(n,R) on Sym(n,R) given by
g-X=(AX+B)(CX +D)!
for X € Sym(n,R) when det(CX + D) # 0 so that g- X = limy o+ g - (X +4Y).
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4. NONCOMPACT PICTURES

Let
00 0 27
00 « O
3‘_{ 000 0 }
00 0 O
so that X = expy is given by

I, 0 0 27T
0 1 = 0 ~ Ty

X*{e-”* 00 I, 0 }:R
0 0 0 1

and let

n{<8 8):bT

so that N = expn is given by

N:{nB:((Ig i),Z—d):BT:B}.

Restriction to X N = R” x Sym(n, R) gives what would be called the noncompact
realization of the induced representation if we were in the semisimple category and
which we denote by

I'(q,r,s)
= {f :R™ x Sym(n,R) — C: f(z, B) = ¢(exnp) for some ¢ € I(q,r,s)}.

We make I’(q,r,s) into a G-module so that the restriction map ¢ — f is an

. - . o n(nt1)
intertwining map. When necessary, we will coordinatize Sym(n,R) as R 5 by

writing

t1y ti2 - tin

tig too - top
B = .

tln t2n tnn

Theorem 4.1. For f € I'(q,r,s), the action of g = ( <é’ g) ,z—:) € Mp(n) on f

is given by
((9.) - f)(,1) = '] det(A — 1O =LAt
x f(x(—=CTt+ AT)1 (A —tC)" (tD — B))
when det(A —tC) # 0 and | € Zy satisfies (g™ - t) = i'| det(A — tC)|~1/2.

Li 0 0 y

The action of h = %O (1) %T/O ZOT € Hopt1 on f is given by
n I
0 0 O 1

(h- f)(w,t) = 32220 +20—20t26 —y020) (5 yo — ot 1),
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Proof. When det D # 0, write e(Z) = i?| det D|*/2,/det(D~1CZ + I,,) for all suffi-
ciently small Z and recall that i? = £(0)| det D|~'/2. Tt is straightforward to verify
that

(9:€) =npp-1 ™ 4ot DI~ % D17 i» Un(|det DI~ %) PP C (4.1)
and
DT ¢
(ga 5) €x =NpBp-1€zp-1 ( C D ,5) W_zp-1C,—xD-1CxT - (42)

Suppose f € I'(q,r, ) corresponds to ¢ € I(q,r,s). Then

((976) ! f)(CU, t) = ¢(gilexnt)
T T, _ pT
—o( g Tt ) e 2 ) e
Using Equations and when det(A —tC) # 0, it follows that
((g,€) - (=, 1)

c - t - - _1\—rn
B <|det((gt0+)A)1/2) (|det(—tC+A)‘ n)

—sz(—CTt4+AT)"10T ;T
.e sz ( ) T (z)(n(

X DTt—BT)(—CTt4AT) 15 Ca(—CTt4AT)1)-

Finally, it is easy to see that C(g~!-t) + D = (AT — CTt)~!. Looking at Equation
there is an [ € Z4 so that e(g~" - t) = 4| det(A” — CTt)|~1/2 and the result
follows. The calculation for Ha, 11 is similar and omitted. O

A straightforward calculation yields:

Corollary 4.2. Let f € I'(q,r,s). The element h = (zq, Yo, 20) € hant1 acts on f
by

n

h- f(x,t) = s2zox” + 20)f(z,t) — Z(mot + v0)i0g, f(z,1).
i=1
The element ay € a, A € R, acts on f by

(ax - f)(z,t) = nrXf(x,t) — )\ixiawif(m,t) — 2)\Zti’j8ti’jf(x,t).
i=1

1<
The element n. € 1, ¢ = ¢, acts on f by

n

(ne - f)(x,t) = =rTr(te) f(x,1) — swex” f(x,6) + ) (wct)idu, f(2,1)

i=1

+) (tet)i o, f(z,t).

1<j
Ifkap €8, b7 =b, aT = —a, then kq o acts on f by

n

(ka0 [)(@,t) =Y (va)iOs, f(x,t) + > _(ta — at); ;0 , f(x,t)

i=1 i<j
and ko acts by
(ko - f)(z,t) = rTr(th) f(z,t) + sxbal f(x,t)
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n

=) (wbt)iOn, f(x,t) = > (Tr(th)t + b)i ;0h, , f(x,1).

i=1 i<j

In a similar fashion, we also have the noncompact realizations of I(g,r) and
I,(q,r) given by restriction to N 2 Sym(n,R). We denote these realizations by

I'(qg,r) = {f : Sym(n,R) — C: f(B) = ¢(np) for some ¢ € I(q,r)}
I (q,r) = {f : Sym(n,R) — C": f(B) = ¢(np) for some ¢ € In(q,r)}.
Simple modifications of the proof Theorem [£.1] give the following result.

