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EXPONENTIAL P-STABILITY OF STOCHASTIC V-DYNAMIC
EQUATIONS ON DISCONNECTED SETS

HUU DU NGUYEN, THANH DIEU NGUYEN, ANH TUAN LE

ABSTRACT. The aim of this article is to consider the existence of solutions,
finiteness of moments, and exponential p-stability of stochastic V-dynamic
equations on an arbitrary closed subset of R, via Lyapunov functions. This
work can be considered as a unification and generalization of works dealing
with random difference and stochastic differential equations.

1. INTRODUCTION

The direct method has become the most widely used tool for studying the ex-
ponential stability of stochastic equations. For differential equations, we mention
the very interesting book by Khas’minskii [12] in which author uses the Lyapunov
functions to study stability. Foss and Konstantopoulos [8] presented an overview of
stochastic stability methods, mostly motivated by stochastic network applications.
Socha [24] considered the exponential p-stability of singularly perturbed stochastic
systems for the “slow” and “fast” components of the full-order system. Govindan
[9] proved the existence and uniqueness of a mild solution under two sets of hy-
potheses and considered the exponential second moment stability of the solution
process for stochastic semilinear functional differential equations in a Hilbert space.
We also refer to [15 [16] in which authors considered stochastic asymptotic stability
and boundedness for stochastic differential equations with respect to semimartin-
gale via multiple Lyapunov functions. The long-time behavior of densities of the
solutions is studied in [20] by using Khas’minskii function. For random difference
systems, we can refer the reader to [I8], [22] 23], for stability of nonlinear systems.

Recently, a method for the unified analysis of equations of motion in continuous
and discrete cases within the framework of the theory of time scales has drawn a
lot attention. For deterministic cases, in [4], author used the Lyapunov function of
quadratic form to study the stability of linear dynamic equations. Hoffacker and
Tisdell examined the stability and instability of the equilibrium point of nonlinear
dynamic equations [13]. Martynyuk presented systematically the stability theory
of dynamic equations in [I7].

While the stability of deterministic dynamic equations on time scales has been
investigated for a long time, as far as we know, there is not much in mathematical
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literature for the stochastic case, and no work dealing with the stability of sto-
chastic dynamic equations. Here, we mention some of the first attempts on this
direction. In [I1], the authors developed the theory of Brownian motion. Sanyal
in his Ph. D. Dissertation [21] tries to define stochastic integral and stochastic dy-
namic equations on time scale with the positive graininess. Lungan and Lupulescu
in [I4] consider random dynamical systems with random A-integral. Gravagne and
Robert deal with the bilateral Laplace transforms in [I0]. The Doob-Meyer de-
composition theorem and definition of stochastic V-integral with respect to square
integrable martingale on any arbitrary time scale also It0’s formula are studied in
[0, [7]. Recently, Bohner et al [3] investigate stochastic dynamic equations on time
scale by considering an integral with respect to the restriction of a standard Wiener
process on time scale. However, this way can not be applied to define the stochastic
integral in general case since when one deals with a martingale defined on time scale
and we do not know whenever it can be extended to a regular martingale on R.

The aim of this article is to use Lyapunov functions to consider the existence,
finiteness of moments, and long term behavior of solutions for V-stochastic dynamic
equations on arbitrary closed subset of R. We study

dVX(t) = f(t,X(t_))dvt + g(t, X (t_))dY M(t)
X(a) =2, €RY, teT,,

where (M;)ier, is a R-valued square integrable martingale and f : T, x R — R
and g : T, x R — R are two Borel functions. We emphasis that martingale M is
defined only on T,. This work can be considered as a unification and generalization
of works dealing with these areas of stochastic difference and differential equations.

In working on stochastic multi-dimensional dynamic equations with respect to
discontinuous martingale on time scales, it rises many difficulties, especially the
complicated calculations and they require some improvements. Besides, some es-
timates of stochastic calculus for continuous time are not automatically valid on
arbitrary time scale and we need to change them into a suitable form to obtain
similar results.

The organization of this paper is as follows. We introduce some basic notion
and definitions for time scale and for square integrable martingales in Section
Section 3] deals with the existence and the finiteness of moments of solutions for
stochastic dynamic equations with respect to a square integrable martingale in
case the coefficients satisfy locally Lipschitz conditions. Section [ is concerned
with necessary and sufficient conditions for the exponential p-stability of stochastic
dynamic equations.

2. PRELIMINARIES

Let T be a closed subset of R, enclosed with the topology inherited from the
standard topology on R. Let o(t) = inf{s € T : s > t}, u(t) = o(t) — t and p(t) =
sup{s € T: s < t},v(t) = t—p(t) (supplemented by sup @ = inf T, inf } = sup T). A
point ¢ € T is said to be right-dense if o(t) = t, right-scattered if o(t) > t, left-dense
if p(t) = t, left-scattered if p(t) < t and isolated if ¢ is simultaneously right-scattered
and left-scattered. The set ;T is defined to be T if T does not have a right-scattered
minimum; otherwise it is T without this right-scattered minimum. Similarly, T*
is defined to be T if T does not have a left-scattered maximum; otherwise it is
T without this left-scattered maximum. A function f defined on T is requlated if



EJDE-2015/285 EXPONENTIAL P-STABILITY 3

there exist the left-sided limit at every left-dense point and right-sided limit at every
right-dense point. A regulated function is called ld-continuous if it is continuous
at every left-dense point. Similarly, one has the notion of rd-continuous. For every
a,b € T, by [a,b], we mean the set {t € T:a <t <b}. Denote T, ={t€T:¢t>a}
and by R (resp. R") the set of all rd-continuous and regressive (resp. positive
regressive) functions. For any function f defined on T, we write f# for the function
fop;ie, ff = f(p(t)) for all t €, T and lim,(s)1¢ f(s) by f(t-) or f;_ if this limit
exists. It is easy to see that if ¢ is left-scattered then f;_ = ff. Let

I={t:tis left-scattered}.

