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ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO A
DEGENERATE QUASILINEAR PARABOLIC EQUATION WITH
A GRADIENT TERM

HUILAT LI, XINYUE WANG, YUANYUAN NIE, HONG HE

ABSTRACT. This article concerns the asymptotic behavior of solutions to the
Cauchy problem of a degenerate quasilinear parabolic equations with a gra-
dient term. A blow-up theorem of Fujita type is established and the critical
Fujita exponent is formulated by the spacial dimension and the behavior of
the coefficient of the gradient term at co.

1. INTRODUCTION

In this article, we study the asymptotic behavior of solutions to the Cauchy
problem

u =Au" +b(|z))x - Vu™ +uP, xzeR" t>0, (1.1)

ot
u(z,0) = up(z), =xe€R", (1.2)

where p > m > 1, b € C%(]0,+00)) and 0 < ug € L®(R"). The equation
is a typical quasilinear parabolic equaton which is called the Newtonian filtration
equation. It is noted that is degenerate at the points where u = 0. In the
semilinear case m =1, is the heat equation.

The studies on asymptotic behavior of solutions to diffusion equations with non-
linear reaction began in 1966 by Fujita [6]. There it was proved that for (L.1)-(L.2)
with m = 1 and b = 0, there does not exist a nontrivial nonnegative global solution
if 1 <p<p.=1+42/n, whereas if p > p., there exist both nontrivial nonnegative
global and blow-up solutions. This result shows that the exponent p of the non-
linear reaction affects the properties of solutions directly. We call p. the critical
Fujita exponent and such a result a blow-up theorem of Fujita type.

The elegant work of Fujita revealed a new phenomenon of nonlinear evolution
equations. There have been a number of extensions of Fujita’s results in several
directions since then, including similar results for numerous of quasilinear parabolic
equations and systems in various of geometries (whole spaces, cones and exterior
domains) with nonlinear reactions or nonhomogeneous boundary conditions, and
even degenerate equations in domains with non-compact boundary [I} [2]. We refer
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to the survey papers [4, [II] and the references therein, and more recent works
[5l 12, 15, 17, 18], 19, 2T, 22 23, 24]. Among those extensions, it is Galaktionov
[7, 18] who first investigated the blow-up theorem of Fujita type for (I.I)-(L.2) with
b = 0 and obtained that p. = m + 2/n. As to nonlinear evolution equations with
gradient terms, there are some studies for the semilinear case. In 1990, Meier [13]
studied the critical Fujita exponent for the Cauchy problem of

p) .
a—?:Au+b(m)~Vu+up, x eR™ t>0, (1.3)
where b € L>(R™; R™). It was proved that
1
c = 1 N
Pe + G
where \* is the maximal decay rate for solutions to
0 -
871115} =Aw+b(z) - Vw, ze€R" t>0, (1.4)

ie.
A* =sup{X € R: there exists a nontrivial solution w of (I.4)
such that lim Supt/\”w(',t)”Loo(R) < 400},

t——+oo
If b is constant, it is clear that \* = n /2 and p. = 1+2/n. However, for nonconstant
b e L>°(R™;R™), \* and p,. are unknown generally. In 1993, Aguirre and Escobedo
[3] considered the Cauchy problem of

B . .
a—?zAu—i—meuq—&—u”, z€R, t>0, (0#£by€R™, g>1)

and proved that
2 2q
c = 1 1 ) 1 ——
P mln{ + ” + —y 1}

In [24], the semilinear problem (1.1J)-(1.2]) with m = 1 was studied and it was shown
that if b satisfies

hr—? s%b(s) =k, (—o00 < K < 400), (1.5)
inf{s?b(s) : s > 0} > —n in the case —n < k < +0o0, (1.6)

then the critical Fujita exponent is

1, K = 400,
Pe=13142/(n+k), —n<k<+00,
+OO, _OOSKZS—TL

As to the quasilinear parabolic equations with gradient terms, Suzuki [16] in 1998

considered the Cauchy problem of

p) . .
a—?:Aum—i—meuq—i—up, x€R™ >0, (m>1,0#by €R" p,g>1)
and proved that if ¢ > m — 1 and max{m, ¢} < p < min{m + 2/n,m + 2(¢ —m +
1)/(n + 1)}, then there does not exist any nontrivial nonnegative global solutions.

