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POSITIVE RADIALLY SYMMETRIC SOLUTION FOR A
SYSTEM OF QUASILINEAR BIHARMONIC EQUATIONS IN
THE PLANE

JOSHUA BARROW, ROBERT DEYESO III, LINGJU KONG, FRANK PETRONELLA

ABSTRACT. We study the boundary value system for the two-dimensional
quasilinear biharmonic equations
A(|Aui|p72Aui) = Aw;(x)fi(u1,...,um), x € Bi,
u; =Au; =0, x€0B1, i=1,...,m,
where B = {z € R? : |z| < 1}. Under some suitable conditions on w; and
fi, we discuss the existence, uniqueness, and dependence of positive radially
symmetric solutions on the parameters A1, ..., Am. Moreover, two sequences

are constructed so that they converge uniformly to the unique solution of the
problem. An application to a special problem is also presented.

1. INTRODUCTION

In this article, we are concerned with the existence, uniqueness, and dependence
of positive radially symmetric solutions of the following boundary value system for
the two-dimensional quasilinear biharmonic equations

A(|Au; P72 Aug) = Nw; (@) fiu, ... um), @ € B,
w;=Au; =0, x€9IBy, i=1,...,m,

where By = {z € R? : |z| < 1} with x = (x1,22) and |z| = /2? + 23, A =
2 2
w;(zx) is radially symmetric, namely, w;(z) = w(|z|), f; is continuous and positive
on (0,00)™, and f;(y1,...,ym) may be singular at y; = 0.
Assume that (up(t),...,um(t)) = (u1(|z]), ..., um(Jz|)) with ¢t = |z| is a radially
symmetric solution of . Then, direct calculations show that for i =1,...,m,

L(|LuP2Lu) = Nw; (t) fi(u, -, um), t€(0,1),
wj(0) = u;(1) = (|LulP > Lu) [i=0 = (|Lul? > Lu)|1=1 =0,

where £ denotes the polar form of the two-dimensional Laplacian operator A i.e.,

e= )
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(1.1)

p > 1 is a constant, m > 1 is an integer, \; is a positive parameter,

(1.2)
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Thus, to study positive radially symmetric solutions of (|1.1)), it suffices to study
positive solutions of problem (|1.2)).
Recently, Guo, Yin, and Ke [9] studied the scalar case of (1.1)), i.e.,

A(|Au|P~2Au) = dw(z) f(u), = € By,
u:AUZO, xE@Bl.

Using fixed point index theory, they found some sufficient conditions under which
there exists A* > 0 such that has two positive radially symmetric solutions
for each 0 < A < A\*, has one positive radially symmetric solution for A = A*, and
does not have a positive radially symmetric solution for any A > A\*. In [9], it
was assumed, among others, that f is continuous on [0, c0) and nondecreasing on
[0,00). Such assumptions are not needed in this paper.

The background information on problem and its related applications can be
found, for example, in [2] B} [16]. In recent years, fourth order nonlinear differential
equations have become increasingly popular due to their possible applications in
the fields of image and signal processing, nuclear physics, and engineering. We refer
the reader to [3, [ Bl [8, [6l [10) 1} 13] for a small sample of the work. Among these
works, papers [3, Bl [§] studied the existence of solutions of biharmonic equations
with singular nonlinearities and only paper [5] considered the uniqueness of positive
solutions. Specifically, paper [5] established criteria for the existence and uniqueness
of positive solutions of the problem

ANu=uP zeq,
u=0u/dv =0, x€di,

where 0 < 0 < 1, Q C R™ with n > 2 is a smooth bounded domain and v is the
exterior unit normal vector at ).