Clearly, the set I of all left-scattered points of T is at most countable.
Throughout of this paper, we suppose that the time scale T has bounded grain-
iness, that is v, = sup{v(t) : t €, T} < oc.
Let A be an increasing right continuous function defined on T. We denote by
pé the Lebesgue V-measure associated with A. For any ué—measurable function

f: T — R we write fat f-V A, for the integral of f with respect to the measures ,ué
on (a,t]. It is seen that the function ¢t — fat frV A, is cadlag. It is continuous if A

is continuous. In case A(t) =t we write simply f(j f+ VT for f; frVA,. For details,
we can refer to [5].

In general, there is no relation between the A-integral and V-integral. However,
in case the integrand f is regulated one has

/ab f(r )V = /ab f(r)Ar Va,beTF,

Indeed, by [5, Theorem 6.5],

b
[ sear= [ s 3 o)

a<s<b
b
= flro)dr + fs_ = f(r_)VT.
) Z (s_)w(s) / (r_)

Therefore, if p € R then the exponential function e,(t, o), defined by [2, Definition
2.30, pp. 59], is solution of the initial value problem

yV () =pt )yt ), ylte) =1, t>t. (2.1)
Also if p € R, egp(t, o) is the solution of the equation
y¥ () = —p(t-)y(t), ylto) =1, t>to,

where Op(t) = #15()2@)' Later, we need the following lemma.

Lemma 2.1 ([21[7]). Let u(t) be a regulated function and uq,o € Ry. Then, the
inequality

t
u(t) < uq + a/ w(t_)VT VteT,

implies
u(t) < ugeq(t,a) VteT,.
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Let (2, F,{F:}ter,,P) be a probability space with filtration {F;}+et, satisfying
the usual conditions (i.e., {F¢}¢cr, is increasing and N{F ) : s € T,s >t} = F;
for all t € T, while F, contains all P-null sets). Denote by My the set of the square
integrable F;-martingales and by M} the subspace of the space My consisting of
martingales with continuous characteristics. For any M € M, set

]/\Zt:Mt_ Z (Ms_Mp(s))~

s€(a,t]

It is clear that ]\/4\,5 is an Fy-martingale and ]\Z =M o(t) for any t € T. Further,

(M) = (M), = > (M) = (M)(s))- (2.2)

s€(a,t]

Therefore, M € M3 if and only if M e M. In this case, M can be extended to a
regular martingale defined on R.

Denote by B the class of Borel sets in R whose closure does not contain the
point 0. Let 6(¢, A) be the number of jumps of the M on the (a,t] whose values
fall into the set A € B. Since the sample functions of the martingale M are
cadlag, the process (¢, A) is defined with probability 1 for all ¢ € T,, A € B.
We extend its definition over the whole Q by setting (¢, A) = 0 if the sample
t — M;(w) is not cadlag. Clearly the process 6(t, A) is Fi-adapted and its sample
functions are nonnegative, monotonically nondecreasing, continuous from the right
and take on integer values. We also define g(t,A) for M, by a similar way. Let

6(t,A) = #{s € (a,t] : My — M,(5) € A}. It is evident that
§(t, A) = 8(t, A) + o(t, A). (2.3)

Further, for fixed ¢, §(¢,-), S(t, -) and g(t, -) are measures.

The functions §(¢, A), g(t, A)and 0(t, A),t € T, are Fy-regular submartingales for
fixed A. By Doob-Meyer decomposition, each process has a unique representation
of the form

5(t,A) = C(t, A) +(t, A), Ot A) = C(t, A) +7(t, A),

o(t, A) =((t, A) +7(t, A),

where 7(t, A),7(t, A) and 7(¢, A) are natural increasing integrable processes and

~ ~

C(t, A),C(t, A), C(t, A) are martingales. We find a version of these processes such
that they are measures when ¢ is fixed. By denoting

=
Mg = M, — M?,

t
Mtd:/ /uC(VT,du),
a JR

(M), = (M°) + (M), <J\7d>t:/ /Ru%(w,du). (2.4)

where

we obtain

Throughout this article, we suppose that (M), is absolutely continuous with respect
to Lebesgue measure pvy, i.e., there exists Fy-adapted progressively measurable
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process K; such that

t
M>t :/ K-,—VT. (25)
Further, for any T € T,,
P{ sup |K;| <N} =1, (2.6)
a<t<T

where N is a constant (possibly depending onT).

The relations (2-2), (2.4) imply that (M Yy and (M d>t are is absolutely con-
tinuous with respect to py on T. Thus, there exists Fi-adapted, progressively
measurable bounded process Kf and K satisfying

t t
(M®), = / Kevr, (MY, = / Kivr,
a a
and the following relation holds

P{ sup Kf+ K< N}=1.

a<t<T

Moreover, it is easy to show that 7(¢, A) is absolutely continuous with respect to
pww on T, that is, it can be expressed as

At A) = / "F(r )V, (2.7)

with an F;-adapted, progressively measurable process Y”(t7 A). Since B is generated
by a countable family of Borel sets, we can find a version of T (¢, A) such that the
map t — Y(t, A) is measurable and for ¢ fixed, Y(¢,-) is a measure. Hence, from

(2.4) we see that
(M) d / / (1,du))VrT.

Ri = / 2T (1, du)).
R
For the process 7(t, A) we can write

Tt A) = Y E[la(Ms — My)| Fys)l-

s€(a,t]

This means that

Putting

. E[la(Me—M,)|Fpcr) if u(t 0
T(t, 4) = V) pn =0
ifv(t)=0
yields
¢
m(t,A) = / Y(r,A)VT. (2.8)
Further, by the definition if v(t) > 0 we have

/ u:f(t,du) = E[M: - iw(f)(t)u:p(t)] =0, (2.9)
R

and
E[(M; — M,q)) ‘}- (M) — <M>p(t)'

/Ru T (t, du) = ) = 0
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Let Y(t, A) = T(t, A) + T(t, A). From (2.3) we see that

m(t, A) = /t Y(r,A)VT

Denote by EIOC(TQ,R) the family of real valued, F;-progressively measurable pro-
cesses f(t) with f |f(T)|VT < +00 as. for every T > a and by L2(T,; M) the

space of all real valued, F;-predictable processes ¢(t) satisfying E faT PA(T)V(M), <
00, for any T' > a. Consider a d-tuple of semimartingales X (t) = (X1(¢), ..., Xa(t))
defined by

¢ ¢
Xit) = Xia)+ [ £ Vr+ [ gn)vM,,
where f; € LP¢(T,,R) and g; € Lo(T,; M) for i = 1,d. For any twice differentiable
function V', put
AV (t, x)

E:agix 1fh@»M®+(V@z+f@W@»,V@JD¢m

n / <V(t,x L) + g(tyu) — Vit x4+ FE) Y du),

Wlth f = (flaf?a .. 'afd); g = (gla927 < 7gd) and
() = 0 if ¢ is left-dense
| 1/p(t) if tis left-scattered.