In [23], the case
b(s):S%, §>0, (—00<k<+00)
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was studied. Since such a function is singular at 0 when xk # 0, the authors
considered the Neumann exterior problem

0

U m K m n

EZAU —|—WxVu +up, r eR \Bl,t>07
ou™
%(m,t) —0, z€dBy, t>0,

u(z,0) = ug(z), = €R™\ By
and showed that its critical Fujita exponent is

_Jm+2/(n+k), —n<kK<+oo,
o +o0, —o0 < kK < —n,

where Bj is the unit ball in R™ and v is the unit inner normal vector to 9B;. Also
they considered a special case for the Dirichlet exterior problem.

In this article, we study the asymptotic behavior of solutions to the Cauchy
problem —, where b satisfies and . It is proved that the critical
Fujita exponent to — can be formulated as

m, K = +00,
pe=4m+2/(n+kK), —n<kr<+o0, (1.7)
400, -0 <k < —n.

That is to say, if m < p < p., there does not exist any nontrivial nonnegative global
solution to (L.I)-(L.2), whereas if p > p,, there exist both nontrivial nonnegative
global and blow-up solutions to —. It is shown from that the behavior
of the coefficient of the gradient term at oo, together with the spacial dimension,
determines precisely the critical Fujita exponent to —. The technique used
in this paper is mainly inspired by [14} 17, 23] 24]. To prove the blow-up of so-
lutions, we determine the interactions among the diffusion, the gradient and the
reaction by a precise energy integral estimate instead of pointwise comparisons.
The key is to choose a suitable weight for the energy integral. For the existence of
global nontrivial solutions, we construct a global nontrivial supersolution. Noting
that does not possess a self-similar construct, we have to seek a complicated
supersolution and do some precise calculations. By the way, is used only
for constructing a global nontrivial supersolution and it seems necessary when one
constructs such a supersolution.

This article is organized as follows. We give some preliminaries in §2, such as the

well-posedness of (|1.1))-(1.2) and some auxiliary lemmas. The blow-up theorems of
T1)-(12)

Fujita type for (| are obtained in §3.

2. PRELIMINARIES

Equation ([L.1)) is degenerate at the points where u = 0. So, weak solutions are
considered at those points in this paper.

Definition 2.1. Let 0 < T < 400. A nonnegative function u is called a super

(sub) solution to the problem (1.1, (1.2]) in (0,7, if
uwe C([0,T), Lin.(R™)) N Ly, (0, T; L*°(R™))

loc loc
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and the integral inequality
T (990 T
/ / u(x,t)—(x,t) dx dt+/ / u™(z, ) Ap(z,t) de dt
o Jrn ot 0o Jrn
T
-/Qt/ ™z, ) div (b)) o (@, £)z) da dt
0 n
T
Jr/ / uP(z, t)p(x, t) do dt+/ uo(z)p(x,0)dr < (>)0
0 n Rn

is satisfied for each 0 < ¢ € CH1(R™ x [0,T)) vanishing when ¢ near T or |z| being
sufficiently large. A nonnegative function w is called a solution to the problem (1.1),
(1.2) in (0,7, if it is both a supersolution and a subsolution.

Definition 2.2. A solution u to the problem (1.1}, (1.2)) is said to blow up in a
finite time 0 < T < +o0, if
lu(-,t)|| oo @ny — +00 ast—T7.

Otherwise, u is said to be global.

