Electronic Journal of Differential Equations, Vol. 2015 (2015), No. 302, pp. 1-11.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

ASYMPTOTIC BEHAVIOR FOR SECOND-ORDER
DIFFERENTIAL EQUATIONS WITH NONLINEAR SLOWLY
TIME-DECAYING DAMPING AND INTEGRABLE SOURCE

MOUNIR BALTI

ABSTRACT. In this article we establish convergence to the equilibrium of all
global and bounded solutions of a gradient-like system of second-order with
slow dissipation. Also we estimate the rate of convergence.

1. INTRODUCTION AND MAIN RESULTS

In this article we study the asymptotic behaviour of global and bounded solutions
of the following gradient like system

E(t) + a(t)[|2(2)]|*2(t) + VO(x(t)) = g(t)
z(0) =29 € RN, #(0) =2, € RY

where N € N*, o > 0, ® € W2®(RN R), g € L'(Ry,RY), a € L®°(R,), a > 0.

loc

We denote by S the set of critical points of ®:
S ={zxcRY :Vd(z) =0}

Recently, Haraux and Jendoubi [I3] studied the asymptotic behavior of global so-
lutions to the nonlinear differential equation

Z(t) +a(t)z(t) + VO(x(t)) = 0. (1.2)
They prove among other things that if a(t) > ﬁ with 8 > 0 small enough and

(1.1)

S = arg min ® then the solution converge as t goes to infinity to .S. Moreover, they
proved that if the potential ® satisfies an adapted uniform Lojasiewicz gradient
inequality then the solution converge to some point b € S. The purpose of this
paper is to generalize the results obtained by the authors of [I3] to the equation
().

Before stating the results of this paper, recall that equation with a(t) =1
has been studied by several authors. When @ is analytic, Haraux and Jendoubi [I1]
(see also [2, [7, [8, [12]) proved convergence to equilibrium of all global and bounded
solutions. Now when the potential ® is assumed to be convex and still in the case
where a(t) = 1, Attouch et al [I] proved a similar convergence result.

2010 Mathematics Subject Classification. 34A12, 34A34, 34A40, 34D05.
Key words and phrases. Dissipative dynamical system; asymptotic behavior;
nonautonomous asymptotically small dissipation; gradient system.

(©2015 Texas State University.

Submitted November 24, 2015. Published December 11, 2015.

1



2 M. BALTI EJDE-2015/302

Equation (1.2 in the case where a(t) tends to 0 was initiated by Cabot et al [4]
in the case where the potential ® is convex (see also [3] [14]).
The main results of this paper read as follows.

Theorem 1.1. Let @ € Wli’COO(RN,R), a € L*(R4) be a positive function, and
x € Wf)cl NL>®(Ry,RY) be a solution of (L.1)). Assume that

(H1) S = argmin ®.

(H2) There exists 6 > 0, d > 0 such that ||g(t)] < W.

(H3) There exists 5 €]0,1[, ¢ > 0 for allt >0, a(t) > EDLE
Then

lim ||&(¢)|| + dist(z(t), S) = 0. (1.3)
t—+o0

Theorem 1.2. Let ® € Wli’coo(RN,R), a € L*(Ry) be a positive function. Let
T € V[/lic1 N W (R, RY) a solution of (L.1). Assume (H1), (H2) and that
(H4) There exists 6 €]0,3] for all b € S3oy, > 0, IC, > 0 for all x € B(b, o),
IVO(@)]| > Cylo () — B(B)]'.
(H5) There exists ¢ > 0, 38 > 0: a + 3 €]0,inf(745;0)[ and a(t) > c¢/(1 +t)?
for allt > 0.
Then there exists b* € S, T > 0 and M > 0 such that for everyt > T
l(8) = 0% < Mt~
where
00— (a+p)(1 —9)] [(5— (a—l—ﬁ)])
1-0)(a+2)—1"" (a+1) '
Remark 1.3. (1) If ¢ = 0 and a = 0, we recover a result previously obtained

by Haraux and Jendoubi, see [13], Theorem 2.3]. (2) If 3 = 0, we recover a result
obtained by Ben Hassen and Chergui, see [3l, Theorem 1.6].