Let C12(T, x R% R) be the set of all functions V (¢, ) defined on T, x R, having
continuous V-derivative in ¢ and continuous second derivative in x. Using the It0’s
formula in [7] we see that for any V € C12(T, x R4 Ry)

V@HY@»——VWVYW»-—/1(Vv%ﬂXKﬂJN+AV@}X@LD)VT (2.11)

is a locally integrable martingale, where V'Vt is partial V-derivative of V (¢, z) in t.

3. EXISTENCE OF SOLUTIONS AND FINITENESS OF MOMENTS FOR STOCHASTIC
DYNAMIC EQUATIONS

Consider a V-stochastic dynamic equations on T of the form
dYX (1) = F(t, X (t))d% ¢t + g(t, X (t))d" M(1)

3.1
X(a) =1z, €RY teT,, 3.1)

where f : T, x R — R% and g : T, x R* — R? are two Borel functions. Under
the global Lipschitz and linear growth rate conditions of the coefficients f, g, there
exists uniquely a solution for Cauchy problem (see: [7]). We now consider the
case where the coefficients are locally Lipschitz.
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Theorem 3.1. Suppose that for any k > 0 and T > a, there exists a constant
LT,k > 0 such that

1£(t.2) = F&)I* Vllg(t,2) — gt y)lI* < Leglle -yl (3-2)
for all z,y € R* with ||z|| V |ly|| < k and t € [a,T]. Further, there are positive
constants ¢ = ¢(T);b = b(T) and a nonnegative function V€ C*2([a, T] x R R )
satisfying

VVi(t,x)+ AV (t,z) < cV(t_,x) +b Y(t,z) € [a,T] x RY, (3.3)

and lim, o infiepq, ) V(t,2) = oo. Then, (3.1) has a unique solution Xg ., (t)
defined on T,. In addition, if there exists a positive constant ¢y = ¢1(T') such that

allel? < V(tz) ¥(t,2) € [o,T)  RY, (3.4
then )
1
B X, I < L (Via20) + Decltoa) v € [a.7]
1
Proof. For each k > ko = [||z4]]] + 1, define the truncation function

_Jf(t ) if [lzf| < &
fr(tx) = {f(t, k2 i ||z > k,

[

and g (t, z) is defined by a similar way. The functions f; and gj satisfy the global
Lipschitz condition and the linear growth rate condition. Hence, by [7, Theorem

3.2] there exists a unique solution Xj(-) to the equation
dV X (t) = frt, X (¢-))d"t + gi(t, X (¢-))dY M(t) 55)
X(a) =z, € R, Vt € [a,T]. .

Define the stopping time
Op = inf{t € [a,T] : | Xk(t)| > k}, 0Ok, = a.
It is easy to see that 6 is increasing and
Xi(t) = Xgq1(t) ifa<t <. (3.6)
Let 6o = limg_,o0 0 and the process X, ., (t) = X(t), a <t < 0 be given by
X(t) = Xg(t), Op—1 <t <0, k=>ko.
Using one gets X (t A 6y) = X (t A 0g). Tt follows from that

tAO tAOg

X(@EANO) =24+ / fe(r, X(72))VT + / gk (1, X (72))V M,

a a
tAO

tAOy
=z, + / f(r, X(r_)VT + / g(m, X(7-))VM,,

for any t € [a,T] and k > 1. We show that limy_,oc 0 = T a.s. Indeed, by (2.11)
it yields
tAO

E[V(0p At, X (0 A1) =V (a,z,) + E/ (VVT (r, X (=) + AV (T, X(T_)))VT

a

<V(a,zq) + /t(cIEV(Gk ANT_, X0 ANT_)) +b)VT.
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Using Lemma with the function u(t) = E[V (05 A t, X (0x A1))] + & gets

EV (0, At, X (0, At)) < (V(a,zq) + g)ec(t, a).

On the other hand, on the set {#., < T'} we have limsup, ,,_ || X(#)|| = co. There-
fore, the assumption lim, .o infiefq, 7 V (¢, 2) = oo follows P{f, < T} =0, i.e.,
the solution X, ,, (t) is defined on T,.

The uniqueness follows immediately from the uniqueness of solutions of (3.5).
When the condition is satisfied we see that

b
AE|Xaz, GNP SEV(EAO,, Xoa, EA0R))] < (V(a,z,) + E)ec(t, a).
Letting n — oo yields

b
a1l Xaz, O < (V(a,2a) + ")ec(t, a)
or
p 1 b
Bl Xaz, @)[" < E(V(a, Ta) + 7 )ec(t, a).
The proof is complete. O

Corollary 3.2. Suppose that the conditions (2.5)); (2.6) and (3.2]) hold and the
linear growth condition

IF )PV llg(t,2)|? < G+ [l2]?) Y(t @) € [a,T] x RY, (3.7)

is satisfied. We suppose further that [ |u|'Y‘(t7 du) < mjy a.s where my is a constant.
Then (3.1) has a unique solution X, ., (t) defined on T, satisfying

E[Xa.z, ®)* < (1+ [[2a]*)ec(t, a),
where ¢ 1s a constant.

