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EXISTENCE OF INFINITELY MANY SOLUTIONS FOR
PERTURBED KIRCHHOFF TYPE ELLIPTIC PROBLEMS WITH
HARDY POTENTIAL

MEI XU, CHUANZHI BAI

ABSTRACT. In this article, by using critical point theory, we show the existence
of infinitely many weak solutions for a fourth-order Kirchhoff type elliptic
problems with Hardy potential.

1. INTRODUCTION

This article concerns the existence of infinitely many weak solutions for the p-
biharmonic equation with Hardy potential of Kirchhoff type

M(/ |Au|pdx)Aguf P |2p\u|p 2u = Af(z,u) + pg(x,u) in Q
Q
u=Au=0 on 0,

(1.1)

where Q is a bounded domain in RY (N > 3) containing the origin and with smooth

boundary 09, 1 < p < %, Af,u = A(|Au|P~2Au) is an operator of fourth order, the

so-called p-biharmonic operator, A, i are two positive parameters, M : [0, +oo[— R

is a continuous function, and f,g: Q x R — R are two continuous functions.
Kirchhoff [I6] first introduced a model given by the equation

0%u 00 0%u
ﬁ_(h 2L | ) x2_0’ (1.2)

which extends the classical D’Alembert’s wave equation by considering the effects
of the changes in the length of the strings during the vibrations. After that, many
authors studied the following nonlocal elliptic boundary value problem

—M(/Q |Vu|2dx)Au(x) = f(z,u) in Q
u=0 on 0.

(1.3)

Problems like this are called the Kirchhoff type problems. In recent years, many
interesting results for problem of Kirchhoff type were obtained [11 @ 13} 14}, 17, 18]
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21]. Recently, using the variational methods, Graef, Heidarkham and Kong [12]
studied the existence of at least three weak solutions to the Kirchhoff-type problem

fK(/ |Vu|2dx>Au(x) = Af(z,u) + pg(z,u) inQ
Q
u=Au=0 on 0Q.

(1.4)

In [7], using variational methods and critical point theory, Ferrara, Khademloo
and Heidarkhani established the multiplicity results of nontrivial and nonnegative
solutions for the following perturbed fourth-order Kirchhoff type elliptic problem

AZu - [M(/ VuP ) Byt gl = M)
Q .

u=Au=0 on 9.

On the other hand, singular elliptic problems have been intensively studied in
recent years, see for example, [IT] [10, [19] and the references. Ferrara and Molica
Basic [8] studied the existence of solutions for the elliptic problem with Hardy
potential
|uP~u

||

u=Au=0 on 9o0.

Huang and Liu [I5] studied the sign-changing solutions for p-biharmonic equations
with Hardy potential

—Apu=p + Af(z,u) inQ

(1.6)

a

A2y — |ulP~2u = f(x,u) in Q
P faf?p (1.7)
u=Au=0 on 0,

by using the method of invariant sets of descending flow.

Motivated by the papers [7, [8 2, B, 4, 12 5], in this paper, we look for the
existence of infinitely many solutions of problem . Precisely, under appropriate
hypotheses on the nonlinear term f, g, the existence of two intervals A and J such
that, for each A € A and p € J, BVP admits a sequence of pairwise distinct
solutions is proved. Our analysis is mainly based on a recent critical point theorem
in [5].

This article is organized as follows. In section 2, we present some necessary
preliminary facts that will be needed in the paper. In section 3, we establish our
main two existence results.

Remark 1.1. If M(-) = 1, then Kirchhoff type problem (|1.1)) reduces to the p-
biharmonic equation with Hardy potential

Ay — #M”_Qu = A (z,u) + pg(x,u), inQ

u=Au=0, on JQ.

