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NONLINEAR ELLIPTIC EQUATIONS WITH GENERAL
GROWTH IN THE GRADIENT RELATED TO GAUSS
MEASURE

YUJUAN TIAN, CHAO MA, FENGQUAN LI

ABSTRACT. In this article, we establish a comparison result through sym-
metrization for solutions to some problems with general growth in the gradient.
This allows to get sharp estimates for the solutions, obtained by comparing
them with solutions of simpler problems whose data depend only on the first
variable. Furthermore, we use such result to prove the existence of bounded
solutions. All the above results are based on the study of a class of nonlinear
integral operator of Volterra type.

1. INTRODUCTION

Let Q be an open subset of R”. We consider the Dirichlet problem whose pro-
totype is
—div(p(z)|VuP~2Vu) = H(z,u, Vu) in Q,
u=0 on 09,
where |H(x,s,£)] < o) (f(z)+0|£]9) withp—1<¢g<p, 1<p<26>0and
p(z) = (2m) ™/ 2exp (— @) is the density of Gauss measure. Problem is
related to the generator of Ornstein-Uhlenbeck semigroup.

As € is bounded, the operator in is uniformly elliptic. In this case, it is well
known that one can use Schwarz symmetrization to estimate the solutions of elliptic
equations in terms of the solutions of radially symmetric problems. This kind of
issue has been faced in [8, 24 19, 2] for linear equations. As regards nonlinear
equations, for the case of p — 1 growth in the gradient, comparison results are
obtained in [3, [18]. Optimal summability of solutions are discussed in [I]. For
the case of p growth in the gradient, using Schwarz symmetrization, the existence
of bounded solutions are obtained in [9] [I5] 16 [18]. For the case of g(p — 1 <
q < p) growth in the gradient, similar results can be found in [I4, 26]. Recently,
symmetrization techniques have also been applied to equations involving fractional
Laplacian operators (see [28], 29] [T3]).

In our case, since {2 maybe unbounded, the degeneracy of the operator does not
allow to use the classical approach via Schwarz symmetrization. This leads us to
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consider Gauss symmetrization based on the structure of the problem. By Gauss
symmetrization, comparison results for linear equations have been obtained, with
a simpler problem which is defined in a half space and has data depending only
on the first variable (see [6 10, 12]). Nonlinear equations with p — 1 growth in
the gradient have also been discussed in [II]. However, the case with other growth
in the gradient has not been studied until now. In this paper, we deal with such
problem (with ¢(p — 1 < g < p) growth in the gradient).

Our aim is to prove a sharp comparison result which allows us to estimate the
solutions of in terms of the symmetric solutions of the following “symmetrized”
problem

— D1 (| Dyv[P">Dyv) = ¢ f* + 0| Dyv|?  in O,

1.2
v=0 on 9N, (1.2)

where QF is a half space with the same Gauss measure as  and f* is Gauss
symmetrization of f. To this end, we first discuss the existence of symmetric
solutions to and give the regularity results of such solutions, which is a key
step for the comparison results. Moreover, by the comparison results, we are able
to prove the existence of bounded solutions to in weighted Sobolev space
I/VO1 P(p, ). Note that the assumption 1 < p < 2 is necessary to the existence of
bounded solutions. We will give an example in the Appendix to show that there
may be no solution to if p>2.

There are two main difficulties in studying . One is due to the fact that
the operator is in general not uniformly elliptic, for instance when 2 is an un-
bounded domain. Another is due to the presence of general growth in the gradient.
Therefore, the present approaches can not be applied to our case. To overcome
the above difficulties, based on the properties of the weighted rearrangement, we
convert the problems into the study of a class of Volterra integral operator. This
class of Volterra integral operator was introduced in [20, I7]. By discussing the
existence of fixed point to the Volterra integral operator, we obtained the existence
and non-existence of symmetric solution to the “symmetrized” problem (L.2)). The
sharp comparison results are obtained by proving a new type of comparison prin-
ciple for the Volterra integral operator. The methods developed in this article can
also be used to study the corresponding variational inequalities.

