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SOLUTION BRANCHES FOR NONLINEAR PROBLEMS WITH
AN ASYMPTOTIC OSCILLATION PROPERTY

LIN GONG, XIANG LI, BAOXIA QIN, XIAN XU

ABSTRACT. In this article we employ an oscillatory condition on the nonlinear
term, to prove the existence of a connected component of solutions of a nonlin-
ear problem, which bifurcates from infinity and asymptotically oscillates over
an interval of parameter values. An interesting and immediate consequence
of such oscillation property of the connected component is the existence of
infinitely many solutions to the nonlinear problem for all parameter values in
that interval.

1. INTRODUCTION

Rabinowtz [8] obtained a well known result concerning the existence of un-
bounded connected components bifurcating from infinity for asymptotically linear
operators, 1973. Since then, by using this result many authors have studied the
existence of connected components of solutions of various boundary value problems.
By using different methods-such as the blow up method, the maximum principle,
the moving plane method, turning point theorem, eigenvalue theories and so on,
they tried to obtain much possible information on the connected components. An
interesting question concerning the connected component bifurcating from infinity
is: in which manner the connected component of solutions approaches infinity?
always from one side of a parameter in the parameter-norm plane, or oscillating
infinitely about a parameter (even an interval of parameters)?

Let us first recall some results in the literature concerning the above problem.
Schaaf and Schmitt [IT] studied the existence of solutions of nonlinear Sturm Li-
ouville problems whose linear part is at resonance. By using bifurcation methods,
they studied the one parameter problem

u +Au+g(u) =hz), 0<z<m

u(0) =0 = u(n). (11)

They showed that (1.1) has a connected component of solutions which bifurcates
from infinity at A = 1, and showed that this connected component must cross the
A = 1 parameter plane infinitely often.
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Davidson and Rynne [2] studied the semilinear Sturm Liouville boundary value
problem
—u" =X u+ f(u) in (0,7),

u(0) = u(mw) =0,

where f : RT = [0,00) — R! is Lipschitz continuous and X is a real parameter. It
is assumed in [2] that f(s) oscillates, as s — 0o, in such a manner that the problem
is not linearizable at v = oo but does have a connected component C' of
positive solutions bifurcating from infinity. Then, they investigated the relationship
between the oscillations of f and those of C' in the A —||u|| plane at large ||u||. They
obtained some results about the oscillation properties of C' over a single point A, or
over an interval I of \ values. An immediate consequence of such oscillations of I is
the existence of infinitely many solutions, of arbitrarily large norm ||ul|, of problem
for all values of A € I. Here, as defined as in [2], a continuum C C RT x F is
said to oscillate over an interval I = [A_, A] if, for each v € {4, —}, there exists a
sequence of positive number {¢},such that (¥ — oo as n — oo, and any solution
(A, u) € C with |lu|]| = ¢¥ must have v(A — A,) > 0, and such solutions do exist for
all sufficiently large n. For other references concerning the connected component
of solutions with asymptotic oscillation property one can refer to [3, [5, @] 12} [T3].
Consider the three-point boundary-value problem

—u" =X+ f(u) in (0,1),
u(0) =0, u(l) = au(n),

where n € (0,1), a € [0,1), f : R* — R! is Lipschitz continuous, f(0) = 0 and \ is
a real parameter.

During the past twenty years the multi-point boundary value problems have
been studied extensively. Especially, some authors studied multi-boundary value
problems by using global bifurcation theories; see [4] [10, [I5]. The main purpose of
this paper is to extend some main results in [2] to equation . By employing an
oscillatory condition on the nonlinear term f we will prove a result for the existence
of a connected component of solutions of , which bifurcates from infinity and
oscillates infinitely often over an interval of A-values. There is a main difficulty
to extend the main results of [2] to the three point boundary value problem .
Obviously, the symmetric point of every positive solution in [2] is known and this
plays an important role in the proof of [2]. For example, every positive solution
of is symmetric about ¢y = 1/2 and has a single maximum occurring at this
point. However, the symmetric point of every positive solution of is unknown
and the positive solution of may not be symmetric about tg = 1/2 when « # 0.
To overcome this difficulty in section 2 we will give a detailed analysis of positive
solutions of . Note the nonlinearity f may not be of asymptotically linear type.
Consequently, the corresponding nonlinear operator may be non-differentiable when
one converts into an operator equation in C[0, 1], the methods in Rabinowitz’
well known global bifurcation theorems from [§] establishing existence results for
unbounded connected components bifurcating from infinity do not seem to work
in our situation. However, due to the contributions of Schmitt, Berestycki et al.,
during the past forty years significant progress on the nonlinear eigenvalue problems
for non-differential mappings has been achieved; see [I} [6] [7, 4] and the references
therein. By using the methods in [T}, [0, [7, T4] we can show the existence of connected
component of solutions of bifurcating from infinity.