Corollary 4.3. For f € I'(q,r), the action of (g = A B ,€) € Mp(n) on f is
C D

given by
((g9.€) - )(t) = "] det(A — tO)|" f((A —tC) " (tD — B))

when det(A —tC) # 0 and | € Zy satisfies (g~ - t) = | det(A — tC)|~1/2.
A

For fn € I,(q,7), the action of (g = (C g) ,€) € Mp(n) on fy is given by
((g.2) - ) () = i'| det(A — 1)~ fo((A—tC) " (tD — B))(—tC + A)~".
We also see that:
Corollary 4.4. There is an Mp(n)-intertwining map
G:1'(q,r,8) — I'(q,7)

given by the mapping f — f(0,-).
The corresponding map from I(q,r,s) — I(q,r) is given by ¢ — ¢|rrp(n)-
There is also an Mp(n)-intertwining map

1
gn : I,(q,'f’, S) - Ivlm(lLT - E)

given by mapping f — Vf(0,-).
The corresponding map from I(q,r, s) — Iy (q,7—=) is given by ¢ — V(¢(-€z))|z=0-
Proof. The first statement is obvious since

((g,€) - )(0,8) = i'"| det(A — tO)|" £(0,(A — tC) ' (tD — B)).

It also follows trivially from the definitions that the map f — f(0,:) on I'(q,7,s) —
I'(q,r) corresponds to the map ¢ — ¢|arpn) on I(q,7,5) — I(q,7).
For the second statement, observe that

(5090 )0

=i det(A — tC)[" Y ((-=CTt+ AT)™)

J

of —1
ijgj(o’ (A—tC)"*(tD — B)).
Thus

V((g,s) ' f)(oa )
— 1| det(A — tC)|"V£(0, (A — tC)~ (tD — B))(~CTt 4 AT)~1T
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and the map intertwines. Finally, we claim that the map given by f — V f(0,-) on

I'(q,r,s) — I,(g,;r — %) is induced by the map ¢ — V(¢(-¢5))|z=0 on I(g,r,s) —

I,(qg,7 — 1). To check this, note that it is easy to verify that

(ga 5)61' = €zpD-1 (gv E) W_gD-1C,—2D-1CxT
when D is invertible. o
Then, for v € Mp(n) and p € MAN written as p = ma ca;fic,
V(g(vpex))lz=0 = V(o(yma,caiiices))lz=o
= v(¢(’yeef:rATmA,catﬁwaxATAflC,szTAflczT))|x:0
T A—1 T
= V(quefrntesmA Ao d)(’yeetxAT)Nx:O
= c*qefmtV(gb(’yez)ﬂr:o et A
= 79TV (G(ves)) =0 A
L (p) - V(¢(ver))|e=o-

= ﬂ—q,’l“f;
Thus V(é(-ez))|z=0 € In(q,” — 1/n). Moreover, noting that nge, = e,np, we
have V(¢(eces))|la=0 = Vf(0,C) so that V(4(-€z))|z=0 € In(g,r) corresponds to

V£, eI (q,r). O

5. AN INVARIANT SUBSPACE

Theorem 5.1. For r = —1/2, the set of functions f € I'(q,r,s) satisfying the
system of partial differential equations (from Equation (1.1)))

Zsati,j,f + 8mlawjf = 0) { #]
450y, f + 5§if =0
is G-invariant.

Proof. Temporarily write D = {2s0;, , + 0,0.,,450,,, + 02, : 1 <i# j < n}. First
observe that the differential operators in D commute with the Heisenberg group
action. This is clear for (0,y,2) € Ha,11 since D consists of constant coefficient
differential operators and ((0,y, 2).f)(z,t) = e** f(z—y,t) by Theorem[4.1] Check-
ing commutivity for (x,0,0) € Ha,1 is a straightforward application of the chain
rule and is omitted. The invariance of D under Mp(n) follows by a Lie algebra
calculation showing that [X, D;] lies in the C°°(R™ x Sym(n,R))-span of D for any
X e gand D; € D. As the details are straightforward and all similar, we give the
particulars only for the element X = E, 111 € sp(n,R) as representative of the
most interesting case. By Corollary

n
By f=—rtunf —seif+ > witri0e f+ D tiitr ;o f.
i=1 i<j
Then
n
[—’I”tll - SI% + Zl‘lt17iaxi + Ztivltlvjati,j’ 458t11 + 851]

i=1 i<j

= —48(—7" + {I,'laxl + 2151’18,5171 + Ztl’jatlyj) - (—28 — 481’1011 —+ 221&1’161,18“)
j=2 i=1
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n
= 2s(1+2r) — 2011 (450, , +02,) — 2 _t1;(250y, , + 0z, Os,).

