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SOLUTION OF FRACTIONAL DIFFERENTIAL EQUATIONS VIA
COUPLED FIXED POINT

HOJJAT AFSHARI, SABILEH KALANTARI, ERDAL KARAPINAR

ABSTRACT. In this article, we investigate the existence and uniqueness of a so-
lution for the fractional differential equation by introducing some new coupled
fixed point theorems for the class of mixed monotone operators with pertur-
bations in the context of partially ordered complete metric space.

1. INTRODUCTION AND PRELIMINARIES

In the previous decade, one of the most attractive research subject is to investi-
gate the existence and uniqueness of a fixed point of certain operator in the setting
of complete metric space endowed with a partial order (see e.g. [1]-[24] and related
reference therein). Recently, CB. Zhai [20] proved some results on a class of mixed
monotone operators with perturbations. The aim of this article is to propose a
method for the existence and uniqueness of a solution of certain fractional differ-
ential equations by following the paper by Zhai [20]. For this purpose, we shall
consider some coupled fixed point theorems for a class of mixed monotone oper-
ators with perturbations on ordered Banach spaces with the different conditions
that was introduced by Zhai [20]. On the other hand, our result are finer than the
results of Zhai [20] since we obtain the existence and uniqueness of coupled fixed
points without assuming continuity of compactness of the operator.

For the sake of completeness of the paper, we present here some basic definitions,
notations and known results.

Suppose (E, || -||) is a Banach space which is partially ordered by a cone P C E,
that is, x <y if and only if y —x € P. If x # y, then we denote z < y or = > y. We
denote the zero element of F by 6. Recall that a non-empty closed convex set P C F
isaconeif it satisfies (i)t € P, A> 0= Mz € P;(ii)z € P, -r e P=2x=0. A
cone P is called normal if there exists a constant N > 0 such that § < z < y implies
lz|l < Nly||. Also we define the order interval [x1,29] = {x € E|z; < x < x5} for
all 1,29 € E. We say that and operator A : ' — F is increasing whenever z < y
implies Az < Ay. For all z,y € E, the notation  ~ y means that there exist A > 0
and g > 0, such that Az < y < pzx. Clearly, ~ is an equivalent relation. Given
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e > 0, we denote by P, the set P, = {x € E|x ~ e}. It is easy to see that P, C P
is convex and AP, = P, for all A > 0. If P # ¢ and e € P, it is clear that P, = P.

Definition 1.1 ([8.[9]). A: P x P — P is said to be a mixed monotone operator
if A(x,y) is increasing in x and decreasing in y, i.e., u;,v; (1 =1,2) € P, uy < ug,
vy > vy imply A(uy,v1) < A(ug,v2). The element x € P is called a fixed point of
Aif A(z,z) = x.

The following conditions were was assumed in [21]:

(A1) there exists h € P with h # 6 such that A(h,h) € P,

(A2) for any u,v € P and t € (0,1), there exists ¢(t) € (¢,1] such that

A(tu, t™ ) > o(t) A(u,v). (1.1)
Lemma 1.2 ([21]). Assume that (A1), (A2) hold. Then A : P, x P, — Py; and
there exist ug, vy € Py, and r € (0,1) such that
rvg < ug < vg, uy < A(ug,vo) < A(vg, ug) < vp.

Definition 1.3 ([20]). An operator A : P — P is said to be sub-homogeneous if it
satisfies
A(tx) > tA(z), Vte(0,1), z € P.
The following result can be found in Zhai and Zhang [21].
Theorem 1.4 ([2I]). Let P be a normal cone in E. Assume that T : P x P — P
is a mixzed monotone operator and satisfies:
(A3) there exists h € P with h # 0 such that T'(h,h) € Py;
(A4) for any u,v € P and t € (0,1), there exists p(t) € (¢, 1] such that
T(tu,t™ v) > ()T (u,v). (1.2)
Then
(1) T: Py x Py — Py
(2) there exist ug,vg € Pp and r € (0,1) such that rvg < ug < vo, up <
T (ug,v0) < T(vo,ug) < vo;
(3) T has a unique fixed point x* in Pp;
(4) for any initial values xq,yo € Py, constructing successively the sequences
Tn =T(36n717yn71)7 Yn :T(ynflaxnfl)a n = 1a2--~7

we have ., — x* and y, — ¥ as n — oo.