(1.2)

(1.3)
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2. PROPERTIES OF POSITIVE SOLUTIONS

First let us recall some results concerning the linear eigenvalue problem
—u" =X, te(0,1),

(2.1)

u(0) =0, wu(l) = au(n).

According to [I7], there exists a sequence of eigenvalues

0 < V() < VX)) < < Vnla) <...,

where /A;(«) is the i-th positive solution of the elementary equation sinz =
asinzn. The corresponding eigenfunction to y/An(@) is ¢p o (t) = sin /A, (@)t
In what follows, for brevity, denote ¢1 o by ¢q, for each o € [0,1). It is easy to
show the following result concerning the principal eigenvalue /A1 ().

Lemma 2.1. Assume that o € [0,1). Then

(1) § <vM(a) <

(2) VA1) is non-increasing with o € [0,1);

(3) there exists an unique t,, € [3,1) such that |¢a|| = ¢ (t,) =1, and ¢/, (t) >
0 fort €[0,t)), ¢..(t) <0 fort e (t,1];

(4) ¢o — ¢ = sinnt in the C* norm on [0,1] as a — 0.

For each a € [0, 3], let
Sa={(Au): Xe R",ue C[0,1],u(t) > 0 for t € (0,1), such that
u(t) is a solution of (L.3)}.

Then, for each (A, u) € S,, using integration by parts and the boundary condition,
we have

1 1
(@) = N) / wadt = / Fw)dadt — W(a), (2.2)
where
Clu), W] Jul), W)
Wie) =15, 0), qsg(l)““ ba (1), ¢g<1>"
Let

G(t,s) = min{t, s}(1 — max{t,s}), V¢, s€]0,1],
and the operator K, : C[0,1] — C[0,1] be defined by

1 1
K,x(t) :/0 G(t,s)x(s)ds + T 0477/0 G(n, s)xz(s)ds, te]0,1].

Let P ={x € C[0,1] : z(t) > 0 for ¢t € [0,1]}. Then, for each h € C[0,1], y = Kyh
if and only if

_y” = h(t)’ te (07 1)»
y(0) =0, y(1)=ay(n).
Let

calt) = 3n(1 )l —an— (1 —a), t<[0,1],
e(t) = %n(l —mt(l—t), Vte]lo,1].
Then, we have e, (t) > e(t) for t € [0,1] and o € [0,1/2].
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Lemma 2.2. For each « € [0,1/2], let Qo = {x € P : x(t) > ||z|lea(t) fort €

[0,1]}. Then K, : P — Q is completely continuous.

Proof. Obviously, K, : P — C[0,1] is completely continuous. Take h € P, and let
y = K,h. Using the fact that y is a concave function on [0, 1], by [I8, Lemma 2]

we easily check that K, : P — Q. The proof is complete.

In this paper we use the following symbols.

f(s)

0 < k7 =liminf —= < limsup L(s) = kT < 400,
s—+4oco S s——+4o00 S
F F
—c0< (" = hminf@ < hmsup@ = C+ < 400,
s——+oo 8§ s——400 S

where F(s) = [ f(t)dt for all s € [0,+00).
In this article we always assume that
9 _
ﬁ > K+ — K .

O

(2.3)

Take § > 0 small enough, such that g:—z — (kT —Kk7)>20 and K~ — & > 0. Let

o~

R =Kk —0,kt =~kT 4+, and
S0 = min {1, % - %(EJF -&)}
Take sg > 0 large enough, such that
Rs< f(s) < RTs, s> sp.
Let My = sup{|f(s)| : s € [0, so]}. By we have
K s— My < f(s) <Rts+ My, s>0.