To the best of our knowledge, little work has been done in the literature on
the uniqueness and dependence of positive solutions of biharmonic equations. In
this paper, we not only investigate the existence and uniqueness of positive solu-
tions of problem , but also discuss the dependence of positive solutions on the
parameters Aq,...,\,,. Moreover, in our theorem, two sequences are constructed
in such a way that they converge uniformly to the unique positive solution of the
problem. As a simple application of our theory, we also present some uniqueness
and dependence results for the following special case of problem

(1.3)

£(|Eu|P*2£u) = \w;(t) ( Z aikuzik + Z Ciku};dik>7 t € (0,1),
k=1 k=1

ub(0) = ui (1) = (|LulP~2Lu) |i=0 = (|Lu|P"2Lu)|j=1 =0, i=1,...,m,

K3

(1.4)

where a;k, bik, dirx. > 0, and ¢ > 0, i, Kk = 1,...,m. In our proof, part of
the analysis relies on some results from mixed monotone operator theory. This
technique was introduced by Guo and Lakshmikantham [7] in 1987. Since then,
many authors have investigated such operators and related applications to a variety
of problems; see, for example, [12} 14}, [T5], I7] and the references therein.

In this article, we need the following assumptions:

(H1) for i =1,...,m and y € (0,00)™, f;(y) can be written as f;(y) = ¢:(y) +
h;(y), where g; : [0, 00)™ — [0, 00) is continuous and nondecreasing in each
of its arguments, and h; : (0,00)™ — (0, 00) is continuous and nonincreasing
in each of its arguments;
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(H2) fori=1,...,m, w;: (0,1) — [0,00) is continuous and
1
0< —/ s(Ins)w;(s)hi(p(1 — s))ds < oo for any constant p > 0;
0

(H3) for i =1,...,m, there exists a € (0,1) such that

gi(ky) = kP, (y), (1.5)
hi(k™ty) = K% D%hi(y) (1.6)
for k € (0,1) and y € (0,00)™.

The rest of this article is organized as follows. Section 2 contains some prelimi-
nary lemmas, Section 3 contains the main results of this paper and their proofs.

2. PRELIMINARY LEMMAS
Lemma below provides the equivalent integral form of problem (|1.2]).

Lemma 2.1. The function u(t) = (u1(t),...,umn(t)) is a solution of (1.2) if and
only if

ws(t) = AP /0 k(1. 7) /0 k(. s)wi(s) fi(u(s))ds) dr.
where ¢4(s) = |s|97%s with 1/p+1/q =1 and

—slnt, 0<s<7<1
k(t,s)—{ sint, <s <71 <1,

(2.1)
—slns, 0<t<s<l1.

A similar version of Lemma with m = 1 has been proved in [9, Pages 1322—
1323]. The present version can be proved in the same way.
The following lemma summarizes some properties of the function k(t, ).

Lemma 2.2. The function k(t, s) defined by satisfies
(a) k(t,s) >0 fort,se (0,1);
(b) k(t,5) < k(s,5) for t,5 € [0,1];
(c) 0 <k(t,s) <1/e fort,s€[0,1];
)

(d) s(1—1t) <k(t,s) < =s(1—¢) for0<s<t <1

Proof. Parts (a)—(c) were shown in [9, Remark 2]. We now show part (d). For any
fixed 0 < s <1, let I(t) = —slnt, s <t < 1. Assume first that s > 0. It is easy to
check that the tangent line of y = I(¢) at ¢t = 1 is given by y = s(1 —t), and the
secant line of y = [(t) connecting the points (1,1(1)) and (s, l(s)) is y = =22 (1—1¢).
Note that I”(t) = s/t? > 0 for t € [s,1]. Then, I(t) is concave upward. Hence, we

have
—slns

s(1—1t) <k(t,s) < (1—-t) for0<s<t<1.

—s
When s = 0, the above inequalities obviously hold. This completes the proof. [

In the sequel, let (X, || - ||) be a real Banach space that is partially ordered by a
normal cone P C X, i.e., u < w if and only if v —u € P. If u < v and u # v, then
we write u < v or v > u. By 6 we denote the zero element of X.

Recall that a nonempty closed convex subset P C X is called a cone if it satisfies:

(i) u € P and A > 0 implies A\u € P;
(ii) v € P and —u € P implies u = 6.
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Moreover, a cone P is said to be normal if there exists a constant C' > 0 such that,
for all u,v € X, 8 < u < v implies ||ul| < C||v||.
Given w € P\ {6}, let

P, = {u € X : there exist d > ¢ > 0 such that cw < u < dw}. (2.2)

It is easy to see that P, C P.

