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INFINITELY MANY SIGN-CHANGING SOLUTIONS FOR
CONCAVE-CONVEX ELLIPTIC PROBLEM WITH NONLINEAR
BOUNDARY CONDITION

LI WANG, PEIHAO ZHAO

ABSTRACT. In this article, we study the existence of sign-changing solutions

to
—Au+u=uPftu inQ
ou
— =AMul""tu on 8Q
on
with0 <g<1<p< % and A > 0. By using a combination of invariant sets

and Ljusternik-Schnirelman type minimax method, we obtain two sequences of
sign-changing solutions when p is subcritical and one sequence of sign-changing
solutions when p is critical.

1. INTRODUCTION

In this article we study the existence of infinitely many sign-changing solutions
to the nonlinear Neumann problem

—Au+u=[uPtu, inQ

1.1
Ou = Mu|?'u, on 99, (L)
on

where Q is a bounded domain in RY with smooth boundary 9Q, N > 2, a% denotes
the outward normal derivative and 0 < ¢ <1 <p, A > 0.

The existence of sign-changing solutions has been studied extensively in recent
years. For the Dirichlet problem

—Au = f(u) inQ

u=0 on JdN
the authors in [3] considered that for f € C1(R), f(0) = 0 and lim, o f'(u) <
A1 < A2 < f/(0), in which \; is the eigenvalue of —A on €, then problem (|1.2))
has at least one sign-changing solution. If f(u) is odd about u, superlinear and

subcrtical, Bartsch [4] Showed that problem (1.2) has a sequence of unbounded
sign-changing solutions. In this case, the positive cone is a invariant set of gradient

(1.2)
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flow. For f(u) = Au+ |[u|> ~2u, N > 7, A > 0, the authors in [I8, [19] proved
that has also infinitely many sign-changing solutions. We can look for more
examples in [3, 4, [5, [6] and references therein. Problems with nonlinear boundary
condition of form appear in a nature way when one considers the Sobolev
trace embedding H'(Q)) — L%(d2) and conformal deformations on Riemannian
manifolds with boundary, see [7, B]. In [9], Garcia et al considered problem (L.1)).
For subcritical case, 0 < ¢ < 1 < p < %fg, there exists a A\g > 0 such that if
0 < A < Ag, equation has infinitely many solutions with negative energy; and
for0<g<l<p< %, there exists A > 0, such that for 0 < A < A, there exists
at least two positive solutions for , for A = A, at least one positive solution,
and no positive solution for A > A. Kajikiya et al [10] studied the problem

—Au+u= f(z,u) inQ,

ou (1.3)
e g(z,u), on 9N.

and proved that the problem has two sequences of solutions, if f(x,u) and g(z,u)
satisfying that in a neighborhood of u = 0, one of f(x,u) and g(z,u) is locally
sublinear, and at infinity, one of them is locally superlinear, and they showed that
one sequence of the solutions converges to 0, the other diverges to infinity.

Inspired by [9, [10], we consider the existence of sign-changing solutions of prob-
lem . The main part of our work is that has two sequence of sign-changing
solutions under the subcritical and concave case. In this sense, the work of the
present paper extends the results of [9, [10] partially. In section 2, we give the main
results of the paper. In section 3, we establish the invariant sets of pseudo gradient.
In section 4, we proof the theorems.

2. MAIN RESULTS

In this section, we state the main results and some preliminaries. We call u a
weak solution of (1.1)) if w € H'(Q) and it satisfies (1.1)) in the distribution sense,

ie.
/(VthH—uv)dm:/ |u\p_1uvdx+/\/ lu|" tuvdo,
Q o 0

for any v € H'(). Here do denotes the surface measure on 9.
Throughout this paper, the norm of H(Q2) = W12(Q) is defined by

fulh o= ( [ (9 + i) ",

and the H'(€) inner product of v and v by
(u,v) := / (VuVo + uv)dz.
Q

We state the main result as follows.