Proof. From (2.4), (2.7), it follows that [, u*Y(¢,du) < N for all ¢ € [a,T]. Using
the Lyapunov function V(¢t,z) = 1+ ||z||* gets

AV (t,x)
=2(1 - 1(t))a” f(t, ) + |lg(t, )| ? K}

+ (o + ()@ - l|l=]*)2(t) — 2$Tg(t’l’)/Ru?(t,dU)

+/ﬂm+ﬂumww+mumwf—m+fw@wmmrmmo
R

=227 f(t,2) 4+ 22T g(t, z) /

T (t, du) + 20(8) £t 2) gt ) / WA (1, du)
R R

+ gt @) 2K + |1 £t 2)|Pv(t) + ||g(t,$)\|2/RU2T(tvdU)
< (1+ G +2N +2mv, + 1)1+ ||lz]|?) = eV (z),

where ¢ = 1+ G(1+ 2N + 2myv. + v,). Moreover, ||z||? < 1+ ||z]|> = V(z). Thus,
(3.3) and (3.4) are satisfied. Using Theorem we can complete the proof. a
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We note that in the continuous case, if the linear growth rate condition holds
and the boundedness conditions , of characteristic (M), are satisfied, then
all moments of the solutions are finite. This property may no longer valid on time
scale as it is shown in the following example.

Example 3.3. Consider two random variables £, &; valued in Z \ {0} with

) k ) . = (441
P{flzil}zﬁ’ Plg, = j | & = 4] = Cyl5| ).

It is seen that 8/3 > > 77\ (0} li|=* >t > > ez {0} |77 > 1and E[¢&, | &] = 0.
Therefore, the sequence M; = &; and My = & + &> is a martingale. Further,

Elg & =il= Y, jPlo=jl& =1

jez\{0}
2
_ J 1
=C; <G Y ek
jeznqoy 41 JEZ\{0}
Thus (M) is bounded. On the other hand,

El&P= > PPl =7& =iP{& =i}

[l

i,j€Z\{0}
1
= k i i (1+L) i
ijemgoy TP
1
i€7\{0}

which implies
E|M;|? < oo, E|Ms|? < 4(E&} +EES) < o0.
Consider the dynamic equation on the time scale T = {1, 2}
dVX;=-X, dVt+ X, dV M,
X1 =&

This equation has a unique solution X; = &; and Xo = &1&. However,

EIXo|* =El&&l* = Y PPl = j | & = i|P{&1 = i}

1,7€Z\{0}
LBy L
- 8 |1+m

ijemoy 217

Y

3k 41

1€Z\{0}

In the following we give conditions ensuring the finiteness of p-moment of the

solution of (3.1)).

Theorem 3.4. Suppose that linear growth condition (3.7)) and the conditions (2.5)),
(2.6) hold. Further, there are two constants mq, m, such that

/ lu|Y (¢, du) < my, / [ulPY(t,du) < m, Vi€ |a,T] (3.8)
R R
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almost surely. Then, the solution X, 4, (t) of starting in x, satisfies the
estimate

Bl Xaz, O < (lzall” + Ven(t,a), a<t<T (3.9)
where H is a constant.

Proof. Since [, [u|*Y(t,du) = (M); < N := ms, we can suppose that p > 2.
Applying (2.10) to the Lyapunov function V (¢, 2) = ||z||? we have

AV (t, @) = pllalP72(1 = ()2 f(t,2) + (lo + f(t ) @)]” — ||=]P)2(t)

+ L2t ) 2R+ P22t g1, ) PR
+ [+ 00 + gt 0P — o+ 56OV )

— pll|P 22T g(t, z) / u Y (t, du).
Using Taylor’s expansion for the funftion |z + y||? at y = 0 obtains
@+ f(t, z)v(@)]]” — [l]”
= pllz|P~22 " £ (¢, 2)v(t) + gllx +Of(t )P f(t2) v (t)?

#2224 (e ) o+ 0 () (1) £, 2) (e
where 0 < § < 1. It is seen that
=+ 0£(t, 2)r @21 &, 2)1* < (l2ll + 1 (& 2)w @)1 f (¢ 2)l?
< (VI [lel? + VG + [|z]2)re)P 2 G (1 + [|z]?)
= G+ VGr)P (L + |27,

and
&+ 0 (&, 2) ()P~ (x + 0f (¢, 2)v ()T f(t,2)?
<z +0f(t, 2)w(@)P~>| (¢, )|
< G(1+VGr)P~2(1 4 ||=|?)P/2.

Similarly, the Taylor’s expansion of the function ||z 4+ f(t,z)v(t) + y||P at y = 0
leads us

[+ [t 2)v(t) + g(t 2)ull” — [l + [t )v ()]
=plla+ ft, )77 (@ + f(t2)v(t) Tg(t, 2)u

+ 2l £t @) () + ng(t, @)ul” 2 gt )l

+ lz + f(t, 2)v(t) + ng(t, x)ulP~*

p(p —2)
2
x |(z + ft,2)v(t) + ng(t, z)u) T g(t, x)ul*,
where 0 <7 < 1. By defining ¢, =277 if p>1landc, =1 if p <1 we have
[+ f(t, @) (D)P 2 (@ + f(t2)p(t) " gt z)u
<z + f(t,2)v )P~ Hg(t, z)ull
< VG + VGr)P Hul(1 + [l2]*)P/?,
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and
I+ f(t, 2)v(t) + ng(t, @)ull”~? (¢, x)ull?
< eyl + F(t ) (8)[7=2 + (llg(t,2) [w)~2) |l g(t, 2)ul
< ¢y G(L+ VG2 + GP2Jul) (1 + ]2/,
Further,

I+ f(t,2)v(t) + ng(t, @)ulP~*|(x + (8, 2)v(t) +ng(t, z)u) "g(t, x)ul?
<l + f(t,2)v(t) + ng(t, x)ulP~2|lg(t, z)ul|?
< cpa(G(L+ VGr)P~u? + GPPulP) (1 + |l]|)P/2.

Therefore, by using , we obtain
AV (t,x)
= pll= P72 (1 = ()" (¢, 2)
+ (plla|P 22T f(t 2)u(t) + gllx +Of(t, )@ f(t 2)|Pw(t)?

F P2 () o+ O () £, 2) Pt (0
+ Llalr=2 gt )2Rs + P22 a1 g(e, ) 2 Ky

[ Nl Fa P2+ ) ot (. )

[ Nl Fa P+ Fa)p) ot ()

+5 /R @ + F(t, @) (t) +ng(t, w)ul =2 g(t, 2)ul 2T (¢, du)

+ P<P; 2 / e + £t 2)(t) + ng(t,@)ul” (@ + f(t, 2)(t)
R

1 ng(t,2)w) T glt, 2)ul2 (¢, du) — pllalP~2a" gt 2) / A, du)
R

SbNEO+mﬂ+p@;UGMH%1+¢@@V%W+%4N»

-1
FPVE VG + ey n P Gl Y1 a2
< HV(z)
where H is defined

_1)
2

—1
+pVG(A + VGr )P my + cp_gl%Gp/zmp}.
By Theorem we obtain
El| Xaz, O < (lzal” + e (t,a), a<t<T.