=2

The result follows. (]

It is helpful to be able to write down explicit formulas for solutions to Equation
D).
Theorem 5.2. Let s # 0 be purely imaginary. If f € C2(R™ x Sym(n,R)) satis-

fying f(-,0), m € LY(R") and the system of partial differential equations from
Equation (1.1), then

Fat) = [ Fe,0)e 6" e2miea” ge.
R’ﬂ

Proof. By standard Fourier techniques, when f(-,0) is a tempered distribution,
there is a unique solution to the Cauchy problem in the space of C(Sym(n,R), S’ (R™))—
i.e., f(z,t) is continuous in ¢ and takes values in the set of tempered distributions
on R". In fact, if [, (1+[z[?)f(2,0)dz < oo, the solution is classical in the sense
that it has continuous derivatives with respect to each t; ; and continuous second
order derivatives with respect to each z;. Alternately, if f(-,0) € L?(R"), then
f e c(Sym(n,R), L*(R™)) with [[f(-,8)[lz2@n) = [IF(- 0) [l 22 (gn)-

The calculation goes as follows: take the Fourier transform with respect to x of
the partial differential equations from Equation to get

(280, , — Am266)[ =0, i#j
(450;,, — Am2€2)f = 0.
Thus
J(e,t) = Flg, 00T T €2 Tus 660 — Fe, 0)e T (5.1)
Therefore,

w2 gy T T
f(z,t) = (£,0)e" 51 e2mer g,
R’V‘L

Definition 5.3. Let s # 0 be purely imaginary and » = —1/2. Define
D' C I'(q,r,5) CC®(R™ x Sym(n,R))

to be the space of functions f € I'(q,r, s) that satisfy the system of partial differ-
ential equations from Equation (1.1) with f(-,0) € S(R™). Write D/, and D’ for
the functions in D’ that are even (respectively, odd) in z for each ¢ € Sym(n, R).

Remark 5.4. For the rest of the paper, we will assume r = —1/2 and that s is
nonzero and purely imaginary. We write s = io with 0 € R*. We will also write

€o = sgn(o)
so that o = e,|o|.

Theorem 5.5. The space D' is G-invariant.
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Proof. Since o is purely imaginary, the invariance of D’ under Ha, 1 follows from
the action given in Theorem[4.1] Let (g,&) € Mp(n) and f € D’ andlet h = (g,¢)- f.
By Theorem it suffices to show h(-,0) € S(R™). Fix ty € Sym(n,R) so that
det(A — toC) # 0 and let tg = (A — t,C) " (toD — B). Theorem shows that
h(x,to) _ ilq‘ det(A _ t00)|r€fst(A7toC)_1:rT f(:E(chto + AT)fl’tNO)
where e(g~" - to) = i*| det(A — toC)|~'/2. Since Equation [5.1| shows
-~ —~ 22 N
fa.to) = (F(,0)e™ OO (@),
it follows that f(-,to) € S(R™) and therefore that h(-,ty) € S(R™). Finally, since
h(z,0) = (h(-,to)e™™ /OO )V (1), it follows that h(-,0) € S(R™). O
Definition 5.6. Write J € Mp(n) for the element J = (Jn,e5) where E%(Z) =
det Z with e7(Z) = Vdet Z for Z = (A +ip)l, for A\, u > 0 with arctan § < 7.
The Cartan involution 6 : Mp(n) — Mp(n) is the anti-involution §(g,¢) = (g7, T)
where _ _
(9",e") = J(g.e)"
Notice that
(9" e") = J(g,e) 7T
= (Jug M Z = a7 I Z)elg T T 2) ey (27 )
= (9", Z —e(~(B"Z+D")(ATZ+CT) )
x 5]( —(BTZ+ DT)(ATZ + CT)—l)sj(—z—l)—l)

so that

e'(Z)=e(—(B"Z+D")(ATZ+CT)" ")}

xes:(—(B"Z+D")(ATZ+CT)y Nes(—z7 ).

Of course,
det(—(BTZ + DT)(ATZ + CT)~1)

e'(2)* = - -
det(—C(BTZ + DT)(ATZ + CT)~' + D)det(—Z~1)
det(BTZ + DT)
" det(C(BTZ + DT) — D(ATZ + CT)) det(—Z 1)
=det(BTZ + DT)

as required.

Theorem 5.7. When o > 0 and ¢ = —1, we can define ¢4, ¢4 o € I(q,r,s) with
aeC” by
eia(fzfmyT+a:(gT~“n)wT)

(15—0—((9,5) hm,y,z) = ET(iIn) )

h (z(Bi+ D)’1aT)eiU(*Z*zyT+r(gT-iln)xT)
S T (il,,)

(recall €T (Z)? = det(ZB + D)). The corresponding elements f+, f+.o € D' are

fr(z,t) = st(i[n)—le—m(lnﬂt)*lﬂ
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Fral@,t) = e(il,) " (@(L, +it) LT ) omUntin~e"

where, recall, e(Z) is the analytic continuation to Z € $), of the function Z —

Vdet(l, +tZ) for sufficiently small Z.