Theorem 2.1. For0<g¢<1l<p< %, A > 0, there exist at least two sequences
of sign-changing solutions of (1.1), one converges to 0 in H'(Q), and the other

diverges to infinity.

Theorem 2.2. For0<qg<1, p= %, A > 0, there exists at least one sequence

of sign-changing solutions of (1.1)) which converges to 0 in H'(Q).
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Now, we state some results we will need in the following sections. Next lemma
is Lemma 6.1 in [9].

Lemma 2.3. For0<g<1l<p< %, there exists a A > 0 such that for A < A,

then (1.1) has a minimal positive solution u™ and a mazimal negative solution u_.

If A> A, has no positive and negative solutions, by the results in [I0] as
we mentioned above, we know the existence of two sequences of solutions that are
sign-changing solutions. Hence, we only need to prove the results in Theorem [2.1
under the condition 0 < A < A. Throughout the paper, we assume that A < A. For
the minimal positive solution and the maximal negative solution satisfying
ut = —u".

The following lemma is a variant of [I4, Lemma 3.2] and we can also look for
[15, Lemma 2.4].

Lemma 2.4. Let H be a Hilbert space, D1 and Dy be two closed convex subsets
of H, and I € C*(H,R). Suppose I'(u) = u — A(u) and A(D;) C D; fori=1,2.
Then there exists a pseudo gradient vector field V of I in the form V(u) = u— B(u)
with B satisfying B(D;) C int(D;) if A(D;) C int(D;) fori=1,2, and V is odd if
I is even and D1 = —Ds.

We refer to [I0] for the following priori estimates.

Lemma 2.5. Let f(z,s) and g(x,s) satisfy:

(1) [f(z,s)] < C(ls]” +1),

(2) |g(z,s)| <CO(Js|?+1) with0 < g<1<p< FE2
Then for every H'(Q)-solution u of (L.3)) belongs to WL (Q) for all r < oo, and
satisfies

d d
”uHW”(Q) < CT'Hu”Ifl(Q) =+ Or”“”]}l(g) + C,

where Cy. is a constant depends only on r and d is independent of u and r.

Here we call that V' is a pseudo gradient vector field of I if V' € C(H, H), V| g\ xis
locally Lipschitz continuous with K := {u € H : I'(u) = 0}, and (I'(u),V(u)) >
17 (w) || and ||V (w)|| < 2|1’ (w)]| for all u € H.

3. INVARIANT SETS OF THE GRADIENT FLOW

To construct nodal solutions we need to isolate the signed solutions into certain
invariant sets. We know that problem has a minimal positive solution and a
maximal negative solution, by this results we can build the invariant sets.

Define v := A(u), u € H*(Q) if

—Av+v=[uftu inQ

v
- = q—1
o Mu|? u  on 09,
and
d
-1 (W) = =n'(uw) + B(n' ()

n’(u) = u,
where B is related to A via Lemma [2-4] in which D; and Dy will be constructed in
Theorem [3.11 This section is concerned with the construction of these sets which
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are invariant under the flow n*(u) such that all positive and negative solutions are
contained in these invariant sets. Recall that a subset W C H is an invariant set
with respect to 7 if, for any u € W, n*(u) € W for all ¢ > 0.

We first note that because of the sublinear term on the boundary, any neigh-
borhoods of the positive (and negative) cones are no longer invariant sets of the
gradient flow. We give a construction inspired by [15]. Let e; € H*(£2) be the first
eigenfunction associated with the first eigenvalue \; of the eigenvalue problem

—Au+u=0 inQ

3.1
@ = Au on 0f2 (3:-1)
on

such that maxgq e1(x) < sg, in which 0 < 59 < ming u*(z) and sg to be determined
later. Then we have u™(z) > ei(z) and u™(z) < —ei(x) for all z € Q, u* is
the minimal positive solution and maximal negative solution to (|1.1)), respectively.
Define:
DF = {ue HY(Q) : +u > e1}.
From above, we know that all positive and negative solutions to (|1.1]) are contained
in Dt and D~, respectively. Define (D*), = {u € H*(Q) : dist(u, D) < €}.
Theorem 3.1. Assume 0 < g<1<p< %, and 0 < X < A. Then there exists
€9 > 0 such that
A((D%),) Cint((DF).)  for all 0 < € < €,
n'((D%).) C int((D%).)  forallt >0, 0 < € < e,