H= cp/g{p\/a(l +my) + p(p G(N + 1+ VGr)P (v, + cp,gN))

(3.10)

The proof is complete. O
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4. EXPONENTIAL p-STABILITY

By , the A-exponential function e, is also a solution of a V-dynamic equa-
tions. Therefore, in the following, instead of using €,, we use e, to define the
exponential stability although we are working with stochastic V-dynamic equa-
tions. Let the process K; be bounded on T, i.e., the constant N in does
not depend on T' > a. Suppose that for any s > a;z, € RY, the solution Xz, ()
with initial condition X ,_(s) = =, of exists uniquely and it is defined on Ts.
Further,

f(t,0)=0; g¢(t,0)=0. (4.1)
This assumption implies that has the trivial solution X, ¢(¢) = 0.
Definition 4.1. The trivial solution of is said to be exponentially p-stable if
there is a positive constant a such that for any s > a there exists I' = I'(s) > 1,
such that
E|[ Xoa, ()7 < Tllzs|Pecaltys) ont>s, (1.2)
holds for all =, € R¥.

If one can choose I" independent of s, the trivial solution of (3.1]) is said to be
uniformly exponentially p-stable.

Remark 4.2. Since Sa(t) < —q75- forall t € T, 0 < egalt,s) < e—=_(t,5)
o (t,s) = 0ast — oo. Thus, if & > 0 then lim;—.o €ca(t,s) = 0. The
advantage of using ec (t, s) is that the requirement —a € R™ is not necessary.
Theorem 4.3. Suppose that there exist a function V(t,z) € CY2(T, x R4 R,),
positive constants oy, ag, ag such that
arllz|P < V(E,2) < sz, (4.3)

VVi(t,x) + AV (t,z) < —aszV(t_,z) VY(t,z) € Ty x RY, (4.4)
where the differential operator Ais defined with respect to (3.1). Then, the trivial
solution x = 0 of (3.1) is uniformly exponentially p-stable.

and e_

Proof. Let « be a positive number satisfying #}j(t) < ag for all t € T and let

s > a,zs € RY To simplify notations, we write X (t) for Xs .. (t). For each
n > ||zs||, define the stopping time

0, =inf{t>s: | X()]>n}.

Obviously, 6, — oo as n — oo almost surely. By (4.13)), calculating expectations
we obtain

Elea(t A b, s)V( tA(%mX(tA@ )]
=V(s,xs +E/ aln NT_,s )[QV(T—vX(T—))

+ (14 av(n)(VV (1, X (7)) + AV (7, X (7)) | V.
Using and the inequality ﬁv(t) < a3 obtains
aV(r—, X(12)) + (1 + av(n)) (VY (1, X (7)) + AV (1, X (7_))) < 0.
Therefore,
a1 (t A b, S)E|X (AP < Eleq(t Abn, )V(EAO,, X(EAG))]
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<V(s,zs) < asl|zs]|P.
Letting n — oo yields
areq(t, s)E|X (1) < agflzs|[*.
Hence,
EXoa (0] < 22 l@alPecalt, ).
The proof is complete. O

We now consider the inverse problem by showing that if the trivial solution
of is uniformly exponentially p-stable then such a Lyapunov function exits.
Firstly, we study the differentiability of solutions with respect to the initial condi-
tions and the continuity with respect to coefficients.

Lemma 4.4 (Burkholder inequality on time scales). For any p > 2 there ewist
positive constants B, such that if {M;}ier, is an Fy-martingale with E|M,|P < co
and M, = 0 then

E sup |MS\Png(E<M>f/2+E 3 |V*Ms|p>,

ass<t a<s<t
where VMg = My — M, .
Proof. By Doob’s inequality, we have
P
E sup |MJP < (Ll) E|M,[P.
p—

a<s<t

Otherwise, we see that the martingale J\/J\t can be extended to a regular martingale
on [a; 00)gr. Therefore, by using proof of [I9, Lemma 5] we obtain

EMLP < B, (BGDY2 +E Y [V ILP),
a<s<t

for a constant Ep. Further, the martingale ]\Z is a sum of random variables. Then,
applying [I, Theorem 13.2.15, pp.416] yields

B[P < B, (EQDY +E Y (VML)

a<s<t
Consequently,
P P —
E sup [M,JP <27 (L) (R|MLIP + BV,
a<s<t b= 1

<ot (LY (B, (BODE +E Y 1V HLP) + B (BT

a<s<t
+E Y VML)
a<s<t
< B, (E(M)e + (M2 +E Y (VML + |V ML)
a<s<t
=B, (E(M?+E > v P)
a<s<t

where B, = 2”(%)” max {ﬁp, Ep}. The proof is complete. O
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Theorem 4.5. Let p > 2, M € My such that the conditions (2.5)), (2.6) and (3.8)
hold and let g € Lo((a,T]; M) with

¢
/ Elg(T)|PVT < 00 Vt € T,.

Then

t T
E sup ‘/ g(T)VMTngp/ E|g(7)|PVT,

a<t<T
where Cp, = By{(T — a)*~'N?/2 - m,}.
Proof. Set
Ty = /tg(T)VMT, t€la,T).

The process z; is a square martingale with the characteristic

(2); = / l9(r) 2V (M),

Since (M) is continuous, so is (z);. Applying Lemma to the martingale (x;)
obtains

E sup |z,|f
a<r<t

<B{E@}*+E Y V')

a<s<t

:B,,{]E<x>f/2+E/at/R|g(7)uP5(vT, du)}
5 (8] [ lapvan] " v& [ [ gtmuenor,an)
Bp{(t—a)%*le/z /tE|g(T)|pVT+E/: \g(T)\PA|u\PT(T,du)vT}

a

IN

t
< B {(t— a)sTINP/? 4 mp}/ Elg(T)|PVT.