Let
BT =R R

2 )

Y0, Y,a = 2HK(X€(X||_1 + Y0,cx-

Let

1
ko = tren[aa’)f]/o G(t,s)s(1 — s)ds.

For each t € [0,1], we have

2-1
1 1
> 177(1 —-n) | G(t,8)s(1 —s)ds.
0
and so,
3—n 1
— > ||Kaeall = —kon(l —n).
20 el > Jhon(L =)
On the other hand, for ¢ € [0,1] we have
ho< Kol <142 <3770

l—an = 2—n
Thus, we have
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a' = + > a-
2 kon(L—m) = "
For each o € [0, 3], let A, « N ([a”,a™] x B0, Ry)), where B°(0, Ry) = {x €
Clo,1], [l = Ro} and Ro = (1Mn)

Lemma 2.3. For each (A, u) € Ay, we have
1
u(t) > §Hu||ea(t)7 t €0,1]. (2.6)

Proof. Define the operators F(-,-) : [a~,+00) x C[0,1] — C[0,1] by
F(Ou)(t) = du(t) + f(u(t)) + My, te[0,1]

and B(-,-) : [a™, 400) x C[0,1] — C[0,1] by B\, u)(t) = Ko F (A, u)(t) for t € [0, 1]
Let v(t) = ()\ u)(t) for all ¢ € [0,1]. Byand.wehaveF/\u())z
(R~ +a )u(t) > 0 for all ¢t € [0,1]. It follows from Lemma 2.2 that v € Qq.
Obviously, u(t) = B(A,u)(t) — Mowa(t) = v(t) — Mow, (t) for all t € [0, 1], where

1
- / Gt s)ds + —
0 1-

It is easy to see that

1
/ G(n,s)ds,Vt € [0,1].
nJo

1 _ an(1—n) _ ea(t) 2eq(t)
walt) < St =t S oy = ST = S na—n)

.t €[0,1].

Then, we have

1
> §||u\|ea(t), te0,1].

This implies that (2.6) holds. The proof is complete. ([
Lemma 2.4. For each (A, u) € Ay, there exists an unique to € (0,1) such that

(1) u(ta) = [ull;

(2) w'(t) >0, t€(0,ta); w'(t) <O, t € (ta,1);

(3) ul(ta —5) = uta +5), s € [0,1 —ta];

(4 ) 1>ty >1/2;

(5) ta =1/2 as a=0.

Proof. Tt follows from the theorem on the unique solutions of initial value problems
for differential equations (IVPU) that «/(0) > 0. From the boundary value condition
u(l) = au(n),0 < a < 1/2, there must exist t, € (0,1) such that u'(t,) = 0.
Assuming that t, < 1/2, it follows from the fact that f is independent of ¢ and
IVPU that
u(te +8) =ulta — ), s€][0,ty]

Hence, u(2t,) = u(0) = 0, v/(2t,) = —u/(0) < 0, and so, there exists ¢’ > 2t, such
that w(t') < 0, which is a contradiction. Hence, 1 > ¢, > 1/2, and u(t, — s) =
u(te + s) for s € [0,1 — to]. Obviously, (1) and (2) hold. When a = 0, u(1) =0
and so t, = 1/2. The proof is complete. O
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Lemma 2.5. Assume that A, N ([a™,a™] x B¢(0,Ry)) # 0, where Ry = Ry +

24Mocyt and ¢ = $5on(1 —n). Let op(a) = 807270?0‘”) for a €0, %]' For

each (A, u) € Ay N ([a™,a™] x B¢(6, Ry)), let to be defined as in Lemma . Then
oo(a) = 0 as a — 0, and for a € [0,3on(1 — n)/4000],

0<t,

INA
Q

% ()(Oz). (27)
Proof. For each (A, u) € AaN([a™,aT]xB(0, Ry)), let v(t) = u(t)/||ul for t € [0,1].
Then
—v"(t) = (t) + ﬁf(HUHU(t))’ t€(0,1), (2.8)
v(0) =0, v(1)=awv(n).
It follows from Lemma [2.4] that v(to) =1, to > 1/2 and
V(te — 8) = v(ta +5), Vse[0,1—t4]

Hence, v(2t, — 1) = v(1) = av(n) < a. It follows from Lemma that v'(¢) > 0
for t € (0,ty). Thus, if there exits a t’ € [0,t,) such that v(t') > a > v(2t, — 1),
then we have ¢’ > 2t, — L or t, < 2(14¢).