Proof. We only prove the result for the positive one, the other case follows analo-
gously. For u € H'(Q), we denote

v=Au, wv; =max{es,v}.
Then dist(v, D¥) < ||v — v1]| which implies dist(v, D7) - [lv — v1]| < |lv — v1]|? and

[|v *01”2 =(v—e1,v—11)

:/QV(v—el)'V(U—U1)+(v—el)(v7v1)d:1:
:/(7A(1}761)+1}761)(U7’U1)dl‘+/ A|u|?u — Aer) (v — vy )do
Q o

- /(|u\p’1u)(v —vy)dx + / (AMu|? ' — ey (v —vy)do
Q a0
= Il + IQ.
Note that

L < / (v1 — v)(—|u[P~ u)dx < / (v1 — v)(er — JulP " u)de
{u<0}NQ {u<0}NQ

< Cp/ (v1 —v)(er —u)Pdx.
{u<0}NQ

On {u < 0} N, we have u < ey, hence
inf
€D
< inf [lw — u||1£p+1(ﬂ) < Cpdist? (u, D),

ler = ullZos ucoyney = 10F, 1 = ullZois (ucoyney

weD



EJDE-2015/266 INFINITELY MANY SIGN-CHANGING SOLUTIONS 5

and I; < Cljv — vy dist”(u, D). Here Cp, and C' are constants which are relevant
to p and e;, and may change from line to line. Note that

I, < / ()\161 — )\|u\q71u)(v1 — v)da
OQN{A|ul9=tu<Aier }

+/ )()\161 — Nu|" ) (v, — v)do.
oNN{u< L}

(/c?Qm{A(?)q<>\u|q1u<>\1e1}

If M(e1/2)? > Ajeq, the ﬁrst term above vanishing, this can be done by choose s
small enough such that 50 < On 0Q N {u < §}, we have

A1 2‘1

Alel — )\|U|q 1’LL S C7-(€1 - u)r7
where r € (1, 125).
lex = ullzrisuespynon = I 0 =l que g yoon)

21»+1(3Q) S C’r diStr (’LL7 D+)

< inf =l
Hence, Iy < C||lv — vy || dist” (u, DT).
dist(v, D) - |[v — v1]| < C||lv — vy ||(dist” (u, D) + dist? (u, D))
Then we can choose ¢y small, such that for € < ¢,
dist(v, D) < dist(u, D) for u € D.

The first conclusion in Theorem is proved, the second part is a consequence of
the first one as shown in [I4] via Lemma [2.4] above. O

4. PROOF OF MAIN RESULTS

Let us start with a more abstract setting. Consider I € C'(X,R) where X is a
Banach space. V is a pseudo gradient vector field of I such that V is odd if [ is
even, and consider

—o(t,u) = =V(o),
o(0,u) =ue X.

To construct nodal solution by using the combination of invariant sets and minimax
method, we need a deformation lemma in the presence of invariant sets. We have
the following deformation lemma which follows from [I5] Lemma 5.1] (see also [13]
Lemma 2.4]).

Lemma 4.1. Assume I satisfies the (PS)-condition, and ¢ € R is fized, W =
OW Uint(W) is an invariant subset such that o(t,0W) Cint(W) for t > 0. Define
Kl =K.NnW, K? := K.N(X\W), where K, :=={u € X : I'(u) =0,1(u) = c}.
Let & > 0, be such that (K})s C W where (K})s = {u € X : dist(u, K!) < §}. Then
there exists an g9 > 0 such that for any 0 < € < gq, there existsn € C([0,1] x X, X)
satisfying:

(1) n(t,u) —ufort— 0 orué¢ I c—eo,c+eo)\(K?)s.
(2) 01, I UW\(K2)35) C I~°UW and (1, IS UW) € I°UW if K2 = 0.
(3) n(t,-) is a homeomorphism of X fort € [0, 1].
(4) lIn(t,u) —ul) <6, for any (t,u) € [0,1] x X
(5) I(n(t,-)) is non-increasing.
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(6) n(t,W) C W for anyt € [0,1].
(7) n(t,-) is odd if I is even and if W is symmetric with respect to 0.