)\:inf([

Remark 1.4. Assumption (H4) is satisfied if one of the following two conditions
is satisfied

e F'is a polynomial [9], or

e F'is analytic and S is compact [6].

Remark 1.5. Let us observe that the condition a + 8 < ¢ in (H5) is necessary.
Here is an example of a nonconvergent solution of the following scalar equation

()
=g(t). 1.4
T =t (1.4
Let x(t) = cos(In(1 + ¢)) be a solution of (1.4). Then we can easily see that g
satisfies assumption (H2) with § = o 4+ [ and that x is a non convergent solution

of (1.4) with ® = 0. Note also that in this case assumption (H4) holds true with
0 =1/2.

B(t) + [2(0)]

Remark 1.6. The hypothesis that a + § < % in (H5) is in some sense optimal.
Haraux [I0] gives an example of a function f such that the w—limit set of a global
and bounded solution of the following equation

B(t) + |2@)|2(t) + f(x) =0

is equal to an interval and then this solution does not converge. The nonlinearity
can be chosen such that its primitive satisfies assumption (H4) with 6 = 1/2.
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Remark 1.7. Theorems|[L.1]and[L.2]remain true if the dissipation term a(t)||@(t)||*&(t)
in the equation is replaced by a(t)y(i(t)) where v : RN — R¥ is a continuous
function satisfying

(), 0) 2 prlv]*2, @) < p2llo]*T Vo € RY,
with 0 < p1 < p2 < 0o and « is as in Theorems [I.1] and

2. PROOF OF THEOREM [L.1]

We define the two functions

1
E(t) = §||a':(1t)\|2 + ®(z(t)) — min ®,
+0oo M
K(t) = B(?) +/ e 98 (2.1)
t (1+5s) atl
where
C\—-—1_ a+t2
M= (=) “tide+t
(&) as,
¢ is as in (H6) and d is as in (H2). Note that by hypotheses (H4)—(H6), we have
w > 1 and K is well defined. Now by differentiating £ we obtain

E'(t) = —al(t)|** + (g(t); &(1)).
By the Cauchy-Schwarz inequality we obtain

B0 < B+ (ggs) ™ O (ggs) ™ sl

Thanks to Young’s inequality we obtain

1

c T a+t a+2
|2+ (m) lg()|| =+

M

—B+(A+48)(at+2) *
at1

E'(t)

sremn 0]

c 3 24«
< —— @t
< —gg I+

Now by differentiating K we obtain

K'(t) < —m||j3(t)”2+a~

So K is a decreasing and positive function. Hence
i€ LR, ,RY) (2.2)
and there exists [ € R such that
lim K(t)= lim E(t) =1

t——+oo t——+oo

We define the function

Using (2.2) and (H2) which implies that g € L', we see that limy_., E(t) =
lim; 1o E(t) and &' (t) = —a(t)||#(t)]|>T. Then we obtain

/OOO a(t)|| ()2 dt < oo. (2.3)
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Let r > 0 and assume that there exists € > 0 and ¢y > 0 such that for all ¢ > #g

t+r
/ ||$(s)||2+o‘ds > e,
t
Then

/HT‘L(S)IIx( J[Preds > 0 Vit >ty
t (14+t+7r)8

It follows that

+oo ) t0+(n+1)r )
[ ala)eds > Z -/ o)) ds
to t

otnr

+oo

ec
> = 0
7;(1—1—%4—(71-1—1)7‘)/3

which contradicts ([2.3). Then for every n € N*, there exists ¢,, > n such that

tn+’l‘ 1
[ tatwpeede<
t

n

Hence there exists a real sequence (), such that lim,,_, . t, = co and

tn+1

lim |2(t)[|*+*dt = 0. (2.4)

n—-+oo t
n

By (2.2), x and & are bounded, and then by the equation (|1.1)), & is bounded. Hence
& is Lipschitz continuous. Thanks to the Cauchy-Schwarz inequality we obtain for
all t € [ty tn + 7]

tn+t
12t + O = )] = (2 + a)l/t [E(s)|* < @(s), &(s) > ds]

tnt+t
<2+ a)(/ & ()11 (s) | ds)

tn

2 e 241
<@+ adl el [ ()5 as)

tn

tn+r
< (2+a)||93||€."o/2||5é\|oo\/77(/ i (s)[[**2ds) /2.

tn

Then from ([2.4) we obtain

lim sup [|&(t, + )| =0. (2.5)

=0 se(0,r]

Since z is a bounded function and V@ is a Lipschitz continuous function on every
bounded domain, then there exists A > 0 such that for all (¢, s) € R?