By Lemma [2.3] for ¢ € [0,t,), we have

o (t) = /tu o (s)ds

750||u\|/a §)ds — Mot — 1) (2.9)

| \/

I \/

fSOIIuH/ $)ds — Mo(ta — 1),
and so

, 1. ta My
v'(t) > fso/t e(s)ds — T H( —t).

> fso/ ds /ta ?Z(ﬁ (to — s)ds
cl<t/t (1—s)d8+/0t (l—s)ds)—%t
= cl<t/0ta s(1 —s)ds—t/ots(l —s)ds+/0t82(1 —s)ds) - ﬁ\j—it

1/2 1, 1 1, 1 M,
_ (242 43 43 44 Mo
c1<t/0 s(1—s)ds t(2t 3t )+(3t 1t )) t

[[ull
1 Mo) 1,
- *Clt
(12 [l 6

> 1 t L 2.
_2401 601

Y

Y
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Solving the inequality

1 1,
—cit — =c1t® > «,

24 6
we obtain
1—4/1— 384ac;* 1+4/1 - 384ac;*
<t< .
8 - 8
Let
1 —4/1— 384ac;?
t'= :
8
Then we have
1 1—=4/1-384ac;* o4
0<ty, — =< < —XZ .
ST 16 < ol
Obviously, og(a) — 0 as a — 0. The proof is complete. O

Lemma 2.6. Let A\i(«a), t., be defined as in Lemma and oy (o) = 1002 fop

- b n(1-m)
each o € |0, S“Zglogn)]. Then for each « € |0, 5028105”)],

1
ogt’a—5 < oi(a).

Proof. Tt follows from (2) in Lemmathat 2 =X1(0) > M) = M (5) > %2 for
each a € [0,1/2]. According to Lemma [2.2] we have ¢, € Q,, for a € [0,1/2], and
s0

Pa(t) 2 [|dallealt) = ealt) = e(t), vt e [0,1].

Note that §Oz§)108n) < 1/2. As in the proof Lemma for ¢ € [0,t.], we have

ba(t) = 6a(0) + / ¢l (s)ds = / 41, (5)ds

ond) [as [ ouiin
> ’7(14_’%1(;)/: ds /f (1 - 7)dr

> 7r217(116_m<t/01/25(1—s)ds—t/ots(l—s)ds—&—/otsQ(l—s)ds)

(1l —n) 1 Lo
> Do Wy 242,

> ( )
Solving the inequality

(1 —n) (it _ %tz) > a,

16 12
we have
1— 1— 71—21536? 14+ 1— 7r21536f¢
Y, n(1—n) << n(1—n) .
4 - 4
Then we have
1 1— 1— 215(31624 )
0<t,—5 < 3 T < oi(a).

The proof is complete. O
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Lemma 2.7. Assume that Ay N ([a™,a™] x B¢(0,Ry)) # 0, where Ry = Ry +
C1

200M, . _
gon(k%). Let c¢1 and oo(c) be defined as in Lemma |2.5, co = §5. Assume that

a €0, 5028106")]. For each (A\,u) € Ao N ([a™,a™] x B(0, R2)), let to be defined as
in Lemmal[2.4. Then we have

W/ ()] > eallull[ta — €]t € [0,1]. (2.10)

Proof. Now, (2.9) holds for each (A,u) € Aq N ([a™,a*] x B¢(6, Ry)). From a €

[0, g‘)z&gn)], we have og(a) < 75, and so, by (2.7) we have t, € [1/2,3/5] . On the
other hand, we have for t € [0, t,),

/tta e(s)ds = M [%(ta +t) — %(ti +tat +2)] (ta — 1) (2.11)
Let
g(t) = %(ta +t) — %(ti +tot + %), Vtelo,1].