Set

Yi={AC H'(Q)\0: Ais closed and A = —A},
p = 1{A C H'(2)\0: Ais closed, symmetric, y(A) > k}

where v(A) denotes the Krasnoselskii’s genus of the set A. We refer to [I7] for the
following properties of genus.

Lemma 4.2. Let A,B €Ty, and h € C(HY(Q), H'(Q)) be an odd map. Then

) AC B= ~(A) <~(B);

2) (AU B) <~(A) +~(B);

3) (A) < (h(A));

4) If A is compact, there exists an N € Ty such that A C int(N) C N and
+(A) = 7(N);

(5) If F is a linear subspace of H*(Q) with dim F =n, A C F is bounded, open
and symmetric, and 0 € A, then v(0pA) =n;

(6) Let W be a closed linear subspace of H*(2) whose codimension is finite. If

~v(A) is greater than the codimension of W, then ANW # (.

(1
(
(
(

We choose an even function h € C§°(R) such that h(s) =1 for |s|] <1, h(s) =0
for|s| > 2, 0 < h < 1; defining

f(s) = s[sP~"h(s), g(s) = sls|""h(s); (4.1)

F(u) = %||u||2 - / Fude— | Glua

in which F(u) = [’ f = [y g(s)ds, both of them are bounded. As-
sume (A, ez) is the elgenvalue and correspondlng eigenfunction of (3.1] ., and E,,
span{ey, - ,emnt. Then the following lemma is obvious.

Lemma 4.3. [ € C'(H'(Q),R),

(1) for all m € N, there exists a p > 0, such that supg, sp, I(u) < 0, where
OB, = {ue H'(Q) : lul = p}, |
(2) I is even, bounded from blow, and the (PS)-condition holds, I(0) = 0;

The following lemma is similar to [I5, Lemma 5.3].
Lemma 4.4. For any p >0, let B, = {u € H'(Q),||ul| < p}. Then
dist(9B, N Ei-,DTUD™) > 0.

Proof. Assume on the contrary, that there exists (u,) € D, v,, € B, N Ei-, such
that ||un, — vp| — 0. Then (up,e1) = (Un — vn,e1) + (Vn,e1) — 0, as n — oco. But,
since u,, > ey, we have

(up,e1) = )\1/ Up€1 > )\1/ e%da #0,
990 Ele)

a contradiction. O
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Proof of Theorems. We essentially follow from [I5], see also [2] and [I6].

Part 1. In this part, we will prove that for 0 < ¢ <1 < p < %"’2 . ) has a
sequence of sign-changing solutions which converge to 0. This is a conclusion of
[11I] and [9]. By Lemma above we have taht for each k£ € N, there exists an
Ay € T’y such that sup,,c 4, I(u) < 0. With the help of [LT, Theorem 1], there exists
a sequence {uy} satisfying

I'(up) =0, I(ug) <0, wux— 0in H'().

By Lemmal2.5} u;, converges to zero in C(Q2). Hence for large k, we have |[ui|| -y <
c(Q)

1, I(ug) = I(ug) and I’ (uz) = I'(ug,). But from Lemmawe know that has
a minimal positive solution and a maximal negative solution, thus, for large j, u;
must change signs. Theorem [2.2 and the first part of Theorem [2.1] follows from the
above argument.