For 0 < ug € L (R™), by using the theory on the Newtonian filtration equations
(see, e.g., [9, 10, 20]), one can establish the existence, uniqueness and the compar-
ison principle to the solutions of — locally in time. Moreover, it can be
proved that

Lemma 2.3. Assume that u is a solution to (1.1)-(1.2)) in (0,T) with0 < T < +o0.
Then, for each i € Cy'' (R™),

d u(z, t)(x)de = /

dt R7L n n

u™ (z, 1) Ay (x) da:dt—/ u™ (z,t) div(b(|z|)y (z)z)dx

—|—/ uP (x, )y (z)dx
in the distribution sense.

To investigate the blow-up property of solutions to (|L.1)-(1.2]), we need the fol-

lowing auxiliary lemma.

Lemma 2.4. Assume that b € C%([0,400)) satisfies (LA with —0co0 < k < 400.
Let u be a solution to the problem (1.1), (1.2). Then there exist three numbers
Ry > 0,6 >1 and My > 0 depending only on n and b, such that for each R > Ry,

u(x, t)g(|z))de > 7M0R72/B \B u" (z, ) Yr(|z|)dx
SRAPR (2.1)

+ [ e tn(la)ds

% R”

fort >0, where

h(r), 0<r<R
Yr(r) = { 3h(r) (1 + cos ((gjfffg), R<r<4R,
0, r>0R

with

h(r) = exp { /07" sb(s)ds}7 r >0,
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while B, denotes the open ball in R™ with radius r and centered at the origin.

Proof. 1t is clear that ¢vp € CH1([0,+00)) with ¢%(0) = 0. Choosing ¥ (z) =
¥r(|z]) in Lemma [2.3] one gets that

e
R?’L
= /n u™(z, ) AYg(|z|)dx — /Rn u™(x,t) div(b(|x|)Yr(|x|)x)dx
+ [ e un(e)da (2.2)
:/B u™ (@, t) (Avr(|2]) — div(b(|z))yr(|2])z))do
+ /n uP (z, t)r(|z|)d.

As shown in [24], there exist three numbers Ry > 0, 6 > 1 and My > 0 depending
only on n and b, such that for each R > Ry,

AYp(|z]) — div(b(|2))¢r(|2])x) > —MoR™*¢r(|2]), |z > 0. (2.3)
Substituting into leads to . O

Remark 2.5. Lemma still holds if (1.5]) is replaced by

lim sup s%b(s) = k.
§—+00

Remark 2.6. The proof of Lemma is invalid if K = +oo. In this case, (2.1)
holds for each fixed R > 0, but 6 > 1 and Mj depend also on R.

Next, we study self-similar supersolutions of (1.1)) of the form

u(z,t) = (t+T) “((t+T)P|z]), ze€R", t>0, (2.4)
where
1 p—m
o= —":, /6 = )
p—1 2(p—-1)

T > 1 will be determined. If v € C%1([0, +00)) with v™ € C11([0,4+0)) solves

—1
W™ () + = (0™ (1) + (+ T)PP0((t + T)Pr)r (™) (r)
+ pro'(r) + av(r) +0P(r) <0, >0
for each t > 0, then u given by ([2.4]) is a supersolution to (1.1)).

Lemma 2.7. Assume that b € C%'([0,4+o0)) satisfies (L.5) and (L.6) with —n <
Kk < 400, and p > p.. Choose —n < k1 < kg < k such that

(2.5)

inf{s?b(s) : s > 0} > K1, Hg > —n. (2.6)

Let T =n~(m+2)/8 gnd

o(r) = (n =AY, e >0, (2.7)
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where s, = max{0,s}, 0 < n < 1 will be determined, while A € CY1([0,+0c0))
satisfies A(0) =0 and

Alra 0 S r S T’m+17
ron p(m+1)(n+n2) a1 m
Al(r) = A2T+(A1—A2)W7 n <r<nv,
Aor + (Ay — Ag)n" ey, r>n"
with
2 -1
Alzmax{ (m ) ,AQ},
m(n + £1)(p + pe — 2)
W m-1 (m—1)(p—m)
T 2mn+ra)(p—1) dm(p—1)

Then, there exists sufficiently small 0 < n < 1 such that u given by (2.4) and (2.7))
is a supersolution to (1.1)).