[VO(z(t)) = Ve(x(s))]| < Allz(t) = 2(s)]]-
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Then
tn+1r

tn+r
HrV@(m(tn))—/ V(x(s)) ds|| g/ IV®(2(tn)) — VO(x(s))||ds

n tn

tn+1r
<2 / l2(t) — a(s)|ds -

tn+1 s
< / / () | du ds
tn tn

<\ sup ||@(t, + 5)].
s€(0,r]

Since

tn+7 tn+7 tn+Tr tn+r
/t Vb (2(s))ds = — /t F(t)dt — / a(t) ()| () dt + /t g()dt,

n n tn n

then
tn+r

lim Vo(z(s))ds = 0. (2.7)

n—-—+oo

tn
Combining (2.5)), (2.6) and (2.7 yields
lim [|[V®(z(t,))|| = 0. (2.8)

n—-+oo
Hence
l= lim E(t)= lim E(t,) = lim ®(x(t,)) — min®.
Jdim B = lm B(t,) = lim @(z(ta)) - min

Since (z(tn))n is a bounded sequence, we can extract a subsequence, still denoted
by (z(t,))n such that lim,, o z(t,) = a. From (2.8)) we obtain
lirf Vo (z(ty)) =0 = VP(a).
Then a € S. By (H1), S = argmin ®, and then it follows that lim; o, E(t) = 0, so
limy o0 ||(¢)]| = 0 and lim;_,oc ®(x(t)) = min ®. Assume that
lim dist(x(t),S) # 0.
t—oo
Then there exists ¢ > 0 and ¢,, — oo such that
d(z(tn),S) = e. (2.9)
Therefore, we can extract a subsequence still denoted by (¢,,) such that

nEI-sI-loo z(t,) = a.

Then lim,, oo P(x(t,)) = P(a) = min @ that is a € S, which contradicts (2.9).

3. PROOF OF THEOREM

To prove Theorem [1.2] we need some lemmas. We begin with the following
lemma proved by Alvarez et al [2], here we give a slightly different proof.

Lemma 3.1. Under hypothesis (H4), let T be a compact subset of RN such that
dJK eR:Vael ®(a) =K.
Then there exist o,C > 0 and 6 € (0,1/2) such that
[d(u,T) < o = [VO(u)]| > Clo(u) — K|'). (3.1)
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Proof. Using (H4), there exists 8 €]0,1/2] such that for all a € T there exists
Cy >0, 0, > 0 such that

IV®(u)|| > Cul®(u) — B(a)|'0 Vu € Bla, o). (3.2)

Since T is compact, then there exists (aq,...,a,) € I'™ such that
Oa;

7).

We choose o = info,,/2 and C = infC,,. Let u € RY such that d(u,T) < o.
Then there exists a € T such that d(u,a) < o and ¢ € {1,2,...,n} such that
a € B(a;, %3t). Hence we obtain d(u,a;) < o4,. From (3.2) we obtain

IVe(u)]| > Cal®(u) — 2(a)]'~" > Cl@(u) — K|*.

I'c (U?:lB(ai,

(]

Lemma 3.2. Let f and g : Ry — Ry be two continuously differentiable functions,
h: Ri — R be continuously differentiable function, and T > 0 be such that for all
t>T,

f1(®) + h(t, £(1))

< g'(t) +h(t,g(t)),
f(T) <

g
9(T).
Then for allt > T, f(t) < g(t).
Proof. Let k: Ry — R be a function such that
K(t) = {h(t""é‘éii‘?ﬁi;f“” it 9(t) # £(0)
O2h(t, f(1)) if g(t) = f(t)
and ¢ : Ry — Ryt — e*® (g — £)(t). Then for all t > T,
o'(t) = [lg = ) (O) + K () (g = N)(B)] > 0.