It is easy to see that g(t) > min{g(0),g(ta)} > & for t € [0,t,]. It follows from

(2.9) and that for ¢ € (0,t4),
1
u'(t) > [GZSOW(l —n)lull = Mo] (ta —t) > cof|ul|(ta — ). (2.12)

Similarly, for ¢ € [tq, 1], we have

—u'(t) = — /tt u’’(s)ds

o

> %'SVOHuH /t ea(s)ds — Mo(t —to)
> %%Hu”/ e(s)ds — Mo(t — to) (2.13)
> (cillullg(t) — Mo)(t — ta)

> (e Jull - Mo) (t — to)

12
> collul[(t = ta).
Now ([2.10)) follows from (2.12)) and (2.13)). The proof is complete. O

Lemma 2.8. Assume that Ao N ([a™,a*] x B(0, R3)) # 0, where Ry = Ry + M.
For each (A, u) € Ay N ([a™,a™] x B¢(6, Ry)), let to be defined as in Lemma ,
Then the following inequalities also hold:

(a” +R)u(t) < —u"(t) < (lat|+EN)u(t), Vte ET(u;s0), (2.14)
[u” ()| < (Jla™| +&T)sg +3My, Vt€ E (u;s0), (2.15)
(0)) < esllullt — tal, vt € [0,1] (216)

where cs = laT|+RT+1, ET(u;80) = {s € [0,1] : u(s) > so} and E~ (u;50) = {s €
[0,1] : u(s) < so}-
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Proof. Tt follows from ([2.4]) and (2.5) that (2.14) and (2.15]) hold. Also, by (2.5)) we

have

u'(t) = —/t ) u’(s)ds = /t a()\u(s) + f(u(s)))ds

o 2.17
< / (Au(s) + &1 u(s) + Molds (2.17)
t
< (lat|+ 8T+ Dull(ta — 1), t€(0,ta).
Similarly, we have
=/ (t) < (la" [+ & + Dlull(t — ta), V¢ € (ta, 1) (2.18)
Now ([2.16|) follows from (2.17) and (2.18]). The proof is complete. O

Recall that if {¥,,} is a sequence of sets then

liminf ¥, = {x . there exists a positive integer Ny such that every

n—oo

neighborhood of z intersects X,, for n > No},

limsup ¥, = {x : every neighborhood of x intersects X,

n—oo

for infinitely many integers n}

The proof of the next lemma can be found in [16].

Lemma 2.9. Let {3,} be a sequence of connected sets in a complete metric space
M. Assume that

(i) U, %, is precompact in M;
(ii) liminf, o 2, # 0.
Then limsup,,_, ., 2n 4 non-empty, closed and connected.

3. OSCILLATORY BIFURCATION FROM INFINITY
+_— ~
Let (o= Ct+¢, (=S5, ca = e3(2RY + (o) +4¢,
B n(l—n)CQ(l_i>

= T 6, dc,

and

9 — mi {5077(1 —1) cacsson(l —n) cs }
= min , ) .
4000 6400c4 16(m + ¢3)
Recall the definition of S, in section 2. Now we have the following main result.
Theorem 3.1. Suppose that (2.3) holds, and (= < Ct. Then, for a € [0,9/2],

S possesses at least one connected component Cq o bifurcating from infinity and
oscillating over an interval I, := [d—_(a),ds(a)], where

3 3
d—(a) = M (a) - 16~ Co,d4(a) = Ai(a) + Viche Co-
Proof. Take 1, € (0,1) such that 7, — 1 as n — oo. Let

clmm) (2 = m)n(1 = 1)¢? ( (2— Tn)<>’

5 = -
64c3cy 4dey

90 — mi {’5077(1 —n) eac™En(1—n) ™ }
= min , , .
4000 6400¢4 16(r + c3)
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Except for the last paragraph, in what follows of the proof we always assume that
a € [0,90m).