Proof. Choose 19 € (0, 1) such that for each 0 < n < 1o,
A(r)y<r, 0<r<mng. (2.8)
By the first formula in (2.6)), one has
(t + T)?Pb((t + T)Pr)r > % r>0,t>0. (2.9)

Therefore, for each 0 < 7 < 19, it follows from (2.8]) and (2.9)) that

™) () + B2 @Y () + (¢4 TVP0((E+ 1)) (™) (r)

+ Brv'(r) + av(r) + o7 (r)

m / 2, 2—m m " m(n + K1 — 1) A/(T)
S o AT + (o A - S S ()
Fer()
Aim 5 o5 Aim(n + k1 »
:7(m_1)27‘v (T)+(Q_7w§—_‘1 )>v(r)—|—v (r)
< (g it (o A ) bre)

for 0 < r < n™*! and t > 0. The choice of A; implies

A
< 1m(n+n1).
m—1

Thus, there exists 0 < 71 < 79 such that for each 0 <7 < 1y,
-1
(W™ () + = (0™ (1) + (+ T)P0((t+ T)Pr)r(0™) (r)
+ Brv'(r) + av(r) + vP(r) <0, (2.10)
0<r<n™t t>o0.

By (1.5) and ko < k, there exists 0 < 15 < 79 such that

1
s2b(s) > Koy 5> —,
Up



EJDE-2015/298 ASYMPTOTIC BEHAVIOR OF SOLUTIONS

which, together with the choice of T', implies that for each 0 < n < 729,
(t 4+ T)*Pb((t + T)Pr)r > @, r>nmt > 0.
T
For each 0 < 1 < 13, it follows from (2.11f) and (2.8)) that

(™) (1) + @Y () + (4 TP+ T ) ()
+ Brv'(r) + av(r) + o7 (r)

(2.11)

m , m m ., m(n+ ke — 1) A'(r)
S oA O + (o AT -
o (r)

m

(m+1)(n+k2) | 2
n —m
7(m — 1)2 (AQ + (Al — A2)7rn+ﬁz ) 7«21;2 (’I")

N (a B Azﬂ;(n_-ii K2) )U(r) +oP(r)
< (G o AL et

for ™t < r <™ and t > 0. The choice of A, implies

A
- am(n + /-@2).
m—1
Thus, there exists 0 < 3 < 72 such that for each 0 < 7 < 753,
-1
(W™ (r) + = —(™)(r) + (t+T)*b((t +T) r)r(™) (r)
+ Brv'(r) + av(r) + 0P (r) <0,

(2.12)
™t < <™ t>0.
For each 0 < n < 1o, (2.8) yields A=1(n) > n. Thus, for each 0 < n < 12, it follows
from that
(™) () + S (™) (r) + (£ + T)?2((t + T)Pr)r (™) (r)
+ Brv'(r) + av(r) + vP(r)

< (A )

b o Mgy - M 2 D AT

m—1 T )v(r)+vp(r)
m i (= 0) 0+ (o= B0+ )

for ™ < r < A71(n) and t > 0. The choice of Ay implies

mAs <5 a< Agm(n-l-lig)'
m—1

m—1
Thus, there exists 0 < 74 < 72 such that for each 0 < 7 < 14,

O™ + L@ + €+ TP+ T )
+ Brv'(r) + av(r) + vP(r) <0,

(2.13)
nm<r<AY(n), t>0.
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Summing up, from (2.10), (2.12) and (2.13)), for 0 < n < min{ny,n3,n4}, the
function u given by (2.4) and (2.7) is a supersolution of (1.1)). O

Remark 2.8. Lemma [2.7]still holds if (1.5) is replaced by

lim inf s%b(s) = .
s——+00

Remark 2.9. In Lemma (1.6) is necessary to get a supersolution to ([1.1)) of
the form (2.4) and (2.7). But, it is not clear at this moment whether (1.1)) admits
a global supersolution of other form if (|1.6) is invalid.