By putting Cp = B, [(T —a)s NP2 4 mp] we complete the proof. a

Lemma 4.6. Let T,s € T,;T > s and p > 2 fixed. Suppose that the condition
(3.8) holds and process ((t) is the solution of the stochastic equation

¢ty = (1) + / B(r)C(r) VT + / NDCVM,, Vie s, T).  (45)

We assume that the functions o(t),¥(t) and x(t) are Fi-adapted and that there
exists a constant K > 0 such that with probability 1, |¢(¢)|| < K and ||x(t)] < K.
Then

E sup [[C()I[F <37'E sup |lp(t)|Pem, (T, 5), (4.6)
s<t<T Ss<t<T

where Hy = 3P *KP((T — s)P~!1 + Cp).
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Proof. For any n > 0 denote 6,, = inf{t > s : ||(¢)|| > n}. From (4.5 we have
E sup [[C(r A 0,)|P
s<r<t

SSP*I(E sup ||o(m)||P +E sup H/ VTH
s<r<T s<r<t
A0, p
+Eswp | [ oo )
s<r<t s

tAOp
<3 (B swp o) + K¥T -t [ EIG)PYr

tAOy,
+Cpr/ E||§(T_)||pVT> (by Theorem (4.5])
’ tAb,
=3 (E s [loln]” + K7 (T -0y +G,) [ BIG)PVr)
s<r<T s

t
— 3P1E sup IIsO(r)II”+H1/ sup E[[C(r A 6,)[PVT,

s<r<T s<r<r_
where Hy = 3P"LK?((T — s)P~* + C,). Using Lemma [2.1] one gets
E sup [[C(tA 0|1 <3P7'E sup |lo(t)|Pem, (T, 5).
s<t<T s<t<T

Letting n — oo yields (4.6). The proof is complete. a

Lemma 4.7. Suppose that the coefficients of are continuous in s,x and they
have continuous bounded first and second partial derivatives and condition
holds for p > 4. Then, the solution X, .(t), s < t < T, with initial condition
Xsz(8) =z of 1s twice differentiable with respect to x. Further, the derivatives

0 02
%(Xs,m(t))’ M(Xs,w(t))

are continuous in x in mean square.

Proof. Suppose that the derivatives fL (¢, x), g, (¢, x), fi, (¢, x), g/ (t, x) are bounded
by a constant A. To simplify notations we put Y; az(t) = Xsz1a2(t) — Xs2(2).
Using Lagrange theorem we see that for any ¢ = 1,2, ..., d, there exists 6;, &; € [0;1]

such that

fl(t Xs z(tf) + sz,Az(tf)) - fi(t7 Xs,a:(tf))
= Ofi
(91'] t Xs x ) + eiYS,AZ(t—))}/’i,S7A$(t—>7

0 K1) 4 Vanalt) — gt Xonl1) o

d
= Zgﬁl (taXs z( )+£z sAm(t ))Y’-L-,S,Am(tf)'
g=1 "

Let A az(t) be the matrix with entries ai{AI (t) = Bfl (t X z(t—) + 0:Ys ae(t2)),
and let B a,(t) be the matrix with entries bgAw (t) = ggJ (t, Xoo(t=)+& Y nu(t-)).
Then (4.7) can be rewritten

f(t; Xs,z(tf) + Ys,Aa:(t7>) - f(t?Xs,w(tf)) = As,Aa:(ﬂYS,Aa:(t*)v
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q(t, XS,ar(t—) + YS,Ax(t—)) —g(t, XS,x(t—)) = BS,Ax(t)Ys,Ax(t—)-

Hence,

t t
Yo an(t) = Az + / Ay nn(T)Yne (7 )V T + / By na(7)Ya e () VM,

Since A; ax(t) and Bs A, (t) are bounded by a constant A, by using Lemma one
has

E sup [|Voar(®] < 3| e, (T.5), (1)
s<t<T
where Hy = 3\*(T — s 4+ C3). As a consequence, Esup,,<r [|Ys,ac(t)]|> — 0 as
|Az|| — 0 in probability. Let (s ,(t) be the solution of the variation dynamic
equation

t t
Conlt) =T+ / For X o (=)o () VT + / 0 (7, X (7 )Cora (7 )V M,

S

for all s <t < T. Since f., and g’ are bounded by constant A,
E sup ||Cs.(O)|* < 27en, (T, s), (4.9)
s<t<T

where Hz = 27A\*((T — s)® + Cy). Define
CAw(t) = Y57Aw(t) - Cs,m(t)Ax Vs <t<T.
The process (a.(t) satisfies Equation

CAm(t) = (bAz(t) +/ AS,ALE(T)CAZL’(Tf)VT—’_/ BS,AI(T)CAI(Tf)VMT7

where,
baa(t) = / (Aupn(r) — F2(7 Xan (7)) Can(r_) A2] V7

+ / (Bana(r) = 67, Xaa (7)) G (7 ) A2] VM,

Applying Lemma [£.6] again one gets
E sup [[Caz()]* <3E sup [[das(t)|Pen, (T, 5). (4.10)
s<U<T s<E<T

Since [} (t,x), g, (t, ) are continuous and Esup,<,<r [|Ys 2z (t)[|> — 0 as |Az|| — 0
in probability,

dm (1A, a0 (8) = fo(t Xo o (8- )| + [1Bs,a2(8) — g2 (8 Koo (t-))I1) = 0

in probability. Hence, by the boundedness of A, B, f’, g’, we obtain
[paz ()]

EL st Taep

T
< 2(T - 5)/ ]E”AS,Ax(T) - f;(T, XS,x(T—))CS,x(T—)HQVT (4'11)

48 [ BlBuss(r) = 01 Xealr )G PV (M), = 0
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as ||Az|| — 0. Thus, (4.10) and (4.11]) imply

E sup M:O as Ax — 0.

t<s<r || Az

This means P
Cou(t) = %sz(t) Vs <t <T.