2. MAIN RESULT

In this section, we state and prove our main results. First, we consider the mixed
monotone operator A : P x P — P. The following conditions will be assumed:

(A5) there exists h € P with h # 6 such that A(h,h) € Py,
(A6) for any u,v € P and s,t € (0,1) such that s < ¢, there exists ¢(t) € (¢, 1]

and ¢ is decreasing such that
A(tu, t™ ) + A(tu, s o) > 2@14(%1)). (2.1)

Lemma 2.1. Assume (A5), (A6) hold. Then A : Py, x P, — Py; and there exist
ug, Vg € P, and r € (0,1) such that

rvg < ug < o, uy < A(ug,vo) < A(vo, up) < vo.
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Proof. For s <t from condition (A6) we obtain

At ty) <

t
So (A y) + Az, y), Vate 0.1, zyeP (22
Tt

For any u,v € Py, there exist ui, us € (0,1), such that

1 1
wih <u < —h, upoh <v < —h.
M1 M2

Let 1 = min{pg,1}. Then g € (0,1). From (2.2) and the mixed monotone
properties of operator A and regarding 0 < pu, there exists 0 < ¢/ < p such that

1 1
1

o
! "
< Sy (At -+ Al )
< oty (A1) + 4G )
L ARy < —— A, n)
) (A ) = G A

we derive that

1 1
I jz

> 9P A(h, ) + A(h, b))

1
= 2(EU)A(h, 1) 2 260D, 1),

Tehrefore, we obtain

A(u,v) = o(p)A(h, h).
It follows from A(h,h) € P, that A(u,v) € P,. Hence we have A : Py, X P, — Pj,.
Since A(h,h) € Py, we can choose a sufficiently small number ¢y € (0, 1) such that

1
toh < A(h,h) < —h. (2.3)

0

For k > 2 we have )
thh < A(h,h) < Th (2.4)

0
Put ug = to*h and vy = tikh Evidently, ug,vo € Py and ug = to**vg < vg. Take
0

any r € (0,t0%*], then r € (0,1) and uy > 7vo. By the mixed monotone properties of
A, we have A(ug,vg) < A(vg,up). Because tg € (0, 1), then there exists s € (0,1)
such that 0 < sy < to. Further, combining condition (A2) with (2.3, and since
so < tg we have

1

1k
to

Alug,vo) = A(tEh, =h)
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3S)

(6D 4, ) = A(h, )

and

Afvo, uo) = A(-h, thh)

Consequently, we have ug < A(ug,vo) < A(vg,ug) < vg. O

Corollary 2.2. Ifin (2.1) put s = t then we obtain (L.2)). Consequently the Lemma
yields the Lemma[1.2

Theorem 2.3. Suppose that P is a normal cone of E, and (A5), (A6) hold. Then
operator A has a unique fixed point x* in P,. Moreover, for any initial xo,y € P,
constructing successively the sequences

Ty = A@Tn-1,Yn-1)s Yo = AlYn-1,7n-1) n=1,2,...,
we have ||z, — z*|| = 0,[|yn — z*|| — 0 as n — ooc.
Proof. From Lemma there exist ug, vy € Py and r € (0,1) such that
rvg < ug < vg, ug < A(ug,vo) < A(vg,ug) < vg.
Construct recursively the sequences
Up = A(Uun—1,0n-1), Un=A(Up_1,Un—1), n=1,2,....
Evidently u; < v;. By the mixed monotone properties of A, we obtain
Up S Vp , n=1,2,....
It also follows from Lemma [2.I] and the mixed monotone properties of A that
o <ur < ... <u, <. <o, <L < vy < . (2.5)
Note that ug > rvg. We can get u,, > ug > rvg > rv,, n=1,2,.... Let
t, = sup{t > Olu,, > tv,}, s, =sup{s > 0lu, >sv,}, s, <t,n=12 ...