3. BLOW-UP THEOREM OF FUJITA TYPE

In this section, we establish the blow-up theorem of Fujita type for the problem
(T.1)), (1.2) by using Lemmas [2.4] and First consider the case m < p < p. with

—o0 < K < +00.

Theorem 3.1. Assume that b € C%1([0, +00)) satisfies (L.5) with —oco < Kk < +o0.
Let m < p < p.. Then for each nontrivial 0 < ug € L>®(R™), the solution to the

problem (L.1)), (1.2) must blow up in a finite time.

Proof. Let g, h, Ry, § and My be given by Lemma[2.4] Owing to —oo < k < +00
and 1 < p < pe,

Fix R to satisfy

- 2
K<k < —n. (3.1)
p—m

By (1.5) and (3.1)), there exists Ry > 0 such that
s%b(s) < &, s> Ry.

For each R > R, one obtain
SR
/ Yr(|z|)dx < nwn/ "L h(r)dr
R™ 0
SR
< wp(dR)™ exp { / sb(s)ds}
0

< wn(0R)" exp { /R1 sb(s)ds} exp {R/(SR %ds}
0 Ry
_ ManJr/%’

(3.2)

where w,, is the volume of the unit ball in R™, while M; > 0 depends only on n, b,
Ry, ¢ and k. Let u be the solution to the problem (1.1)), (1.2)). Denote

wn(®)= [ uatyvr(le)ds, 20,
For each R > max{Ry, R1}, it follows from Lemma [2.4] that

%wR(t) > —MyR™? um(x,t)wR(M)dx—i—/ uP(z, t)Yr(|z|)de, (3.3)
R R"
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for ¢ > 0. The Holder inequality and (3.2)) yield

/ W (2, (2] e
]Rn

< ([ onteas)”™"" ([ wrte.ovalieiz)”” (3.4)

< MEVP R /

R’VL
Substitute (3.4]) into (3.3]) to obtain
d m/p _ ~
Sun@) 2 ([ wretn(elar) ™" (= dodar R
R'Il

m/p
w (o, r(a)de) L >0,

dt (3.5)
(p—m)/p
+ (/ up(x,t)wR(M)dx) ), t>0.
]Rn
It follows from the Hoélder inequality and (3.2) that
1/p

[ utetentiahae < ([ wn(eia)”"( [ wienvnliaa)

i 1/
< MR / o, 0)bn(|al)dr)

n

for ¢ > 0, which implies
/ uP(z, t)Yr(|z|)de > Mf(pfl)R_(”_l)("""%)w%(t), t>0. (3.6)
Rn

Substituting (3.6)) into (3.5)), one gets that for each R > max{Ry, R1},

awR(t) > Ml—m(l’—1)/PRfm(p71)(n+R)/pwg(t)

% ( _ MOMl(P—m)/I)RfQJr(pfm)(n+%)/p (37)
4 Ml_(lﬂ—l)(P—m)/PRf(pfl)(pfm)(nJrFu)/pwg—m) (t)), t>0.
Note that (3.1) implies 2 > (p — m)(n + &), while wg(0) is nondecreasing with
respect to R € (0, +00) and
sup{wr(0) : R > 0} > 0.
Therefore, there exists Ry > 0 such that for each R > R»,
MOMl(P*m)/PR—2+(p—m)(n+l%)/p

L o
< §M1 (p—1)(p )/PR (p—1)(p m)(n—&-m)/pwg) )(0).
Fix R > max{Ry, R1, R2}. Then, (3.7)) and (3.8]) yield

d 1 e -
Zwr(t) > 5 M, P02 g=p(p= DR /oy (1), ¢ > 0.