When o <0 and ¢ = 1, we can define ¢p_,p_ o € I(q,7,s) with o« € C™ by
eio(—z—ay” +a(g”-(—iln))=")
¢—((9:€) hay,z) = L)
(2(—Bi +D)—laT)eio(—z—zyT+;E(gT-(—iln))acT)
T (il,) '

The corresponding elements f_, f_ o € D!, are

¢7,a((ga €) hryZ) =

o) = ST et
f*,a(x,t) = m_l(x([n _ it)ilaT)eU(E(Infit)_lajT‘

Proof. To determine when ¢, € I(q,r,s), first write D = ma, ¢, at,2cy = (Do, Epo)
so that

_ €t0A0 0
Py = eftoAal,TOO 67t0Aal,T )
po(Z) = coe™ 2eq, (Z).
Since €7 (Z)? = det(e 0 Ay ') = e ™o det Ay" and ¢ = det Ay', it follows that

Po
T

Epo(Z ) = dcpe” 3. The exact answer can be determined by using the continuity

of the Cartan involution and its evaluation on the central elements, Z = (£1,,¢)
with ¢ = (£1)™"™

e'(Z)=cles (—Z Nes(—27 )=
It follows that

In particular, it we see that
((9:)D)" = (Bg 9"y te 2ol
Turning to ¢4, a straightforward calculation shows that
¢+((9,8) .y, Pwyo,2,)
= o+ ((9; E)phe_tOwAgl'T,etOyA0+e_‘0wAal’TCO7zwy0ﬁZO)

= ¢+((g’ E)ph‘efto£A51’T,etOyAg—i—eftOacAO_1’TCO—‘,-yg,z—l-zo—e*tOQcAO_l’Tyg)

_ e—ia(z—i—zo—e’tozAgl’Tyg‘)e—iaeftomAgl’T(etoon—Q—e*f’O:cAgl’TCg—i-yo)T
Co—tg . A=L TN 2t0 AT (T —tg A—1,T 1 _n .
™ eza(e TAq )(e“"0AG (g7 -iln)Ao+Co)(e Ay x )/[CO 16 z tOET (’LIn)]

=coe?0e "¢, ((g,€) hay,2)-

It follows that ¢4 € I(—1,—1/2,10).
Next observe that the ¢ for

nl = ( (It” Ii) Z—eid(—(tZ+1,)Z2 Nes(—Z7H) 7).
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Now for Z = pe'?l,, det(—Z~1) = p~"e™™=9) g0 that e(—Z~1) = p~Fei™ 7

5 pl

for 7 — 6 sufficiently positively small and p > 0. Therefore e 5(—Z 1) = p~ 2e
for all 0 < 6 < 7. Similarly, det(—(tZ + I,)Z~"') = det(tZ + I,)p "9 so
that e 5(—(tZ + 1,)Z271) = \/det(tZ + I,)p~ 3™ for m — 0 and p sufficiently
positively small. It follows that e(—(tZ 4 I,)Z ef(—Z71)~! = (Z) for all
Z € 9,,. In particular, we see that nl = 7.

Thus

- Egt T
e

)—le—ow(In-i-it)*l:vT

b4 (niheo0) = = ¢gi(e,il,

et(eqily)

Finally, we must show f, € D;. As f(-,0) is clearly Schwartz when o > 0, it
remains only to show that f, satisfies the system given in Equation . For
the sake of brevity, we will only show 4s9;,, f+ + 02 f+ = 0 and omit the similar
calculation that 250y, ; f + 02,0, f =0, i # j. For X € M,(C), write X(; ;) for the
(4,4) minor of X. Then

O fr = —i% det (I, + i)~ det(L, +it)(; 0 f+
+ioa(L, +it) B (I, +it) " taT fy
= —i%(([n +it) Vi fy +iox(L, +it) B (L, +it) 2T fy
while
2 fr =04, (—20¢€;(In + it) 2T )
= —20¢;(I,, +it)"'e] fy +40*(ei(L, + it)_le)2f+
= —20((I, + it)fl)i)ier + 402 (I, +it) el ei(I, +it)Lal f
= =20 ((In +at)™!), . f+ + 402 (I, +it) B (I, +it) taT fy
which finishes the claim.
Turn now to the second part of the Theorem. Taking conjugates, it follows that
¢ =¢, €I(1,-1/2,—10), f_(-,0) is Schwartz, and f_ satisfies the system given

in Equation (1.1)) (with o replaced by —c). Renaming o, the result follows. The
calculations for ¢, are trivial modifications of the above argument. ]

Corollary 5.8. For ¢ = —sgno, D/, is nonzero.

6. RESTRICTION TO t =0

By Theorem the map from D’ to S(R™) given by restriction to ¢ = 0 is
injective. Following this map by the Fourier transform gives the following injective
map. Recall that D/, is nonzero when ¢ = —sgno and we assume this is so for the
rest of the paper.