Thus we have u,, > t,vn,un, > Spv,,n = 1,2,..., then u,, > t,v, > s,v,, also
Upt1 = Up > tpUpy 2> tnUnt1 > SpUny1,n = 1,2,.... Therefore, t, 11 > t,, i.e., t,is
increasing with ¢,, C (0,1]. Suppose t, — t* asn — oo, then t* = 1. Otherwise, 0 <
t* < 1. Then from condition (A2) and ¢, < t*, we have A(uy,vy,) > A(tnvn, iun)
and A(un,vyn) > A(tyvn, Siun)7 SO

n

Un+1 = A(U’ru vn)
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1 1 1
> —(A — A —
> 2( (tnvn, tnun) + A(tnvn, Snun))
> itn)A(Umun) > @A(Umun)
o(t")

By the definition of ¢,, t,+1 > “’(f:). Let n — 0o, we obtain t*2 > ¢(t*) > t*2,
which is a contradiction. Thus, lim,, .. t, = 1. For any natural number p we have
0 < Un4p — Up S Up — Uy S Uy — vy = (1 - tn)vn < (1 - tn)’Uo,

0 < vy — Upyp < Uy —up < (1 —ty)v0.

Since the cone P is normal, we have

tnsp = unll < M1 —ty)[[vo]| — 0,

[vn = Vntpll < M(1—t,)|lvoll — 0,
as n — oo, where M is the normality constant of P. So we can claim that u,
and v, are Cauchy sequences. Since E is complete, there exist u*,v* such that
U, — u*, v, — v*, as n — oco. By (2.5), we know that u, < uv* < v* < wv, with
u*,v* € P, and

0 <v*—u* <wv,—u, < (1—tn)vo.
Further

[0" —u*[| < M(1—tn)|voll = 0 (n — o0),
and thus v* = v*. Let " := v* = v* and then we obtain
Upt1 = A(un,v,) < A(x*,2%) < A(Vn, Up) = Vpy1.
Let n — oo, then we obtain z* = A(z*,2*). That is, z* is a fixed point of A in Pj.
Next we shall prove that z* is the unique fixed point of A in Pj,. In fact, suppose
T is a fixed point of A in P,. Since z*,Z € P, there exists positive numbers
i1, 2, A1, A2 > 0 such that
fiuh <a* <A1, [ish <T < Ah.
Then we obtain
_ by o — i
F<hoh=221h< 220" 5> peh="2Nn> 2

251 H1 A1 A1
Let e; = sup{t > Otz* < z < t~!z*}. Evidently, 0 < e; < 1,e12* <7 < e—llx*
Next we prove e = 1. If 0 < e; < 1, then T = A(Z,Z) > A(eia*, éx*), then

1 1 1
2A(z,z) > 2A(e12”, —a™) = A(erz™, —z™) + A(e1a*, —a™)
(] €1 €1

> 2(()0(61))14(1‘*,5(}*).

€1
So we have

A7, 7) > (‘P(eel))A(xﬂx*) > @A(;ﬁ,x*) > p(er)A(z*, z).

Since p(e1) > ey, this contradicts the definition of e;. Hence e; = 1, and we obtain
Z = x*. Therefore, A has a unique fixed point z* in P,. Note that [ug,vo] C P,
then we know that z* is the unique fixed point of A in [ug, vo].