To prove our theorem, we need some results from monotone operator theory.
The following definition and lemma are well known. For instance, Definition [2:3]
can be found in [7, 12} [14] 15| [17], and Lemmais a special case of [I'7, Corollary
4.1]; see also [12] Theorem 2.1] and [I5, Theorem 2.6].

Definition 2.3. An operator T : P x P — X is called mized monotone if T (u,v)
is nondecreasing in u and nonincreasing in v. Moreover, an element u € P is said
to be a fixed point of T if T'(u,u) = u.

Lemma 2.4. Let P be a normal cone in a real Banach space X, w € P\ {6},
and T : P, x P, — P, be a mized monotone operator. Assume that there exists
a € (0,1) such that

T(ku, k') > KT (u,v) foru,v € P, and x € (0,1).
Then T has a unique fixed point u in P,,. Moreover, if constructing successively the
sequences {u,} and {v,}
Un :T(un—hvn—l): Un :T(Un—lvun—l)y n=12...,

for any initial values ug, vy € P, we have ||u, —ux|| — 0 and ||jv, — ur|]| — 0 as
n — oo.

3. MAIN RESULTS
In this section, we let 0 = (0,...,0) and co = (00,...,00). For any vectors
y=(Y1,--.,Ym) and z = (z1, ..., zm), the following notations will be used:

e y — z if every component of y approaches the corresponding one of z;

e y — 2z (27) if every component of y approaches the corresponding one of
z from the right (left);

e y — oo if every component of y approaches oo;

e y >z (y < z) if every component of y is strictly larger (smaller) than the
corresponding one of z.

In the remainder of the paper, we let X be the Banach space (C]0,1])™ equipped
with the norm

- (D] i=1,....mY, w=(up,... upm) € X,
o) = ma {_ e (1) £ my, u= ()

and define a cone P C X by
P:{u:(ul,...,um)EX):ui(t)EOfortE[071] andi:l,...,m}.

Then, P is a normal cone in X. Choose w(t) =1—t € P\ {6} and let P, be defined
by (2.2)) with the above P, i.e.,

P, = {u = (U1,...,Up) € X : there exist d > ¢ > 0 such that
cw(t) < u(t) < dw(t) for t € [0,1] and i =1,...,m}.

Now, we state the main results in this paper.
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Theorem 3.1. Assume that (H1)—(H3) hold. Then:
(i) for any A = (A1,...,A\pm) > 0, problem has a unique positive solution
ux(t) = (uxa(t),...,uxm(t)) in X;
(i) for any wo,vo € P, consider the sequences {un} = {un1,...,Unm} and
{vn} ={vn1,...,vnm} defined by

umi(t) = )‘ip%l /01 k(th)(bq(/ol k<7_7 s>wl(8) (gi(unfl(s)) + hi(’”nfl(s))ds)dﬂ

. 1 1
vn,i(t) = )\zpfl / k(t,T)¢q(/ k(T,s)wl-(s) (gi(’l)nfl(s)) —+ hl(un,l(s))d8>d7
0 0
fori=1,....mandn=1,2,.... Then
|un —url]] =0 and |v,—ur|| =0 asn— oo;

(iii) 4f, in addition, 0 < « < 1/2, then the unique solution uy(t) satisfies the
following properties:
(a) ux(t) is strictly increasing in X, i.e., p > v >0 = u,(t) > u,(t) on
[O’ 1);
(b) lim, g+ ||uy|| =0 and lim, ., |lu,| = co;
(c) ux(t) is continuous in A, i.e., p — v > 0= |lu, —u,| — 0.
The following corollary is a direct consequence of Theorem

Corollary 3.2. Assume that the following conditions hold:
(A1) 0< ¢ <p-—1, where ( = max{b;, di, : i,k =1,...,m};
(A2) 0< — fol s(Ins)(1 — s)~%kw;(s)ds < oo fori=1,...,m.
Then:
(i) for any A = (A1,...,Am) > 0, problem has a unique positive solution
ux(t) = (un1(t),. .., uxm(t)) in X;
(i) with gi(y1,--- Ym) = Dopey aikyzi’“, and hi(y1,. .., Um) = Dopey cl-kyk_d““,
part (ii) of Theorem[3.1] holds for problem (1.4);
(ili) if, in addition, 0 < ¢ < 1/2, then the unique solution ux(t) satisfies the
three properties stated in part (i) of Theorem m