Definition 6.1. Let £ : D' — S(R™) be given by

~

(Ef)(x) = f(,0).
We also write S = Im(&) and S; and S_ for the images of D, and D’_, respectively.
We make S into a G-module by requiring £ to be an intertwining isomorphism

E:D —S.
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Theorem 6.2. For f € S and (g,¢) € Mp(n), ((g,¢) - f)(z) is given by

(1) Forma,, = ( (61 AOLT) A a) with a® = det A=' (s0 (a| det A|'/?)? =

sgn(det A) ),
(maa - f)(x) = (a]det A|*?)?| det A2 f(2A).
(2) Fornp,. = ( <Ig IB> L — 5) with €2 =1,

(npe - )(@) = %= 55" f(a).
@ poric=((g 7)) c@).

(7 - )(@) = (OO fY()) @) = (2007 & f) ().

(4) Let w = (IO _OI"> and €,(2) satisfy c,(Z)? = det(Z) with e,((\ +

= (A +ip)" for X\, p € RT with arctan(§) < Z. Then
—E 17rn m n T
(W ew) - f)(@) = e= | | /Qf(;
Proof. For f € S and (g,¢) € Mp(n),

((g:€) - ) (@) = E((g.e) - (€T PN(@) = ((g.€) - (€7 ())" (,0).

z).

Since 2
(Efl(f))(Lt) = / f(f)e%gthleiEmT e
R

we use Theorem [4.1] to calculate the new action.
In the first case, (maq - f)(z,t) = i’ det A" f(zA"VT, A71tA=LT) with ¢! =
a| det A|*/2. Therefore

(maa- (€7 (2,0) = i det A" (E7(f))(zAHT,0)
=" det A" f¥(zA™HT)
so that
(maa- (1)) (2, 0) = i'| det A"+ f(zA).
In the second case, (np - f)(x,t) =¢e? f(z,t — B) so
(ng - (E71(f)"(2,0) = " (E71(f))(z, —B)

f(f)e‘éfoTeszwT de

so that

(np - (€71 (/) (@, 0) = %= 5" f(x)
For the third case,

(7ic - f)(@,t) = i) det(I,, — tC)["e~s2CUn—tC) T

X fla(=Ct+ 1)1, (I —tC)'t)

with it| det(I, — tC)|"2 = y/det(I, — tC)~T for small t. Therefore
(nc'(g_l(f))) (2,0) = e~ (€71 (f)) (@, 0)
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:efsmCm f(£)€27ri§x df
]Rn
SO

(e - (E71())(@,0) = (OO fY (N (x)

= (000" « f)(a).
Finally, when ¢ is invertible,
(w,e0) - f)(a,t) = i) det t| e =" f(—mt™!, —t71)
where e, (—t~1) = i'|det t|71/2. In the case of t = \I,, with A < 0,

co(—t™1) = lim ey (A" +ip)L,) = /(A1 +ip)n = |A7/3

n—0+

so that i' = 1 and ((w,e,,)- f)(z, AL,) = [A7es> 2l® f(—x=12, —A~1L,). We now
will calculate the action of (w,e ) on S(R™) using
(z

(@, ew) - f)(z) = ((w,e0) - (E71()))"(x,0)
Alirg_((w,gw) ’ (g_l(f)))/\(x7 )‘In>‘

Now
(w,20) - (ETHHNY (@ ML) = [A[7e 121 (€71 () (= e, A7),
We first rewrite (€71(f))(w, —A~11,,) using the identity

_ . T 2 _ _ 2
/ e=2mita” (=mallEl® ge _ o=n/2,~% sl
R

n

for Reaw > 0. We get (taking o = e + 7/(s))), using Dominated Convergence and
Fubini,

E M, A" = | F(E)e eI g2micu™ g

_ / f(y)eQTriﬁyTe—g|\€H2627Ti€wT dyd¢
n RTL

= 11%1+ f(y)e—ﬂ(f-i-ﬂ/s)\)H&Hze%if(y-i-w)T dyd¢
€— n Rn

tim Fly)e—mEH/NIE =2mie—v—0)" geqy
e—0T n Jrn

= lim+(5 + 7 /s\) /2 f(y)e_ﬁl\y-ﬁ-w\'z dy.
e—0 R™

Now write s = io (and recall A < 0) so that analytic continuation of a~™/2 on Rt

gives
I _%e_i"Tn, c>0
lim (e + /o) 2 = |13
e—0+ | 5|7zer,  o0<0.
Thus
(E(Nw, ~A") = | S| FeeF | Femirreay,
Therefore,

(w,e) - (71N (@, M)
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- |A\"f”e”””z“2 (E N2, AT

= NPyl Ee e e T | fggem A gy
- E\" s e Ek nf(y)efsxnyfrlwdy
= E\" —eo f( YoMyl 2suz™ g
— |f‘77 —&o f( Je —sAllyll* 2migye” g
- %‘n/ze%q . f(gy)ef%|\y|\262myﬂ dy

iam2

— | S geeE / foMa(y)e s
g R ﬂ'
where M,/ is the multiplication map given by M, .(z) = ox/n. As a result,

(we0) - (@)
— lim (@ 20) - (€71 () (@ ML)

2 . T
Il 2miva™ g,

A—0—
= lim [ ((w,e0) (EEN)e 24" de
A—0— Rn
= e T Z |2 ,\li%l / / foMa eIl 2™ p=2miga™ g e

oMa( Je —sA||z||?