6 H. AFSHARI, S. KALANTARI, E. KARAPINAR EJDE-2015/286

Now we construct the sequences recursively as follows:
L :A(‘rn—lyyn—l)) Yn :A(yn—hxn—l)v n = 1727"'7

for any initial points xq,yg € Py. Since xg,yo € P we can choose small numbers
e2,e3 € (0,1) such that

1 1
esh <xg < —h, esh <yg < —h.
€2 €3
Let e* = min{es, e3}. Then e* € (0,1) and
1
e*h <zo, yo < —h.
e
We can choose a sufficiently large positive integer m such that

Aym sy L

Put wg = e*™h,vg = ﬁh, it easy to see that ug,v9 € Py and ug < g, Y0 < Vg.
Let
Uy, :A(ﬂn—lvﬁn—l)a Un :A(@n—laan—l)a n= 1a27~-~-

Analogously, it follows that there exists y* € Pj, such that A(y*,y*) = y* and

limy, o0 Uy = lim, oo U, = y*. By the uniqueness of fixed point of operator A in
P,. We get £* = y* and by induction @, < x,,y, < U,, n = 1,2,.... Since cone
P is normal we have lim,, o z, = lim,, o0 ¥y = ™. O

Theorem 2.4. Let o € (0,1), A : P x P — P be a mized monotone operator
satisfying

Alte, t™ y) + A(te, s7ty) > 262 YAz, y), s,t€(0,1), s<tz,yc P. (2.6)
Suppose that B : P — P is an in increasing sub-homogeneous operator. Assume
also that

(i) there is hg € Py, such that A(hg, ho) € Py, and Bhg € Py;
(ii) there exists a constant do > 0 such that A(x,y) > doBzx for all z,y € P.

Then
(1) A:Ph X Ph —>Ph,B:Ph—>Ph;
(2) there exist ug,vg € Pp and r € (0,1) such that

rvg < ug < vg, ug < A(ug,vo) + Bug < A(vg,uo) + Bvg < vo;

(3) the operator A(x,x) + Bx = x has a unique solution x* in Pp;
(4) for any initial values xo,yo € Pr, constructing successively the sequences

Ty = A(-'I;nflaynfl) + B-’I/‘nfh Yn = A(ynflal'nfl) + Bynfh n = 1a 2; ceey
we have x, — x* and y, — ¥ as n — oo.

Proof. Notice that from (2.6) and Definition we have
1 1 t
A(Ex,ty) < W(A(x,y) + Az, gy)% (2.7)
and B(1z) < 1Bux for s,t € (0,1),z,y € P and s < t.
Since A(hg, ho), Bho € P, there exist constants A1, Ag, 11,2 > 0 such that

>\1h S A(ho,ho) S )\Qh, Vlh S Bho S I/Qh.
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Also from hg € Py, there exists a constant tg € (0,1) such that toh < hg < %h,
and let sg € (0, 1) such that sg < tp, then we have

1 1
Soh S toh S ho S —h S —h.
0 S0

From sp < to, (2.6), (2.7) and the mixed monotone properties of operator A, we
have

1 1
A(h,h) > A(toho, t—ho), A(h,h) > A(toho, —ho).
0 S0
So we have
2A(h, h) > 2631 A(ho, ho) .
By combining the inequalities above, we have
A(h,h) > t2* 7L A(ho, ho) > 2% A(hg, ho) > Mteh,

and

1 1 t
Alhs ) < A(=hos toho) < oy (Alho, ho) + Alho, iho))
0

1 A
< —=A(ho, ho) < Z2h.
2o te

Noting that ;},—i,)\lt%a > 0, we can get A(h,h) € P,. By Definition and the
]
monotone property of operator B, we have

%)

1 1
Bh S B(*ho) S 7Bh0 S h, Bh Z B(toho) Z toBl’Lo Z Vltoh.
0

lo lo
Next we show B : P, — Pp,. For any x € P}, we can choose a sufficiently small
number 4 € (0,1) such that

1
ph <z < —h.
1
Consequently,
1 1
Bx < B(~h) < ~22h, Bx > B(uh) > utonh.
K pto
Evidently, we have 22, utqry > 0. Thus Bx € Py; that is, B : P, — Pj,. So the

pto?

conclusion (1) holds. Now we define an operator T'= A+ B by T'(z,y) = A(z,y) +
Bxz. Then T': P x P — P is a mixed monotone operator and T'(h,h) € Pj,. In the
following we show that there exists ¢(t) € (¢,1] with respect to s,t € (0,1),s <t
such that

T(tm,t_ly) + T(tx, s_ly) > 2(@)A(x7y), V,z,y € P.