So ¢ is an increasing function in [T, +oo[. Finally we see that for all ¢ € [T, +oo]

we obtain f(t) < g(t). O
Lemma 3.3. Let H € VV1<13c1 (Ry,Ry). Assume that there exist constants ki > 0,
ke >0,T>0, u>1>p and vy > B > 0 such that for almost every t > T we have
ky ko
H'(t —— (H))* < ————.
O+ e OV = e
Then there exists M > 0 such that for allt > T,
M
H(t) <
(I41t)e
where
. (7 -8 1-5 )
c=inf (| ——, ——).
pooop—1

Proof. Let M > 0 such that ki M* —cM > ke and M > H(T)(1+ T)¢. We define
the function ¢ : R, — R by
M

°0 =T
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Hence for all t > T, we have

k1 ki M* eM1—#+

¢'(t) + (141t)8 (6(t)" = (1+ t)6+cu( - ki(1+ t)17ﬁ+c(1—u))
ki M* 1 cM—H
~ _|_t)ﬂ+cu( R )
ko
A+t
/ k1
> H'(t) + W(H(t))”-
Since ¢(T) > H(T), thanks to Lemma for all t > T', we obtain
M
HH) <0(0) = g
|
Proof of Theorem[I.3 Let ¢ > 0. We define the function
_ elVe((t)” , e [ IVe(x(s)lI*llg(s)l?
(3.3)

By differentiating H we obtain
H'(t) = —a(t)[|2(8)]|“F ~ ﬂjf)ﬁﬂIIV‘I’(JC(t))Ia<V‘1>(x(t))733(t)>

g VROV 0)i(0), (1)
3

+ W@IIV‘I’(I(t))Ha’2<V2‘1>(17(t))93(t), Vo (x(t))(VO(x(t)), &(t))

ea(t)

(1“)5“ B[V (E) (VR ((1)), (1) — =g [ VO(2)[*F*

(1+t)
+ g IV (TG, o) - 5 R O,

By the Cauchy-Schwarz inequality and by setting M; = [|[V2®(2)||c and My =
la]|co We obtain

ef
(1+ t)ﬁ (1 +¢)B+1

eMi(a+1), . o eMs o o
W\lx(t)l\ Ve (z(®)]* + a +t)ff” E(@)[|* IV (2(8)) |

+ VeI ITeE@lo] - 5 R Ok

(141¢)8
By Young’s inequality, there exist C7,Cy > 0 such that

H'(1) < e[+ = 51RO
24

W(Hﬂb(t)ll‘“r2 + (Ve (x (1))

H'(t) < —a(®)]|a(t)]|*+* - IV ()| + & @) IV ((t))]**

+
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€ 1
——(C1|| ()| *T2 4+ =|| VB (z(2))]|* T2
+ (1+t)5( LE @1 + SIVe(z(@)*)
€ 1
Ol (¢ (a+2)(a+1) (v t a+2 )
M +t)5( 2|2 ()| + 5 IVeE®)*™)
By using (|1.3)), there exists T' > 0 such that

|lz(t)|| <1 Vt>T. (3.4)
Then we obtain that for all t > T' (with T large enough so that (1/((1+7)% < 1/8),

1) < (FHEL D 0P - g Ve

By choosing ¢ small enough, we obtain that for all ¢ > T,

(@O + Ve (®) ). (3.5)

/ e
H(t) < S 8(1+1)8

So H is nonincreasing on [T, 00) and lim;_,o, H(t) = 0. From (3.3) together with
the Cauchy-Schwarz inequality we obtain for all ¢ > T,

[H(t)](179)(a+2)

ellve(z@)|+rt, e [ V@) lg(s)]I? | j0-0a+2)
e+ 5 [ PRI ]

< [E(t) +

By using the inequality (Zle ai))\ < 5 Z?Zl a for a; nonnegative for all i and
0 < A <2, we obtain that for all t > T,