— _a

17rn |7T|_7

oM«()

17rn 7T
7(7

= Tl I”/Qf( ).

O

To match these formulas with the realization of the oscillator representation in,
say, Kashiwara and Vergne, consider the dilation operator defined by

‘0¢1/2

) =12

Making T into an intertwining map, Theorem gives an equivalent action on
T(S) € S(R™). Note, of course, that the map T can be modified by multiplying
by the scalar (|o|'/2/(7v/2))"/? to make it a unitary map with respect to L?(R").
This modification will not change the theorem below.

Theorem 6.3. The action of Mp(n) on T(S) is given by
(maa- f)(x) = | det A" f(xA), fora>0
(np - (@) = e 5757 f(z),
(R - f)(@) = (e-= 3w 07 4 f)(a)

Byl [ pe)emse” ae.
RTZ

((W,Ew) : f)(x) — ¢ €074 (g



EJDE-2015/260 A SYSTEM OF SCHRODINGER EQUATIONS 21

In particular, when s = ic with o < 0, this is a dense Mp(n)-invariant subspace in
the oscillator representation. When o > 0, this representation is isomorphic to the
dual to the oscillator representation.

In either case, this action completes to a unitary representation on L*(R™) and
decomposes as a direct sum of irreducible representation via the set of odd and even

function,
I2(R") = [3(R"), @ L*(R")_.

Proof. For a > 0,
(maa- f)@) = (T(mao T~ f))(x)

- |0'|1 /2
= (maa T ) (—= 2 z)
— | det A[Y2(T~ f)("’\/E z4)
= |d€tA|1/2 (.’EA),
and
(n5 - f)(@) = (T(ng - T~ ) (@)
) |a.|1/2
=T fil—F= 2 z)
. ol1/2
= 2'%131 (T—lf)(|ﬂ_|\/§$)
_ e(sa)%IBxT f(x),
and
(- f)(@) = (T@c - T f))(a)
o . |O_|1/2
_(nc'T f)(Tﬂm)
ol1/2
— (e=5OCOT x T-1f)( )(W'ﬂ@
i (%n(Te-mch)(@
= (T1eOCOT « f)(z)
_ <e—2r5-<<-)c<~>T )
and

(W e0) - (@) = (T((w,e0) - T f))(2)
=(w,e0) T (5=

1/2
:e—,, ‘7(|n/2f 1\47r ( |0"
1/2 g T
e imn | T |or|1/2 |O’|
— e~ Tin/2
P T )
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iTtn

— 1 n/2 7y o
= e (Lo

2
—gy I 1 n —e itz T
=G | F©emer e

7. RESTRICTION TO © =0

Recall from Corollarythat there is an Mp(n)-intertwining map G : I'(q,r, s) —
I'(g,r) given by

(G1)(t) = £(0,1)

and an intertwining map G, : I'(q,7,s) — I/, (q,7 — 1) given by

(Gnf)(t) =V f(0,1).

By the definitions and Theorem restricting to D’ and pre-composing with £~1
gives Mp(n)-maps H:S — I'(g,r) and ‘H,, : S — I/, (q,r — 1) given by

(R0 = [ 7™ ag
and

(Hnf)(t) = V( . f(f)eéftﬁTe%riEwT df)

=0
=omi( | Gr@eFde, | eaf(e)e e de).

Clearly S_ C ker’H and Sy C ker’H,, (equivalently, D’ C kerG and D/, C
ker G, ). To show these are the entire kernels involves inverting H|s, and H,|s_
(equivalently, G |D/+ and G,|ps ). Straightforward Fourier analysis requires a bit
more care due to the fact that the images usually do not have sufficient decay
properties to be L or L? functions (unless n = 1, see [23]). In fact, if we could view
feD CI'qr,s) as a tempered distribution f(z,-) € &' (Sym(n,R) = R*(»+1)/2)
and writing F for the Fourier transform on S(Sym(n,R)) given by

Epm= [ swemar
Sym(n,R)
we would have
87TiSTi,j.7‘-f + 8116%_7:]‘ = 0, ) 7& j,
8misti  Ff+ 05, Ff=0.
Looking at 8; 8%j F f written in two ways for ¢ # j, we would get
(Ti,iTj,j — Tl%j)ff = 0

so that Ff would be supported on {7 € Sym(n,R) : 7;;7;; = 77, all i # j}. This

is, of course a rank of at most one condition on Sym(n,R). As a result, it will be
useful to consider the cone defined by the function 6 : R® — Sym(n,R) given by
T

T
0(y) = 25 VY
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Lemma 7.1. (1) For f € D' C I'(¢q,r,s) and each x € R™, f(x,-) may be viewed
as a tempered distribution on Sym(n,R) given by