Consider the function
201 ¢
ft) = f2a—1 _ 4261’
for t € (0,1), where 3 € (o, 1). It is easy to prove that f is increasing in (0,1) and

lim f(t)=0, lim f(t)= 1-0

t—0+ t—1— ﬁ — '
Further, fixing ¢ € (0, 1), we have

gm0 = Jlim et = O
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So there exists Gy (t) € (0,1) with respect to ¢ such that
tQﬁo(t)fl —t
a1 =1 = %0 t€(0.1).

Hence we have

$2B0() =1 _ ¢

A(z,y) > §oBr > ——————Bux

— t2a—1 _ t2[30(t)—1 ’ vt € (Ov 1)7 T,y € P.

Then we obtain
221 A(z,y) + tBx > 2% O~ A(z,y) + Bz], Vte (0,1), z,y € P.
Consequently, for any ¢t € (0,1) and z,y € P,
T(te,t™y) + T(tx, s 'y) = A(te,t ™ y) + B(tz) + A(tz, s 'y) + B(tx)

> 221 A(x, y) + 2t Bz
> 2200 =1(A(z,y) + Bx)
= 2P O=1p (1 y).

Let @(t) = t?%0®) t € (0,1). Then ¢(t) € (t?,1] and

t
Tt t~ty) + Tt s7'9) 2 220 Age ),
for any s,t € (0,1) and z,y € P. Hence the condition (A2) in Lemmal[2.1]is satisfied.
By Lemmawe conclude that: (a) there exist ug, vy € P, and r € (0,1) such that
rvg < ug < vg, g < T(ug,vo) < T(vg,up) < vo; (b) T has a unique fixed point z*
in Pp; (c) for any initial values xg,yo € Pj, constructing successively the sequences

Tn :T(-/L'nflaynfl)a Yn :T(ynflyxnflL n=12...,
we have z,, — z* and y,, — ™ as n — co. That is, conclusions (2)—(4) hold. O
Corollary 2.5. Let a € (0,1), A: P x P — P is a mized monotone operator.
Assume (2.6]) holds and there is hg > 0 such that A(hg, ho) € P,. Then
(1) A: Ph X Ph — Ph,‘
(2) there exist ug,vo € Py and r € (0,1) such that
Tvg < ug <o, ug < A(ug,vo) < A(vo, ug) < vo;
(3) the operator A(x,z) = x has a unique solution x* in Pp;
(4) for any initial values xo,yo € Pr, constructing successively the sequences
xn:A(‘rnflaynfl)v Yn :A(ynflaxnfl)v n:1727°"7

we have x, — =¥ and y, — ¥ as n — oco.

3. SOLUTION TO FRACTIONAL DIFFERENTIAL EQUATIONS

In this section, we shall propose a method for showing the existence and unique-
ness of a solution for the fractional differential equation

[e3%

D (s 1) 4 Fls. (s, 1), (5, 1) =0,

O<e<T, T>1, telgT], 0<a<l, sé€]lal]

(3.1)

subject to the condition

u(s, ) = u(s,T), (s,¢) € a,b] x (¢,2), (3-2)
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where D® is the Riemann-Liouville fractional derivative of order ae. We will suppose
that a,b € (0,00), a <b. Let

E = C([a,b] x e, T)).

Consider the Banach space of continuous functions on [a,b] x [¢, T] with sup norm
and set

P={yeC(a,b] x[6,T)) : min s,t) > 0}.
eClod x[eT): | min  y(s.1) 20}

Then P is a normal cone.