2. PRELIMINARIES

Let X be the space W2P(Q) N WP () endowed with the norm

= ([ Aupar) "
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We recall Rellich inequality [6], which says that

|u(z)
\m|2p H |Au|pdx (2.1)
where the best constant is
(p—1)N(N —2p)\P
H= ( pg )) . (2.2)

Define the functionals &, ¥ : X — R by

| u(x

B(u) :; (llull?) -

W(u) = /Q [F(:c,u(z:))+§G(x,u(x))} da,

/M £>0,

Fla,t) = f(z £)de, G(x,t)—/o (@, )de,  (2.8) € Q x R.

where

In this article, we assume that the following condition holds,
(H1) M : [0,4+o00]— R is a continuous function. And there are two positive
constants mg, my such that

It is easy to show that the functionals ® and ¥ are well defined and continuously
Gateaux differentiable and whose derivative are

&' (u)(v) =M /|Au(:r)\pdx /|Au(x)|p_2Au(x)Av(x)dx

P, (2.5)
—a [ @)

and
V() = | [Fau@) + Fole u@)oe)ds, (26)

for every u,v € X.
Set p* = ﬁ—fp. By the Sobolev embedding theorem there exist a positive constant

¢ such that
[ull o () < cllull,  Vu e X,

where

1
c:=m 2

: (2.7)

i p—1Nt-3p TAQ+E)T(WN) quN
N p(h) [r(g)r(]v+1_1;f)}

see, for instance, [20]. Fixing ¢ € [1,p*), again from the Sobolev embedding theo-
rem, there exists a positive constant c, such that

[ull o) < eqllull, Vu e X, (2.8)
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Thus, the embedding X — L%(Q) is compact. By (2.7)), as a simple consequence
of Holder’s inequality, one has the upper bound
—1N\1=37 TA+ID(N) qUN g
R
p () 2>)

cqg < w*%Nfl/p(

where |2 denotes the Lebesgue measure of the open set €.
Our main tools is an infinitely many critical points theorem [5] which is recalled
below.

Theorem 2.1. Let X be a reflexive real Banach space; ®,¥ : X — R be two
Gateauz differentiable functionals such that ® is sequentially weakly lower semi-
continuous, strongly continuous, and coercive and ¥ is sequentially weakly upper
semicontinuous. For every r > infx ®, let us put

it SUD, 1] —oo,r)) 2(v) — ¥(u)
w€d—1(]—o0,r[) r— ®(u) ’

p(r) =

v = lim_ii_nf o(r), 6= liminf ¢(r).

r—(infx ®)*
Then, one has

(i) If v < 400 then, for each A €]0, %[, the following alternative holds: either
the functional ®—AV has a global minimum, or there exists a sequence {uy }
of eritical points (local minima) of ®—A¥ such that lim,, 1 o, (u,) = +o0.

(ii) If 6 < +oo then, for each \ €]0, %[, the following alternative holds: either
there exists a global minimum of ® which is a local minimum of ® — A\,
or there exists a sequence {un} of pairwise distinct critical points (local
minima) of ® — AV, with lim,_, 4 o P(uy,) = infx @, which weakly converges
to a global minimum of ®.

3. MAIN RESULTS

Pick s > 0 such that B(0,s) C 2, where B(0, s) denotes the ball with center at
0 and radius of s. Let
21 V/2 / 12(N+1) 24N N 9N —1)

r(s)

1
L= ;|prN_1dr. (3.1)

53 52 s

3

2

Theorem 3.1. Suppose that (H1) and 0 < a < moH hold (with H is as in (2.2))).
Also assume

(H2) f € C(QxR), and F(x,t) > 0 for every (z,t) € Q x [0, +00];

(H3) There exists s > 0 as considered in (3.1)) such that, if we put

SUP ¢l o o <t Joo F' (2, ) 0.0y Fl,t/h)dz

o=l m  fi=lmeup m :
one has
a < RS, (3.2)
where R = % (constants h > 1, ¢ and L are as in and ,
respectively).