(f(x, ), 6) = /S L fenowd

for each ¢ € S(Sym(n,R)). Its Fourier transform Ff(z,-) € 8'(Sym(n,R)) is
given by

o= [

and is supported on Im 6.
(2) For each 1 < j < n, Oy, f(x,-) may be viewed as a tempered distribution on
Sym(n,R) given by

(00, f(2.), 6) = /S IR COECE

for each ¢ € S(Sym(n,R)). Its Fourier transform F (0., f)(x,-) € S'(Sym(n,R)) is
given by

~

(€,0)(¢ 0 8)(€)e*™" dg = (f(-,0) * (¢ 0 ))(z)

(F(0a, [)(,-),8) = 2mi | &F(£,0)(¢ 0 0)(£)e>™ " dg

an
=2mi((0z, f)(-,0) * (¢ 0 0))(x)

and is supported on Im 6.

Proof. First of all, since
—~ 22 e eT orienT —~
|/ (@, t)] S/R [F(€,0)e™ ¢ 288 de = || F(-,0) [ L ny < 00,

f(z,-) is bounded. As it is also continuous, it is clearly locally integrable and there-
fore gives rise to an element of S'(Sym(n,R)). To calculate its Fourier transform,
use Fubini to see that

<ff($€, )a¢> = <f(3;‘7),.7:¢>

Il
o
“
g
3
B
%\
=)
—
m
=
\_/
m
e
l\.')
3
-~
8
kﬁ
,%:
\_/
QL
7axY
Q
Py

— / / f(f, 0)627r1§r ]:¢(t)627r1(——) tr(teT'e) dtdf
R” JSym(n,R)

T
20

/ Fle. 0)e2mies” g((e)) de.

(€,0)e26%" F2(———€T€) dt

I
%\
=)

%

Finally,
(Fi@,)8) = [ F&0)@00)©em de
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~

= (f(-,0)(¢00)(-)"(x)
= (f(-,0) % (¢00))(z).
Turning to 9, f,

~ -~

00, f (2, 1)] < / [2mi€; F(&, 0)e = €24 | dg = 27| (-); F(-, 0) | 2 an) < 00

so that 0., f(z,-) gives rise to an element of S’(Sym(n,R)). The rest of the Lemma
is a simple modification of the above argument and is omitted. (Il

Theorem 7.2. H|s, is injective and Hy,|s_ is injective. Equivalently, Q|D/+ is
injective and G, |pr is injective.

Proof. We show how to construct the inverse maps. Let f € S. By the definitions
and Lemma [7.1]

(FH,¢) = (" * (¢00))(0)
for ¢ € S(Sym(n,R)). Fix ¢ € S(Sym(n,R)) with fSym(n ) ¥(t)dt =1 and let
Ve(t) = e D/ 24 (= 1¢) for € > 0 so that 1), — o as an element of S’(Sym(n, R))
as € — 0%, Then, for any @ € R", Ty(z)the — Op(z) as € — 07, As 0(y) = 5=y y, it
is trivial to check that (7p(y)tbe) 00 — 05 +0_, as elements of S'(R™) as e — 0. If
f € S84, then

i (FH o) = lim (£ % (o) 0 0)(0) = () + Y (~2) = 2f¥ (a).

In particular, f¥ € S, (and therefore f) can be recovered from Hf by taking
the Fourier transform and looking at approximations to translations of the delta
distribution.

Next, view the image of H,, as landing in ®_;S'(Sym(n, R)). Evaluating via the
diagonal map (so viewing the image as landing in §’(Sym(n,R), R™)) and applying
the Fourier transform in each coordinate, it follows that

(FHuf. d) = 2mi((0z, f* + (600))(0),..., (0, [ * (¢ 00))(0)).
As above, when f € S_,

lim <]:anv,79(m)¢5> = 47i(0p, £V (), ..., 0u, [V (2)).

e—0*t

In particular fV € S(R™)_ (and therefore f¥) can also be recovered from H,, f by
taking the Fourier transform and looking at approximations to translations of the
delta distribution. O

Definition 7.3. Let 7/, be the image of D, under G and G, respectively (alter-
nately, the image of Sy under H and H,,, respectively).

From Corollary and Theorem we see I is isomorphic to D (and Si)
as Mp(n)-representations. In particular, they complete to unitary highest (o < 0)
or lowest (o > 0) weight representations isomorphic to the oscillator representation
or its dual.

The next corollary identifies 7'y by viewing the Schwartz space as tempered dis-
tributions supported on Im 6, taking their Fourier transform, and implicitly identi-
fying the resulting tempered distribution with the smooth function it generates.
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Corollary 7.4. (1) Embed S — S (Sym(n,R)) via 6 by mapping 1 — (1, -) where

(.0) = | $(€)(@00)(e)de
for ¢ € S(Sym(n,R)). Then T, C I'(q,r) is given explicitly by
T/ = {]-'1/) peSC 5’(sym(n,R))}.
(2) Embed S — S (Sym(n,R),R™) via 6 by mapping 1 — (1b,-) where
W,0) = (| €@ @00 de. .., | &ub€)o00)(&)de)

R”L R"L
for ¢ € S(Sym(n,R)). ThenI' C I}(q,7 — L) is given eplicitly by

7 = {m peSC 5’(sym(n,R),R")} .