[H(t)](lfe)(a+2) < (4 [%Hi(t)llz] (1-6)(a+2) + C3[®(2(t)) — min ¢](170)(a+2)

r 1o ) (1—-0)(a+2)
vl [ o)) ds
Iy (3.6)
e VD) o) '
Cy| —————||%(t
] e Ol
re [T IVeEe)*lg(s)® , 1= at2)
Cs|= d .
T3 /t FESE J
where Cy = 5(1=0(2+2) | By using (3.4)) and since 2(1 — 0)(a + 2) > a + 2 we have
[l 2P+ < e+ (3.7)
Now by using (H4) and Lemma we obtain that for all ¢ > T,
[@(2(t)) — min @]+ < ||V (a(t))]| 2. (3.8)
Young’s inequality yields
o0 , (1-0)(a+2)
R
t
oo a2 5\ (a+2)(1-6)
<K@ [ laNFH o as) (39)
t

£ fis) o2
[E()I™ 0 S a-6)at2)
e |
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where p is a small positive constant which will be fixed in the sequel. Using (H2)
we obtain

+oo o (a+2)(1-0)
(/ lo()|F5 (1 + ) ds) <O+ (310)
t
where
1+ad+20-p3
B 1+a
Once again, by applying Young’s inequality and using the fact that (1—6)(a+2) > 1,
we obtain that for all ¢ > T,
e[[Ve(z(t))|*Ft .
(1+1)8
[V (x(t)|*** + ||50(t)||0‘+2](1—9)<a+2) (3.11)
(141)8
< Cs([[V((0))[|*F + [l&(t)][**2).
Now, since x is bounded and by (H2), we obtain
o d « 2 (1-6)(a+2)
Cs [E/ [V(z(s))|*lg(s)ll ds} )
2 )i (1+s)°
where 7 = (1426 + 8)(1 — 0)(a + 2).
By combining (3.6)), (3.7), (3-8), (3.9), (3.10), (3.11) and (3.12) we obtain
1 (B]0-00+)

< Cr([la@)]1*F2 + IV (2 (1))

(a+2)(1—-0).

03[ }(1*9)(04+2)

< Cs|

Co(1+1)™, (3.12)

o0 |li(s)[@F2 N\ (1—6)(a+2)
+CS(1+t)_X+Cg(1+t)_n+p(/ Mds)
t

(141)8 (3.13)

< Cr([|#@)]|*T + VO (x(2))]|*1?)
+o0 (s)l@ o
+Clo(1+t)*><+p</t H(1(+)||t);2 >< 6)(a+2)

where we use the fact that n > x in the last inequality. On the other hand, by
integrating (3.5]) over (¢, 00), we obtain

oo ||i’(S)Ha+2 (1-6)(a+2) 8 (1-0)(a+2)
LRI < (= .
() o) < (2ro)

Now by choosing p in (3.9) such that p(8/e)1 =9 (@+2) < 1/2 estimate (3.13)) be-
comes

[H ()]0 < O ([a(0)°F2 + ([Ve(2(®)|*T?) + Cra(1+ )X (3.14)
Now, by combining (3.5) with the above inequality, we obtain that for all ¢t > T

—H'(0) 2 g O + IV E0)*)

[H (t)]-0(e+2)
(141¢)8
We finally obtain the differential inequality
Ci3
(1+1t)#

i

> Ch3 — Cra(1+)7x77.

[H(t)](2+a)(170) < Cra

H'(t) + < W
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By using Lemma[3.3] there exists M > 0 such that for all ¢t > T,

M

HO < G50

where

. X 1-p
”_lnf((2+a)(1_a)’(2+a)(1—9)—1>

N 1+6-8 1-8
_lnf(5+ 1+a ’(2+a)(1—9)—1>'

Once again from (3.5)),

ST I < -1,

Then for all ¢t > T,

/t ﬁﬂi‘@)lluads < H(t) <

1+ 5) 1+t

Holder’s inequality yields

2t 2t H%

[ taolds < e ([ i) 1reas)

t t

1 (8(1420)° [ ¢ . e
t2+a “d
#(E [ s leelEes)

IN

= té%(w tQt)B 1 +Mt)v)2+a = %
where
N v o atl+ Ié]
24+« 24+«
=t ([?1_(3)&@(;)_91) [0 za( Oﬂ)ﬁ)]) =0
Then
2n Ty

—+oo
/ (s |ds<Z/ () ds
t

+o0
C1s
S Z 2n/\t)\
n=0
C1s
= P12

and the result follows since

() — a(r)]| < / (s ds < / " () ds.
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