Then, for every A € A := ”;]gc;a } %ﬁ’ é[ and for every g € C(Q x R) such that
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(H4) G(t,u) >0, for all (t,u) € Q x [0, +o0[, and

sup G(z,&)dx
G = limsup l€ll Loy <t fQ (2,€)

t—+00 tp

)

if we put

pHc)G oo ’

moH—a—pHcPa\
o [meflzacpeged g g,
pr= (3.3)
400, Gs =0,

then (1.1) possesses an unbounded sequence of weak solutions in X for every p €
J = [0, pul.

Proof. Our aim is to apply part (i) of Theorem Let ®, ¥ be the functionals
defined in (2.3)). From the above, we know that the Gateaux derivative of ® and ¥
(2.5

are given by (2.5) and (2.6]), respectively. By (2.1)), it follows that

H —
=l < 0 < Sl we X, (3.4)

which implies that ® is coercive. Moreover, frorri\the weakly lower semicontinuity of
norm, and the monotonicity and continuity of M, we known that ® is sequentially
weakly lower semicontinuous. The functional ¥ has compact derivative, hence it is
sequentially weakly upper semicontinuous.

By (2.8) and (3.4)), we obtain

O] —oo,r)={uecX:®u)<r}

Mol —a
clueX: T lull” < r} (35)
pHr |1/
C{ue X :ullpo) < Cq(m) )

Note that ®(0) = 0 and ¥(0) = 0. For every r > 0, we obtain by (3.5) that

SUPyeq—1(]—oo0,r) ¥ (V) — ¥(u)

= 1 f
<P(7") ue®_%ﬁ_w77.[) r— CI)(u)
SUPyeq—1 (J—oo,r)) Y (V)
- r
< SUPIg]| La () <L fQ F(z,§)dz + K SUP|¢]| pa (o) <1 fQ G(z,§)dx
< " 3 ; ’

pHr )1/17
moH—a
Let {0,} be a sequence of positive numbers such that o,, — +o0o and

where [ = ¢,

li SuPHfHL(I(Q)SUn fQ F(l’,f)dl‘
am P
B o (3.6)
L SUDg gy <t Jo F (@, §)da
= lim inf )

t—+oo tP
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Let r, = ”;ggc;aag for all n € N. From (H3), (H4) and (3.6]), we obtain
~ = liminf ¢(r) < liminf p(r,)
7—-+00 n—+00

pHC{I) lim SUP|i¢|| a(a) <om fQ F(z,§)dx

~ moH — an—+ oh
B pHcl i SupHEIILq(Q)San fQ G(z,&)dx (3.7)
AmoH —a nﬁﬂ,o oh
pHcy 1
< P —GOO) .
S ol —a ( T ee) oo
By (3.3) and (3.7), we easily check that
pHey EGy) =1 Gu>0
y< | T 5OR) =% =20 (3:5)
ol a® < % Goo =0

From the definition of A and (3.2), we have that A CJ0, %[
In the following, we claim that the functional ® — AW for A € A is unbounded
cP P
from below. Indeed, since % < %Rﬁ = % , there exists a sequence {7} of
positive numbers and 7 > 0 such that 7,, — 400 and
1 ph? fB(O 5/2) F(x,7,/h)dx

_ < ? 3.9
)\<77 miL T ’ (3.9)

for n large enough.
Let h > 1 beasin R ((3.2))), we consider a sequence {w, } in X defined by setting

0, reQ\ B(0,s),
wo(z) =4 B (Hp* - Bp*+2p—1), zeB(0,5)\B(0,3%), (3.10)
7, r € B(0,3)

with p = dist(z,0) = Zf\il z?. Clearly w, € X. A direct calculation shows

dw,(x) [0, z € (Q\ B(0,s))NB(0,3),
Dm |5 (M2 - 24 0m) | e B0.9)\ BO.3)
and
82wn(m) o 07 S (Q\B(OVS))HB(Oa%)a
022 | (L:P) 2 M) v € B(0,s)\ B(0,3).
(3.11)
By (3.11) and (3.1) we have
P axz - 7;:, <12P(:V+1) 2:1%\/ + 9(]:7;1)) , T € B(O,S) \B(O, %)’
and
/ |Awy, (z)[Pdx
Q
A2
_ (Ln)p onN/2 / ‘ 12(N+1) 24N 9(N —1) 1|pTN_1dr o, (3.12)
h 52 s r hp ™
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Thus, we have by (2.4)) and (3.12)) that