Remark 3.3. In Theorem [3.1] (ii) and Corollary (ii), if we choose uy = vg
in P, then it is easy to see that wu, ;(t) = v,(t) on [0,1] for ¢ = 1,...,m and
n=1,2,.... Hence, u,(t) = v,(t) on [0,1] for n =1,2,.... Thus, to use iterations
to approximate the unique solution of problem , in the nth step, we only need
to solve the equations

Ui (f) = AP T /0 1 k(t,¢)¢>q( /0 1 (7, $)wi (s) (g (tn—1(5)) + hi(un_l(s))ds)dT
fori=1,...,m.

Proof of Theorem[3.1. Let X = (A1,...,Am) > 0 be fixed. For u = (u1,...,un),
v = (v1,...,0m) € P,, define an operator Ty : P, x P, — X by

TA(ua U)(t) = (TA,l(uv ’U) (t)7 e aTA,m (uv U)(t))7

where

Ty i (u,0)(t) = AP T /0 (1, 7)0 /0 BT, 5)wi(s) gi(u(s)) + ha(v(s)))ds ) dr. (3.1)
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In view of (H1), (H2), and Lemma (b), Ty is well defined. Moreover, from the
monotonicity of g; and h; assumed in (H2), it is easy to verify that T) ; is mixed
monotone, and so is T).

We now show that Ty (P, xP,) C P,. Fori=1,...,mandu = (u1,...,Up),v =
(V1,...,0m) € P, let

w)(r) = o | .59 () + o)1 ds).

Then, from (2.1)), Lemma[2.2)(d), (3.1)), and the fact that —In7 > 1—7 for 7 € [t, 1],

we have

T,i(u,v)(t)

= i(u,v)(T)dT ”%11 )z (w, v)(7T)dT
=\ /Ok(t,T)Zz( s )(T)dT + A /t k(t,7)zi(u,v)(7)d
z(l—t))\f%l/o Tzi(u,v)(T)dT—F/\f%l/t T(—In7)z;(u,v)(7)dr
z(l—t)Af%l/O Tzi(u,v)(T)dT—l—)\f%l/t (1 = 7)zi(u, v)(r)dr (3.2)
. t 1
> (l—t))\fj(/o T(l—T)zi(u,v)(T)dT+/t T(l—T)Zi(u,v)(T)ch')

=(1- t))\f%l /0 7(1 = 7)z;i(u,v)(7)dr
> (1l —t) = qw(t),
where

¢1 = min {)\f%l/o 7(1 = 7)zi(u,v)(T)dr}.

1<i<m

Similarly, from (2.1)), Lemma (d), (3.1), and the fact that (1 —¢)/(1 —7) > 1
for T € [t, 1], it follows that
T,i(u,v)(t)

1 1

gt | F 1 |
=\ /Ok(t,T)zl(um)(T)dT—«—)\i /tk(t,T)zZ(u,v)(T)dT

§(1—t)/\f%1/ _TlnTzi(u,v)(T)dT—F/\i”%l/t —7(In7)z;(u,v)(7)dr

0 1—71

<a-on( [ T ()t / 2T (w0)(r)dr)

1—7 1—17

(3.3)

1—7
S d1(1 — t) = dlw(t),

1 1 R
= (1— AT / TINT u,v)(7)dr
0

where

1 1 —
dy = max {)\fj/ TlnTzi(u,v)(T)dT}.
0

1—71

From (3.2) and (3.3)), we see that T (P, x P,) C P,,.
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Next, for i = 1,...,m and v = (ug,...,Un),v = (v1,...,vy) € P, and k €
(0,1), from (H3) and (3.1]), we have

Ty.i(ku, k™ 10)(2)
= )\f‘l/o k:(t,r)qﬁq(/o k(T, $)w;(8)[gi(ku(s)) + hi(k~ v(s))}ds)dr