By using the methods showing the main results in [T} 6] [7, [14] we can prove
that S, possesses at least one connected component bifurcating from infinity. For
brevity, we will omit the process. Let f(s) = f(s) — Cos, and F(s) = F(s) — 1¢os?
for s > 0. Then we have

F F
lim sup (28) =(, liminf @ = —(.
s§— 400 S s—+00 S
Thus, there exists two sequences of positive numbers {p;r} and {p; }, with p} — oo
and p,, — oo, such that

Flpy) > F ¢

(Pn)% Flow) <=3

DO |

(p)? (3.1)
Forn=1,2,..., let

G, =inf{s>0:F(s) > g(Pﬁ)z}’

of =inf{s>0:F(s) < —g(pZ)Q}-
Assume without loss of generality that {c;]} and {¢, } are strictly increasing, and
Rz(f") <gF <¢, <qfyy for n €N, where

R{T) = Ry + 3Mo(R¥) ™" + 32s0(n(1 — 1)) ™" + 1+ 1024s0¢6(n(1 — n)e§™) 7,
_ aall(a*|+ R )so + 3M]
2c2 ’

and Ry is defined as in Lemma Let (\,u) € Sy, with ||u|| =<, and X € [a—,a™].
Then, (A, u) satisfies (2.2)). Writing Z(u;t) = F(||u|)) — F(u(t)) for t € [0,1].
Obviously, Z(u;t) > 0 for t € [0,1]. By a direct computation, we have

te I 1y Pa(l)
/0 f(u)gadt = /0 Z(u,t)Wdt — Z(u;1) o (1) (3.2)
By and using the fact that |lu|| > 3My (k") !, we have
[f(u(t)] < R u(t) +3Mo < 287 |uf, ¢ €[0,1]. (3-3)

Let o € [1/2,1) be such that u(ta) = [|ul|, and /(o) = 0. It follows from Lemma

that t, € [1, 1 + oo(a)]. Since Z{(u;t) = —f(u(t))u'(t), by (2.16) and (3:3) we

have
1 Z{(u;t)] < callulP|t — tal, Vte€0,1], (3.4)

and so
t

2wt = |2Gita) + [ Zifuis)ds]

ta
t
s/|4wwww
to
1

< eallul*(t — to)?
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for each t € [t,,1]. Similarly, we also have
1 2 2
| Z (ust)| < §c4|\u|| (t—ta)?, Vte|0,ta].
Thus, we have
1
Z ()] < Seallul®(t = ta)?, ¥t € [0,1]. (3.5)

Now we give estimates for each part of the right side of the equality (3.2, and
for W(a).
(1) E?tir)nate for Z(u; 1)“2(,’((11)). It follows from (3.5) and Lemma that for
e [0,9 ]

ada(n)  _ callulla _ 1

&) 3.6
(=t = "2, =165 Iul- (36)

| < 704|| 121 = ta)?

(2) Estimate for fo Z(u; t)%ﬁ”dt. Since Z(u;t) > 0 for t € [0, 1], and —u"'(t) >
0 for t € E*(u;s0), we have

1 _ "
/0 Z(u;t) (i”‘) dt = (/EW;SO)JF/E(WO))Z(u;t)((zf‘)z dt

_ "
> / Z(ust) =22 gy,
E—(u;s0) (u )
On the other hand, by (3.5)), Lemmas [2.7] n and we have

] %
|/E(u;80) Z(u;t) ) dt\
’¢

(3.7)

<

> |dt
E*(u;s()) )? |

/

< £) dt
- E*(u;so>| v ” 2’

1 u
<[ Sl tef ]

B~ (usso) 2 cllull(t - ta)?

"
/ C4|“2 Lt
E—(u;s0) 202

<[ el E i,
E—(u;s0) 262

l/‘

dt

< ¢g - meas(E™ (u;80)).
from Lemma it follows that for a € [0,9(™)],

_ ___32sq ___32s0
1=4/1 n(l—mnuw [H L gy }
U 1.
2 2

E~(u;sg) C [0,

and so

—¢ u!
Z(u;t 2 __dt| < cg-mes(E™(u;s
[, 2] < o mes( B (us0)

3.8
648006 ( )

Ll
S — S — u
20—l = 16°
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It follows from (3.7) and (3.8)) that

1 "
—Patt 1 o)
Z(ujt)——dt > ——cx " .
/0 (ust) it = ~ g™ . (39)
(3) Estimate for fol )¢, dt. According to Lemmas and [2.6] there exist

ta,tfy > 1/2 such that ||u|| = u(ta), [|[Pall = ¢alty), and 0 <ty — 5 < oo(a), 0 <
tl, — 3 < o1(a). Let o(a) = max{oo(a),51(a)}. Obviously, we have o(a) = og(c).
Now we have