The mean square continuity of (s, (t) with respect to x again follows from the

continuity of fl (¢, X5 (t)) and gl (¢, Xs (1))

2
We prove the existence of 8%);(26). To simplify notations, if F' is a bilinear

mapping, we write F'h? for F(h, h). Let bilinear mapping 75 ,.(t) be the solution of
the second variation dynamic equation

t t
Don(t) = / Fo 7 X (7)) (2 (7 )V + / ST X (7)) (7 )V

t
b [ Glr Xea e DIV, + [ o7 X 7)) VM,
for all s <t <T. Using Lemma and (4.9)) we see that
E sup ||77S,ﬂv(t)||2 < 00. (4.12)
s<t<T

Define

Naz(t) = Csatrac(t)Az — G0 (t) Az — Tls,x(t)(Am)Q, s<t<T.
The process na,(t) satisfies the equation

NAx (t) = wA:c (t) + / f; (T’ Xs,erAac (Tf))nAz (T,)VT
s (4.13)

+/ 9;(7'7XS,JH-AGJ(T—))UAJC(T—)VMT’
where,
var®) = [ (£ X anl)) = Folr Xeal7-)
a7 X (7)) Gon (7 ) AT) o (- ) A

(o7 Ko 20(7)) = Fo(, X (7))o (7-) (A)? ] V7

[ (G Xuraalr) = g7 Xealr)
- g;/;x: (7, KXo (Tf))Cs,:r (T,)Ax) CS,I(Tf)Am
(907, Xowr 20 (7)) = G(7, X (7)) o (7-) (A2)?| VM.

Using Lemma [4.6| one obtains

Elnas () <E sup |[vaz(t)|[em, (T, s), (4.14)
s<t<T

where Hy = 3)\%(T — s + 4N). It is easy to see that

B sup | [ [0 Xus ) = 2l Xeoa()) = Pl X))

s<t<T
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X CS)I(T_)A.Z‘)CSJ(T_)AJ)} VTH2
T
<27 =9 [ [(720r Xumraslr)
— F(T X (72)) = F1 (7 X (1)) Ve a (7)) Co o (72 ) AP
T
42T — $)E / £ (7 Koo () (Yo 5 () = Cor () A)

X Cs.a(T-) Az ||*VT = o || Az[|*);

/STEH (f2(7, X orna(r)) = filr, Xs,ww)))ns,z(ﬂ)@m)?HQVT
= of[|Az|h);

[ 1607 X)) = 2 X)) = g Xor-)

E sup
s<t<T
2

X Coa(T2)AT) (s 0 (T_)A$:| VM,

T
<4NE / (0 (s X a (7))
— (T, X a(72)) = 90 (7, X (7)) Ve 2 (72)) oo (72 ) AP

T
4 4NE / 1977, X (7)) (Yo () — o () A2)Coo (7 ) A] PV 7

= o(llAz]|);
t 2
B sup || [ (607 Xewraa(7) = G2 X)) () (B2 | VM,
s<t<T!l Js
T
< 4NE/ (9 (7, Kot a0 (72)) = (7, X o (7o) (7= ) (D)2 V7
= of|[Ac]").

Combining these results we obtain Esup, ;<7 [[¥a(t)||* = o(||[Az||*), which implies
that
Ellnas(t)lI* = o(|Az||*).

Thus, 3201 — 0, or

62
@X&r (t) = ns,2(t).

The proof is complete. (I

Lemma 4.8. Let p > 4 and 2 < 3 < p. Then, the map F(¢) : ¢ — E|p|® from
L,(Q,F,P) to R is twice differentiable at every ¢o # 0 and

F'(¢0)(¢) = BE[|¢ol" " ¢);  F"(¢0)(¢, %) = B(B — 1)E[|¢o|* 2 ¢].
Proof. We have
|F(¢o + Ad) — F(do) — BE|do|” A
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= |El¢o + Ag|® — E|o|® — BE|¢o|° ' Ag|
= B(B - DE[n|"2(A¢)]
< B(B — 1)[En™ =2 ™ B AP/,

where 1) € (¢o, o + A¢) if do + Ad > ¢o and 1 € (do + Ag, ¢o) if o + A < .
Hence, with L+ + % =1 we have

| F (g0 + D) — F¢o) — BE|do|"~ Ag|
< B(B = D[E™ D)™ [E| AT/
< B8 — 1[Emax{|do|, |60 + A} D) M E[AGP]?.
The relation %+% = 1 implies m(B—2) < p. Thus, Emax{|¢pol, |po+A¢|} P2 <
oo. Therefore,
|F(¢o + A¢) — F(¢o) — BE|¢o|” ' Ag|
< B(B = 1)[Eln|™ =DV E(AG)P]P
=0(1)|Adf; as |A¢l, — 0.

This means F'(¢o)(¢) = BE|¢o|?~'é. The existence and continuity of the second
derivative F” con be proved by a similar way. O

Lemma 4.9. Let the coefficients of be continuous in t,r and satisfy the
conditions , Suppose also that conditions of Lemma are satisfied and 2 <
B < p. Then, for fived t > a, the function u(s,z) = E|| X, (t)||’; a < s <t is twice
continuously differentiable with respect to x except perhaps at x = 0.

Proof. The map x — X, 5(t) is twice differentiable in z by Lemma The map
X — ||X| from R? to R and the map F(¢) = E|¢|® from L,(Q, F,P) to R are
also twice differentiable. Therefore by chain rule, the map u(s,z) = E|| X, . (t)||? is
twice differentiable. Further,

(5, 2)h = B[ X (D72 < Xya (1), Coo (D) >] (4.15)
Wy (5,200 = BE (8 = 2) | Xoa (D7~ (X (8), Co (D0R)?
X (OGO + X (DI (X (), 1 (1)
The proof is complete. O

Theorem 4.10. Let M have independent increments and the conditions of Lemma
hold and 2 < 8 < p. Suppose further that AV (t,x) is ld-continuous in (t,z) for
all V e CY(T, x R4 R). Then, the function u(s,z) = E|| X .()]|%, a < s < t is
V-differentiable in s, twice continuously differentiable with respect to x and satisfies
the equation

uVs (s, ) + Au(s,x) = 0. (4.16)

Proof. By Lemma [4.7] u(s, z) is twice differentiable in z. From (£.2)), (4.8), (£.9),
(4.12)) and (4.15)), it follows that fst Au(h, X 5 (7—)) VT is integrable. Therefore,

wlh, X o) () — ulh, ) — / Au(hy Xy w(r))V7, s<r<h<t
p(s)
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is an F,.-martingale. In particular,

h
Eu(h, X,(s),2(h)) — u(h,z) = / EAu(h, X (s),o(T7-))VT.
p(s)

Since M; has independent increments, Xp ,(t) is independent of X, ,(h) when
s <h <tandyeR? which implies that Eu(h, X,(;).(h)) = u(p(s), ). Thus,

u(p(s),x) —u(h,z) 1 " )
p(s) —h " op(s)—h /p(s) EAu(h, Xp(s) (7)) V.