N 1 1
2w d7T [ bt [ ko)) (u(s)) + halols)lds ) dr
0 0
= KT i (u, v)(t).
Thus,
T (ku, 5~ ) (t) > KT (u, v)(t). (3.4)
We have shown that all the conditions of Lemma hold, so there exists a

unique uy = (uxr1,..., U m) € P, such that T)(ux,vy) = uy. Hence, in view of
the fact that f;(y ) = gi( )+ hi(y) (see (H1)), we have

uyi(t) = / k(t, T (bq /Olk (7, 8)w;i(s)[gi(ux(s)) —|—hi(u>\(s))]ds>dr
= )\fj/ (t, 7 (bq /Olk: (1, 8)w;(s) fi(ux(s ))ds)dT.

By Lemma we see that (1.2)) has a unique solution uy = (ux1,...,uxm) in P,
which is obviously positive on [0,1). From the “moreover” part of Lemma part
(ii) of Theorem holds.

It is clear that, to show that has a unique positive solution in X, it suffices
to prove the following claim.
Claim: If, for any A = (A1,...,Ap) > 0, 4x(¢) = (da1,...,%xm) is a positive
solution of problem , then 4y € P,,.

In fact, if 4x(t) = (i1, ..,%xm) is a positive solution of problem (L.2)), then
by Lemma

IS 1
i) = AT [ k7)o, ([ K s)un )l (9) + halia(5)]ds ) dr.
0 0
Hence, by similar arguments as in showing (3.2]) and (3.3]), we see that there exist
da > c3 > 0 such that
cow(t) < dn;(t) < dow(t) forte[0,]]andi=1,...,m

This shows that @y € P,, i.e., the claim is true. Now, by the claim, problem
has a unique positive solution in X. Thus, part (i) of Theorem holds.

In the rest of the proof, we show part (iii) of Theorem Fori=1,...,m,
define an operator A; : P, x P, — X by

1 1
A0t = [ ke ( [ ksl uls) + ho(o)lds)dr. (35)
Clearly, A; is mixed monotone, and as in showing , we have
Ai(ku, k™ 0) (1) > KAy (u,v)(t)  for k € (0,1). (3.6)

Moreover, in view of (3.1), we have

Taa(u,0)(8) = AT Ay(u,0)(8), i=1,...,m. (3.7)
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We first show property (a). Assume that g = (g1,..., fm) > v = (V1,...,Um) >
0. Let u, = (up1,.--,Uum) and uy, = (Up1...,U,m) be the unique positive
solutions of corresponding to (A1, ..., Am) = (U1, ..+, ) and (A1,..., Ap) =
(V1, ..., Vm), respectively. Then, from 7 it follows that

i () = Tyttt ) (8) = 17 As(ty0) (1)

. (3.8)
ul/,i(t) = Tl/,i(ull7 ul/)(t) = Vip71 Ai(ul/a UV)(t)

Define the set
S(p,v) = {’y > 00wy, (t) > yuw,i(t) and w, () > yu,i(t) on [0,1], 1 =1,... ,m}.

We show that S(u,v) # 0. In fact, by the above claim, u,,u, € P,. Then, for
te€[0,1] and ¢ =1,...,m, there exist d, > ¢, > 0 and d,, > ¢, > 0 such that

cuw(t) <wupi(t) <d,w(t) and cw(t) < uy,(t) < dyw(t).

Thus, we have

Uy > cuw(t) > C—“um and  u,; > cw(t) > C—”um.