Part 2. In this part, we prove the existence of a sequence of sign-changing solutions
which tends to infinity under the case 0 < g <1 <p< % The functional

qg+1

is well defined on H'(Q) and I € C*(H(),R), I satisfies the (PS) condition for
0<g<l<p< il

() = 5l - / e — 2 [ o,
p+1 20

Lemma 4.5. Assume m > 2, then there exists R = R(m) > 0 such that for all
A>0,

sup I(u)<0.
B&NEn,

where BS, := H'(Q)\Bg.
From Theorem we can choose an € > 0 small enough such that (D¥), are

invariant sets. Set W=(D+). U (D~),, S = H*(2)\W contains only sign-changing
solutions. Set

Gm ={h € C(BRN Epn, H(Q)) : h is odd and h =id on Bz N E,,},
in which R is determined in Lemma
T; = {h(BRNEn\Y):he€ G, ¥m > j, Y ==Y, closed, v(Y) <m—j}, j>2.

From [1] and[I5], we know that fj satisfying the following properties:

(1) F #@fora11j>2
(2)) F_HCF for all j > 2.
(3") if o € C(H (Q), H'(Q)) is odd and ¢ = id on dBg N E,y,, then o(A) € T;
if AeTy.
4) if A € fj, Z = —Z, closed, and y(Z) < s < j and j —s > 2, then
A\ZeT,_,.
For j > 2, we define

¢; = inf sup I(u).
Ael'; ueAns
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If AT with j > 2, then ANAB, N (E;)* # 0. By Lemma 4.4l 9B, N (E;)* C S.
Thus, for j > 2, and A € I';, AN S # ), we conclude that
¢; > inf  I(u) > —oc.
BBPD(El)i

Then from the definition of ¢; and (2”) we have —oco < ¢y < ¢z <--- <¢; <--- < o0.
We claim that if ¢ :==¢; = --- = ¢j4 for some 2 < j < j+ &k with k > 0, then
v(K.NS) > k + 1. Before we prove this claim, we first show that ¢; — oo, as
J — 00. We need the following lemma.

Lemma 4.6. The constant ¢; is independent of the choice of R(m) as long as R(m)
is chosen to satisfy Lemma[].5 for which m > j.

The above lemma is well known, see for instance [I2, Lemma 4.9]. And we can
choose R(m) such that R(m) — oo, as m — oo. This part follows by [10]. Let
Wi i={> oo, tiw; = Y e, 17 < 0o} and wy, is the eigenfunction of the Neumann
Laplacian equation:

0
a—: =0 on 0f.
W; is a closed linear subspace of H'(2) whose codimension is equal to j — 1, we
have:

—Aw = pw in Q,

h(Br N E,\Y)NOB, NW; # 0,
for h € G, Y(Y) <m —j, and 0 < r < R(since that v(h(Br N E,,\Y)) > j, and

the codimension of W is j — 1. This implies

sup  I(h(w)) > inf{I(u): u € 0B, N W;},
wEBRNER\Y

for h € Gy, (YY) < m — j, taking the infimum of both sides over h € G,,, we have
Ej > an{[(u) uw€OdB-N Wj},

for 0 < r < R. Next we can have inf{I(u) : u € 9B, N W;} diverges to oo, the rest
of the proof is similarly with [I0, Lemma 5.14], we omit it here.

Now we give the proof the claim. Denote K. N S by KZ2. If the claim is false,
v(K.NS) < k, because of ¢; — oo, we can assume that 0 ¢ K. and K2 = K.N S
is compact, there exists N such that K2 C int(N) and y(N) = ~(K2). Then
by Lemma there exists an ¢y > 0 such that for 0 < € < ¢y, there exists an
n € C([0,1] x HY(Q), H(Q)) satisfying (1)-(7) of Lemma Then

(1, 1T UW\N) C (I “UW).

Choose A € fj+k such that

sup I(u) < c+e,
ANS

Then by (4’) above A\N € fj hence n(1, A\N) € fj. Then

c< sup I(u) < sup <c—eg,
n(1,A\N) (Ie=eUuw)NS

contradiction. Hence v(K.N.S) >k + 1. Now we finish the proof.
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