If s is left-scattered, then

uVe(s,x) = L/ Xp(s),a(72))VT = —Au(s, x).

In the s is left-dense we let h — s to obtain
uVs (s, x) = —Au(s, x).
The proof is complete. O

Theorem 4.11. Let the conditions in Theorem hold. Suppose that for any
fixed T > 0, there exist a function yr : T — T with v(T,s) > s+ T for all
s € T such that v(T,s) and V-derivatives vV*(T,s) are bounded. If the trivial
solution of s uniformly exponentially (3-stable, then there exists a function
V(s,z) € CY2(T, x R4 Ry satisfying inequalities , (with the power (3).

Proof. By Lemma [£.9 and Theorem the function
Y(Ts)
V(s,z) = / E||X, o ()P, (4.17)
is in class C*2(T, x R% R,). From (4.2)),

Y(T,s_)
V(s_,a) < / Pz ea(r—, s_)Vr < o [z]|%,

where a1 = w By assumptions, the trivial solution of (3.1)) is uniformly

exponentially 3-stable and V¢ (T, s) is bounded, we can choose T > 0 such that
1 1
El[Xo o (VT DI < Slell”, BllXsa((T,sDIPAY(T,5) < el (4.18)
Since f and g have bounded partial derivatives and f(¢,0) =0, g(¢,0) =0,
Ifta) < Gllzll, gt 2)| < Gllzll, t>a, xR

Therefore,
[ ALll2]17] (s, 2)]| < exl])”, (4.19)

for a certain constant c;. Applying Itd’s formula to the function ||z and using

[E19) yields

~y(T,s)
E| X, (+(T,8)® - |l2]}® = / EA(| X, .(r_)[%)Vr

Y(T,s)
> —01/ E|| X (7 )]’V = —e1V (s, 2).
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Combining with (| we obtain the inequality V(s,z) > aslz||® with as = or-
Thus, the functlon V satlsﬁes condition (4.3). Using [2] Theorem 5.80] to calculate
V- dlfferentlal of V with respect s and applymg Theorem [.10] we obtain

VVe(s,x) + AV (s, 2) = Elle,,w(V(ﬂS—))Ilgvv‘*(Tﬁ—) — [|=||”.
Using (4.18) again we have

VVe(s,z) + AV (s,2) < _7||x||ﬁ < —EV(S, z).
Thus, the function V satisfies all conditions , with az = m The
proof is complete.
Example 4.12. Consider the linear stochastic dynamic equation
dVX(t)=aX(t_)dVt+bX(t_)dYM(t) VteT, (4.20)

X(s) ==,
where a, b are two constants, a is regressive and M is a square integrable martingale
having independent increment. By direct calculation we have
t
BX2,(0) =" + [ o(EX2, (v, (121)
S
where

q(t) = 2a + BK{ + a*v(t) + 2b(1 + av(t)) / uY(t, du)
R

+b2/uzT(t,du)be/u?(t,du)
R R

=2a + W K{ + a’v(t) + 2b/ uY(t, du)
R

+b? / u? Y (t, du) 4 av(s) / uY (t, du).
R R
Since [ uY(t, du) = E[M; — M| Foy] = 0 and v(t) Sz uX(t, du) =0,

q(t) = 2a + BKf + a®v(t) + b / WY (t, du). (4.22)
R

We define the function q(t) = lim,);q(s). It is seen that ¢ is rd-continuous
and G(t) = q(o(t)) if t is right scattered. Since {t : p(t) > 0} is countable and
meas{t : EXZ (t_) # EX2 (1)} =0,

/ q(T)EXZ (1_)VT = /( t]q(T)EXQ )dr+ > q(m)EXZ,(r-)v(T)

s<t<t

_ /[ JHDEXL ) dr+ 3 alotr)EXZ(ru(r)

s<t<t

t
- [[amExz.man,
from which it follows that
EX?,(t) = a’eg(t,s), t>s. (4.23)
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Further, it is known that

t
0 < eg(t,s) =exp {/ lim

In(1+g(7)h) AT}.
hNp(T)

h
Then, condition (4.2)) implies
t _
In(1 h
/ lim wATglanQ(tfs) Yt > s.
PANIES h
Choose T' > 0 such that InT" — % < 0 we obtain
t i —
/ i ROETOR) o 0E=8) g
s h\nu(r) h 2
Thus, the exponential square stability of (4.20]) implies

K In(1+7
sup { / i BOHAOR) Ny +T} <. (4.24)
s h\au(r)

t—s h

Conversely, supposing that holds, there are > 0,K* > 0 such that
0 < eg(t,s) < K*e_4(t,s). By using we see that the trivial solution of
is exponentially square stable. To illustrate the argument in the proof of Theorem
[4.13] to construct a Lyapunov function we put

V(s,z) = m2/ eq(T—,8)VT = 22Q(s).
By direct calculation we have

Q¥ (s) = =1 = a(s)Q(s).
Hence,
VVe(s,z) + AV (s,x) = QY+ (s)2® + q(s)Q(s)x?
— (—q(5)Q(s) — 1)z + (5)Q(s)a = —a.
Using and the fact limy_.o EX2 () = 0 we can show that V(s,z) > oqa?
with ag = (sup, |¢(¢)|)~!. Further, e;(t,s) < K*e_q4(t,s). Thus, V(s,z) < KT*Z‘Q.
Combining and these inequalities obtains

VVe(s,x) + AV (s,2) < —%V(s,,x).

(4.25)

Thus, the conditions of Theorem are satisfied. The proof is complete.
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