’ dV ’ ’ du El
Hence, any ~ satisfying 0 < v < min{c,/d,,c,/d,} is in S(u,v). This shows that
S(p,v) # 0. Let 7 = sup S(p,v). Then, 0 <7 < 1 and

Upi(t) > Juyi(t) and u, () > Fu, ;(t) forte[0,1]andi=1,...,m. (3.9)

In fact, (3.9) is obviously true. If 7 > 1, then (3.9) implies that w,, ;(t) > w,;(t) >
wy,i(t)ont € [0,1). Thisis a contradiction. If ¥ = 1, then, by (3.9), w,,:(t) = w,:(t)
for t €[0,1] and i =1,...,m. So, u,(t) = u,(t) on [0,1]. Hence, from (3.§),

_1

1
Upi(t) = ™" A (g, w) () > v Ai(uw, ) () = .
Again, this is a contradiction. Thus, 0 < 7% < 1.

Since A; is mixed monotone, from (3.6, (3.8), and (3.9)), we have

1

1 1
i () = 17" A (g, u) (8) > ™ A (T, 3 ) ()
11 1
> (V)Otluip_l v; r Vip_l A (uy,uy)(t)
1

11
=M T u(t)

and
() = V7T Ayt ) (8) = 07T As (T, T ) (1)
> ()T T T Ay, ) (2)
= T T (),
i.e.,

11 1 1
wui(t) > )l Ty (t) and w, () > (F)vF T T ua(t)  (3.10)

1 1 1
p—1

T 1
fort € [0,1] and ¢ = 1,...,m. In view of the fact (F)*u/ 'v, ' > (F)* p, *° ",
we have

wea(t) = (v 1y 7 w(t).
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1 _ 1
p—1

Then, by the definition of 7, we have (J)*v7 " u; < %. Hence,
5 > (ﬁ) TDE=® .
T
Thus, from (3.10]), we obtain that
Vi\G=tia=ay , 51, " 51 Hi\ o ha—ay
Up,i(t) 2 (;) ? Ty Uy (1) = (7) i i (t) (3.11)
(3 K3
and
Vi G=tia=ay 7T, 5T Vi\o=pa=a
Uy,i(t) 2 (;) IOy T () = (;) @y, 4(t) (3.12)
3 1

1—2a
for t € [0,1) and ¢ = 1,...,m. Since o € (0,1/2), we have (’;—) =D0=2) > 1 and
so from , wpi(t) > uy(t) for t € [0,1) and ¢ = 1,...,m. This proves property
(a) of part (iii).
Next, we prove property (b). Assume p = (p1,...,pm) >v = (V1,...,vm) > 0.

From ([3.11)), we have
. 1—2«
uy(t) < (ﬁ) D=y, ;(t) forte0,1]andi=1,...,m,
i
which in turn implies that

. 1—2a
o] < max { (75 T i = 1,
K2
Thus, |lu,| — 0 as v — 0. Similarly, (3.11) also implies that
. 1—2a
Jotll = min { (25 7077 i = 1, m ).
(2

Hence, |lu,|| — co as p — oo.
Finally, we prove property (¢). When g = (p1,..., ) > v = (V1,...,Vm) > 0,
from (3.12)), we have
. 1
() < (BT 00y, (1) fort € [0,1] and i =1,...,m. (3.13)
Vi
Then,
. 1
luy — up || < max { ((&) r=Dl-a) _ 1), i=1,... 7m}||ul,||.
Vi

As a result, [Ju, —u, || — 0as p— vt.

When 0 < g = (pt1, -y ftm) < v = (V1,...,Vp), from (3.13) with g and v
switched, we have

- 1
Uy () > (ﬁ) p=D0=q, ;(t) forte[0,1]]andi=1,...,m.
i
This, together with w,, ;(t) < u,;(t) on [0,1], implies that

. 1
o= ]| < mas { (1= (G T ) i =1 m )
(3

Then, |lu, —u,| — 0 as p — v~. Hence, property (c) holds. This completes the
proof of the theorem. O

Finally, we present a proof for Corollary
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Proof of Corollary[3-34 With fi(y1,---,ym) = ¢i(Y1s-- -, Ym) + hi(y1, -, Ym)s
where

m m
G- ym) = Y ainyy™ and Bi(y,. . ym) = Y cinyp
k=1 k=1

it is clear that problem (1.3)) is of the form of problem (|1.2) and (H1) holds. Let
¢ be defined in (A1). Then, (Al) and (A2) imply that (H2) and (H3) hold with
a = (. The conclusion now readily follows from Theorem [3.1 (]

Acknowledgments. The research by Joshua Barrow, Robert DeYeso III, and
Frank Petronella was conducted as part of a 2014 Research Experience for Un-
dergraduates at the University of Tennessee at Chattanooga that was supported by
NSF Grant DMS-1261308.