Lemma 3.1. Let (s,t) € [a,b] x [e,T],(s,¢) € [a,b] X (¢,t) and 0 < o« < 1. Then
the problem

e

D
S t) + f(s bt uls 1), v(s, 1)) =0

with the boundary value condition u(s, () = u(s,T) has a solution ug if and only if
ug s a solution of the fractional integral equation

T
u(s t) = / G(t,€) (5. €, u(s,€), (s, 1)) de,

where
to=1(c—g)o—t ga—l(p_g)o-1 (t—g)*—?
(Ce—T-To=DI'(a) - T(a) ? € S f S C S t S T,
G(1,€) = { Gerretirm — Ta e<(<E<E<T,

_ga-l(T_g)a—1

G T—ra1)I(a)> e<(<t<ELST.

Proof. From %(:u(s,t) + f(s,t,u(s,t),v(s,t)) = 0 and the boundary condition, it
is easy to see that u(s,t) — it 1 = —TI2 f(s,t,u(s,t),v(s,t)). By the definition of

a fractional integral, we obtain

u(s 1) = ert®t /( — O o u(s, ), (s, €))de,

(o)
on) =t = [T LI o, 006,

T _ a—1
u(s,T) = ;T — / “F&f@,s,u(s,@,v(s@»de

Since u(s,¢) = u(s,T), we obtain

¢ _ a—1
o= g || Sy (s u(s, .05, )

o (T gt
T / (5. (s € (. €)) .

Hence

B LN (St
u(s.8) = Gt | g (.. 0(s, )i

a—1 T _ a—1
o Ca—lt_ Ta—1 / (T F(i)) f(5a€7u(5a§)’v(57£)>d£

/€ F(Oz) f( 757 (76)7 (75))df
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T
= [ 69166 u(s.6).0(5. ).
This completes the proof. O

Theorem 3.2. Let 0 < e < T and let f(s,t,u(s,t),v(s,t)) be function in the space
C([a,b],[e,T],]0,00],[0,00]), that is increasing in u, decreasing in v, with positive
values. Also assume that for any u,v € P and ¢,c € (0,1) with ¢’ < ¢, there exists
o(c) € (3,1] and ¢ is decreasing such that

T T 1
/ G(t&)f(s,ﬁ,CU(s,f),C’lv(s,ﬁ))dé+/ G(t,6)f (s, & cu(s,€), ¢ v(s,€))d¢

T
> 22 [ G0,9) (5. €u(5,9). 005, )

and f(s,t,u(s,t),v(s,t)) = 0, whenever G(s,t) < 0. Also assume that there exist
My >0, M2 >0 and h # 0 € P such that

Myh(t) < / G(t,€)f(5,&,u(s,€), v(5, €))dE < Mah(t),

for all t € [¢,T], where G(t,s) is the green function defined in Lemma [3.1, Then
problem (3.1)) with the boundary value condition (3.2) has unique solution u*.

Proof. By using Lemma (3.1)), the problem is equivalent to the integral equation

T
uls, 1) = / G, €) (s,€, u(s, €), v(s, €))dE,

where
Lo SO MO c<e<p<t<T
G(1,€) = | Grer—e=ir — T e<n<E<tST
e c<n<t<E<T

Define the operator A: P x P — E by

T
Aluls,8),v(s, 1)) = / Gt €) (5., u(s,€), v(s,€))dE.

Then u is solution for the problem if and only if v = A(u,u). It is easy to see
to check that the operator A is increasing in u and decreasing in v on P. By
assumptions of theorem we have;

(AT) there exists h € P with h # 0 such that

T
Myh(t) < / G(t,€) (5.6, u(s, £), v(s,€))dE < Moh(t),

thus A(h,h) € Py,
(A8) for any u,v € P and ¢, € (0,1) such that ¢/ < ¢, there exists p(c) € (c?,1]
and ¢ is decreasing such that

A(cu, c ) + A(cu, c'ilv) > 2@14(11,1)).
c
Now by using theorem ({2.3]), the operator A has a unique fixed point u* in Pj.
Therefore the boundary value problem (3.1]) has unique solution u*. (I
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