[zt (7 [ Jrmnha o

It follows from Lemmasnandﬂthat oL (t) <0andu/(t) <Ofort € [S40(a),1],
and so

1 /
/ Z(u; t) =2 dt > 0. (3.11)

%-}-o’(a) u

From Lemmawe have 7/2 < |\/A1(a)| < 7, and so 7/2 < |¢,| < 7. It follows

from (3.5), Lemmas and [2.8| that
3+o(a) o zto(a) ¢!
I ARe] < c4)
| / 2(u;1) 2] < / ;1) it

Fto(a) ¢

: / seallull (¢ — to)?—— ———dt
.0 Al )" (312)
cam [l

< 2707

- 2cy U(a)
2ca]fu]| ()

< — —c "

s, oo(a) < 166" [[ull

Obviously, by (3.1) we have
~ =~ =~ G, - G, ¢
Z(u;0) = F([lull) = F(u(0) = F(lull) = 5(pn)* = 5(s2)* = Sllul®. (3.13)

By (B4) and (3.13), for t € [0,1— 1—%},%11&%

Z(ujt) = Z(u;0) +/0 Z!(u; 8)ds

C 2 ‘ 2 d
2 Sllull® = | eallul*(ta — s)ds
0

(3.14)
C

t
- / callulP(1 — s)ds
|| I

(¢ + eat® — 2eqt) > T’ZTCHUHQ.
It follows from Lemmas and that ¢o, = A1 (@) K¢ € Qu, and so
Pa(t) = [|@allealt) = ealt) = e(t), Ve [0,1].
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It follows from Lemmas and that ¢/,(¢) > 0 and v/(¢t) > 0 for t € [0,1/2].
By Lemma and (3.14) we have

1/2 / 1—y/1-E5mie 1/2 /
/ Z(u;t) 22t = (/ g )Z(u; ) Lo gt

0 u 0 1— /1_(2;z:)C u
/1 / (2 :;L)C

> ; Z(u;t)idt
1—y/1-5mm)e '
> / TS e
0 calul ™ 5.15)
Tn( (2_Tn)C
2 (1 /1= 522 ul
> 2 (2
m(l - n>< (2 —7)C . (2=T)¢
Z 6463 Cq4 (1 N 464 )HUH
= ™) Jul.

(4) Estimate for W (a). It follows from Lemma [2.8] that
W (a)] = [a[u(ndy (1) —u'(1)da(n)]|
< a([lulllgall + esllull X = ta)l|dall) (3.16)
1
< alull (x + es) < el [ull

From Lemmas 2.2] and 2.3 it follows that

1
0< fHuH/ Bt < 7Hu||/ dt</ ubadt < |ul. (3.17)
From (3.2)), (3-6), (3-9)-(3.12)), (3.15)(3-17) it follows that
1
/f Youdt — W ()_fcgf" ul| > Sl / U dt. (3.18)
0

Thus, by (2.2 , and (| -7 we have

3 (r o
A< M\(a) — ch WGy = dT (a).
Similarly, for each (\,u) € S, with ||ul| = ¢, > R(T" and X € [a™,a™], we have

3 7' Tn
A2 Ma) + 5™ = o= (@),

Assume that 9(™) — 9 as n — oo. Obviously, ¥ > 0. Assume without loss
of generality that 9("n) > g for all n € N. From the proof above we see that,
for each « € [0,9/2] and n € N, there exists at least one connected component
C’gf") of S, oscillating over the interval [d(T")(a), d(f")(a)]. Note d(f")(a) —d_(a)

and dS_T")( ) — di(a) as n — oo. Applying Lemma E we see that for each
a € [0,9/2], there exists at least one connected component C, o, of S, such that
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Ca,00 contains limsup,, C’gf&g and oscillates over the interval [d_(«),d+(a)].

The proof is complete. |

Corollary 3.2. Suppose that all condition of Theorem hold. Then for a €
[0,9/2] and X € [d_(a),d+ ()], has infinitely many solutions.
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