Since p > m > 1, there exists T' > 0 such that
wg(t) = / u(z, )Yr(|z|)de — o0 ast—T7.

Noting that supp ¢¥g(|z|) is bounded, one gets

||’LL(',t)||Loo(Rn) — 400 as t— T .
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That is to say, u blows up in a finite time. ([

Turn to the case p > p. with —n < x < +00.

Theorem 3.2. Assume that b € C%1([0,+00)) satisfies (L.5) and (L.6) with —n <
k < 4o0. Let p > p.. Then there exist both nontrivial nonnegative global and

blow-up solutions of problem (1.1))-(1.2)).

Proof. The comparison principle and Lemma yield that problem (T.1])-(T1.2)
admits a global nontrivial solution. Let us show there also exists a blow-up solutions

to (1.1)-(1.2). Fix R > Ry. Assume that u is a solution to (L.1)-(1.2). It follows
from Lemma (the case —n < k < +00), Remark (the case k = +00) that

there exist a nontrivial function 0 < ¢ € Cp''(R"), with [YllLrny < 1, and a
constant M > 0, both depending only on n, R and b, such that

%w(t) >-M . u™(x, t)(z)dz —|—/ uP (x, t)(z)dx, t>0, (3.9

n

where
w(t) :/ u(z, t)(x)de, t>0.
The Holder inequality yields
(p—m)/ m/
/ u™(z, t)(z)dr < (/ w(x)dac) 3 p(/ u”(m,t)w(m)dm) p, (3.10)
n ]R'n. ]Rn
for t > 0. Substitute (3.10) into (3.9) to get
d m/p (p—m)/p
ol > P _ P _
dtw(t) > (/nu (x,t)w(x)dx) ( M—i—(/n u (a:,t)z/J(a:)dx) ), (3.11)
for ¢t > 0. It follows from the Holder inequality that
(r—1)/p 1/p
/ u(z, t)(z)de < ( w(x)dw) (/ up(x,t)1/)(x)d:£) , t>0,
n R’VL n
which implies
—(p—1)
/ wetpp@yde > ([ o) wr), >0 (3.12)
n R’V'L
Substituting (3.12)) into (3.11)), one gets that

d —m(p—1)/p
— d
Zu(t) > ( [ v z)

wm(t)<— M

—(p—m)(p—-1)/p (3.13)
) w

+ ( - Y(x)dx p’m(t)), t>0.

If ug is so large that

w(0) = / ug(z)(x)dr > (2M)1/(p—m)< () dx) (H)/p.
n R"L
Then, leads to
d 1 —p(p—1)/
%w(t) 2 5( w(x)da:> n pwp(t), >0

Rn
By the same argument as in the end of the proof of Theorem [3.1] u must blow up
in a finite time. O
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Remark 3.3. In Theorem b need not to satisfy (I.6) even if —n < k < +oo0.
However, (|1.6) is needed in the proof of Lemma and thus in the proof of Theorem
0.2

According to Remarks [2.5] and one gets the following statement.
Remark 3.4. Theorem[3.1] still holds if (L5)) is replaced by

lim sup s%b(s) = «,
s——+0o0

while Theorem still holds if (1.5)) is replaced by

lim inf s%b(s) = .

s— 400

From Theorems [3.1] and [3.2] we have the following statement.

Remark 3.5. For problem (1.1)-(1.2)), p. = m if lim,_, $%b(s) = 400, while
pe = +oo if limsup,_,, . s?b(s) < —n. In particular, p. = m for the Cauchy
problems of

%:Aum+m-Vum+up, reR", t>0
and 5
l:Aum—FL-Vum—kup, zeR™ t>0,
ot lz| +1
while p. = 400 for the Cauchy problems of
0
%ZAum—x-Vuerup, reR", t>0
and
ou

X
KAy — — T gy P, z R, > 0.
or TR Ty Vet
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