REFERENCES

[1] J. Benedikt, P. Drébek; Estimates of the principal eigenvalue of the p-biharmonic operator,

Nonlinear Anal. 75 (2012) 5374-5379.

[2] T. Chan, A. Marquina, P. Mulet; Higher-order total variation-based image restoration, STAM

J. Sci. Comput. 22 (2000), 503-516.

[3] Y. S. Choi, X. Xu; Nonlinear biharmonic equations with negative exponents, J. Differential

Equations, 246 (2009), 216-234.

[4] Y. Furusho, K. Taka$i; Positive entire solutions to nonlinear biharmonic equations in the

plane, J. Comput. Appl. Math. 88 (1998), 161-173.

[5] M. Ghergu; A biharmonic equation with singular nonlinearity, Proc. Edinburgh Math. Soc.

55 (2012), 155-166.

[6] J. R. Graef, S. Heidarkhani, L. Kong; Multiple solutions for a class of (p1, ..., pn)-biharmonic

systems, Commun. Pure Appl. Anal. 12 (2013), 1393-1406.

[7] D. Guo, V. Lakshmikantham; Coupled fixed points of nonlinear operators with applications,

Nonlinear Anal. 11 (1987), 623-632.

[8] Z. Guo, J. Wei; Entire solutions and global bifurcations for a biharmonic equation with

singular non-linearity in R3, Adv. Differential Equations 13 (2008), 753-780.

[9] Z. Guo, J. Yin, Y. Ke; Multiplicity of positive radially symmetric solutions for a quasilinear

biharmonic equation in the plane, Nonlinear Anal. 74 (2011), 1320-1330.

[10] L. Kong; On a fourth order elliptic problem with a p(z)-biharmonic operator, Appl. Math.

(11]
(12]
(13]
(14]
(15]
[16]

(17]

Lett. 27 (2014), 21-25.

L. Kong; Eigenvalues for a fourth order elliptic problem, Proc. Amer. Math. Soc. 143 (2015),
249-258.

Z. Liang, L. Zhang, S. Li; Fixed point theorems for a class of mixed monotone operators, Z.
Anal. Anwend. 22 (2003), 529-542.

J. Wu; On the existence of radial positive entire solutions for polyharmonic systems, J. Math.
Anal. Appl. 326 (2007), 443-455.

Y. Wu; New fixed point theorems and applications of mixed monotone operator, J. Math.
Anal. Appl. 341 (2008), 883-893.

B. Xu and Q. Zhang; Existence of a positive almost period solution for a nonlinear delay
integral equation, Nonlinear Anal. 74 (2011), 5600-5605.

Y. L. You, M. Kaveh; Fourth-order partial differential equations for noise removal, IEEE
Trans. Image Process. 9 (2000), 1723-1730.

7. Zhao; Existence and uniqueness of fixed points for some mixed monotone operators, Non-
linear Anal. 73 (2010), 1481-1490.

JOSHUA BARROW

DEPARTMENT OF MATHEMATICS, SOUTHERN ADVENTIST UNIVERSITY, COLLEGEDALE, TN 37315,
USA

E-mail address: joshuabarrow@southern.edu



EJDE-2015/30 POSITIVE RADIALLY SYMMETRIC SOLUTION 11

ROBERT DEYEsoO III
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TENNESSEE AT MARTIN, MARTIN, TN 38238,
USA

E-mail address: robldeye@ut.utm.edu

LincJu KonG
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TENNESSEE AT CHATTANOOGA, CHATTANOOGA,
TN 37403, USA

E-mail address: Lingju-Kong@utc.edu

FRANK PETRONELLA
DEPARTMENT OF MATHEMATICS, BAYLOR UNIVERSITY, WAcO, TX 76798, USA
E-mail address: Frank Petronella@baylor.edu



	1. Introduction
	2. Preliminary lemmas
	3. Main results
	Acknowledgments

	References