B(w,) = %M(Hwnup) - Z/chtx < %M(/ﬂ A ()" de)

L (3.13)
< TP,
S ohp

On the other hand, by (H4), one has
U(wy,) = / [F(x,wn(x) + HG(x,wn(x))} dx > / F(x,7,/h)dz. (3.14)
Q A B(0,5/2)
Hence, it follows from (3.13)), (3.14) and (3.9) that

L L
m TP — /\/ F(x,)dx < m (1 =Ap)7?
ph? B(0,5/2) ph?

D(wy) — AV (wy,) <

for every n € N large enough, which leads to lim,_, 4 oo (®(wy,) — AP (w,)) = —o0.
The alternative of Theorem case (i) assures the existence of unbounded se-

quence {u,} of critical points of the functional ® — AW. This completes the proof

in view of the relation between the critical points of ® — AU and the weak solutions

of problem (|L.1)). O
Remark 3.2. If & < 0o, 8> 0, and h > 1 large enough, then (3.2) holds.

In the following, arguing in a similar way, but applying case (ii) of Theorem [2.1
we can establishes the existence of infinitely many solutions to ([L.1)) converging at
Zero.

Theorem 3.3. Suppose that (H1) and 0 < a < moH hold (with H is as in (2.2))).
Also assume

(H5) f € C(Q x R), and there exists ¢ > 0 such that F(x,t) > 0 for every
(z,t) € 2 x[0,¢];
(H6) There exists s > 0 as considered in (3.1)) such that, if we put
SUP e 4 F(z,&)dx F(z,t/h)dx
a0 := lim inf — Iz <t Jo F'(,9) . B :=limsup fB(O’s/Q) ,
t—0+ tP t—0+ tP

one has
a® < Rp°, (3.15)
where R = %7_;6),}# (constants h > 1, ¢, and L are as in (2.8) and (3.1)),

respectively).

Then, for every X € AY := %] 3150 , %[ and for every g € C(Q x R) such that
q

(H7) G(t,u) >0, for all (t,u) € Q x [0,c] and
SUD|(¢]( ;.4 G(z,&)dx
Gy := lim sup 1€l La oy <t fQ (z,€)

t—0t tP

)

if we put
pHchGo )
00, GO = 07

then (1.1) admits a sequence {u,} of weak solutions such that u, — 0 strongly in
X for every p € J := [0, .

moH—a—pHcPa\
—————2=, Gp >0,
[hs = { 0 (3.16)
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Proof. We take ® and ¥ be as in (2.3). First, note that miny ® = ®(0) = 0.
Let {o,} be a sequence of positive numbers such that o, — 0%, and putting

Ty = %02. Similarly as above, we get

:= lim inf < lim inf
§ :=liminf o(r) < lim inf (rs)
pHcg 0o, M
e L6y .
_mOHfa(a tRG0) < Fee
From (3.16) and (.17), we have that A° C]0, 3[. Now, for A € A°, we claim that
® — AU does not have a local minimum at zero. Indeed, let {7,,} be a sequence of
positive numbers in |0, 7[ and > 0 such that 7,, — 0 and

(3.17)

l< . ph? Jp0.s/2) F(@, ma/h)dz
x miL T ’

for n large enough. Let {w,} be the sequence in X defined in (3.10). By (HT7), one
has that (3.14)) holds. Thus, from (3.13]), (3.14]) and (3.9)) we obtain that
L
B(wn) — AU (wy) < ’Z;Lp (1= Ap)7® < 0 = B(0) — A\W(0)
for every n € N large enough. This together with the fact that ||w,| — 0 shows

that ® — AW has not a local minimum at zero. The conclusion follows from the
alternative of Theorem case (ii). O
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