Proof. Part (1) follows immediately from the formula (FHf,¢) = [5. f(§)(¢ o
0)(¢) d¢ and Lemma and Theorem Similarly, part (2) follows from the

formula (FHn f, ) = (Jgn §10() (@0 0)(€) dE, - .., [pn Entb()(¢ 0 0)(€) dE). 0

8. K-FINITE VECTORS

If M € M, (C) and p is a complex valued polynomial on R™, define p(x, M) by
B, M) = eloleMa () (eloteiat)

with p(0,) representing the constant coefficient differential operator obtained by
replacing x; by d,,. For p of the form x%, p defines a generalization of the Hermite
polynomials.

Theorem 8.1. The highest (o < 0) and lowest (o > 0) K-finite vector of (D', )k,
up to a constant multiple, is given by the function f_ and fi, respectively (see

Theorem .

The highest and lowest K-type vectors of (D )k consist of the functions f_ 4
and fy o, respectively, for a € C™.

In general, the K-finite vectors in D' consists of the functions f_, and fi,
where

f—,p(l’, t) = milﬁ(xv (In — Z‘t)il)eaaj(lnfit)_laz’r
f+,p(.’1?, t) = Et(iIn)_lﬁ(x? (In + it)_l)e_am(1n+it)7lmT
where p s a complex valued polynomial on R™.

Proof. Tt is well known that the K-finite vectors in the oscillator representation
(see, e.g., [18] or [14]) are spanned by functions of the form p(z)e~l1#I"/2 with p a
polynomial on R™. Pulling back this standard picture by Tf = M‘U‘m/wﬁf, we
see that the K-finite vectors in the image of £, S(R™) g, are spanned by functions
of the form p(x)efﬁllzurz (a different p of the same degree). Pulling these functions
back to D’ involves solving a system of partial differential equations with initial

2 2
condition at ¢ = 0 given by the inverse Fourier transform of p(x)efm”w” , that
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is, functions of the form ]’5(%)6""”“”2 for some polynomial p determined by p. By
Theorem the solution of this system is given by

fz,t) = /p(i)e*%Hé\l"‘eégtﬂezmgfdé
/ E(14ieqt)eT 27ri§zT df

( e |<7\( (14iest )()T)v(x)
p(—2mi0, )(e H()(Hw”t)()T) ().

As a result, the problem comes down to finding the function defined by

F(:r,t):(|al)”/2( () (tiso ()T ) (@)
= (|l|>% / Tl = ere” amiea g
O- n

We claim that this function is given exactly by F' = fson» from Theorem

To verify this claim, note that, by definition, F' is the unique solution to the sys- ,
tem given in Equation satisfying the initial condition of F(¢,0) = (r/|c|)™/2e ™ T1 len®
or, equivalently, that F'(z,0) = e~lolllzl®, Obviously, our proposed solution, fen o,
satisfies that initial condition. By the proof of Theorem it also satisfies the
system of differential operators which finishes the claim.

Since the highest /lowest K-type space in the oscillator representation is spanned
by e~ ll=l*/2 (for the even functions) and zie~l=l?/2 (for the odd functions), the
above discussion shows that the corresponding functions (up to a multiple) in D’
are fogno and Oy, fogno. Since fson o has been calculated, consider Oy, fsgn o

0urf- = 2ol (all, —it) ep)ersdn it
O, [+ = —20e(il,)~ Ya(I, +it) te;)e —oa(In+it) !
Finally, the last statement follows from the fact that the element of D’ correspond-

2
ing to the function p(ac)e_m”m”2 in the image of & is p(—2mid,) fi (). O

Corollary 8.2. The highest (o < 0) and lowest (o > 0), respectively, K -finite
vector of (I'.) i is spanned by the function feno given by
— 1 o —
f(0,t) = ee(iln) ,  f1(0,t) = e(ily) !
The highest (0 < 0) and lowest (o > 0), respectively, K-type vectors of (I' )k is
given by the functions fen oo where
- (t) = ee(il) a(ln —it) !
fialt) =e(il,) ra(l, +it) !
fora € R™.

It is possible to describe the general K-finite vector, though the details are more
involved. For instance, it is straightforward to check that the K-finite vectors of
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(Z'.)k are spanned by functions of the form

k
F(t) = det(ln +ieot) ™2 Y7 T +ieat) ™o

o€ Sop 1=1

where k € N, j1,..., 752 € {1,...,n} andSsy, denotes the set elements of the Sym-
metric group Sa satisfying o(20 — 1) < o(2l) and o(1) < 0(3) < -+ < 0(2k — 1).
Notice that each term in the summand is the k-fold product of the determinant of
a minor of (I, + ie,t) divided by det(I,, + ie,t).
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