This article is organized as follows: In Section 2 we give some preliminary results.
In Section 3, the main results of this paper are stated. In Section 4, three results
for a class of Volterra integral operator are proved. In Section 5, we finish the proof
of the main results.

2. NOTATION AND PRELIMINARY RESULTS

In this section, we recall some definitions and results which will be useful in what
follows.

Let 7, be the n-dimensional normalized Gauss measure on R™ defined as

|z
2
We denote by ®(7) the measure of the half space {z € R" : 1 > 7}, i.e.

dyn = p(a)de = (2m) " exp (~ 2-)de, @€ R™.

1 “+o00 t2
(1) =y, ({z € R" 1 24 >T}):E/ exp(fi)dt,TGR.
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Observe that (see [27])

dH(t)?

exp ( - ) <at(l —logt)?, te (0,7(Q)), (2.1)

exp (- @) > Bt(1 — log )2, £ € (0,9(2), (2.2)

where o and (3 are positive constants depending on 7, (2). Now we give the notion
of rearrangement.

Definition 2.1. If u is a measurable function in Q and pu(t) = v, ({z € Q : |u| > t})
is the distribution function of u, then we define the decreasing rearrangement of u
with respect to Gauss measure as

w*(s) =inf{t > 0: u(t) <s}, s€0,7.(Q)].

If O = {z = (z1, 29, -+ ,7,) € R® : 21 > A} is the half-space such that 7, (Q) =
’Yn(Qﬁ)a then

uf(z) = u*(®(z1)), z€QF
denote the increasing Gauss symmetrization of u (or Gauss symmetrization of ).
Similarly, the decreasing Gauss symmetrization of u is
uy(r) = uy(P(z1)), € QF,
with
ui(s) = u (W () = 5), s € (0,7(Q)).

The properties of rearrangement with respect to Gauss measure or a positive mea-
sure have been widely considered, see [7], B, 2] 22, 23] for instance. Here we just
recall that

(a) (Hardy-Little inequality)

’Yn(Q)
| wr @i [ w@i@an, < [ @i,
'Yn(Q)
ut(2)v! (z)dy, = u*(s)v*(s)ds,
g/mumdv / (5)0* (5)d

where u and v are measurable functions.
(b) (Polya-Szégo principle) Let u € Wy**(p,Q) with 1 < p < +0c0. Then

VU || Lo (.00 < VUl Lo (g0
and equality holds if and only if Q = Qf and |u| = u* modulo a rotation.

Finally, we recall that the weighted Sobolev space VVO1 P(p, Q) is the closure of
C§°(9) under the norm

1/p
sy = ([ [Fut@Peds+ [ u@lrods) "
Q Q
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3. STATEMENT OF MAIN RESULTS

In this article, we consider the problem
—div(a(z,u, Vu)) = H(z,u,Vu) in Q,
we WP (p,9) N 12(9),
where 2 is an open subset of R"(n > 2) with Gauss measure less than one, a :
OXRXxR®" - R”and H : Q) xR x R® — R are Carathéodory functions such that
for all (s,&) € R x R™ and for almost every z € ,
(A1) a(z,s,8)§ = p(x)[§|P, with 1 <p < 2;
(A2) |a(z,s,8)| < cp@) (k(z)+ [s|P~! +|¢[P71), with ¢; > 0,k(z) > 0 and
k€ LP (o, );
(A3) |H(z,s,8)| < px) (f(x)+0|£]7), with 8 >0, p—1 < ¢ <p, f(z) >0 and
feL=).

Definition 3.1. We say that u € W, ? (¢, Q) N L>(Q) is a solution of (L.1)), if

(3.1)

/a(x,u,Vu)Vz/;dx:/H(x,u,Vu)z/de, V€ WyP(p, Q) NL=2(Q). (3.2)
Q Q

Remark 3.2. The assumption 1 < p < 2 is necessary. As p > 2, there may be no
solution to (3.1) (see an example in the Appendix).

First, let us turn our attention to the “symmetrized” problem (|1.2)), discussing
the existence and regularity of a unique symmetric solution, which is a key step for
the comparison results.

Theorem 3.3. Let v = zf%l’ ~ = ﬁ and My = 9(\/%5_1(1 —log"/n(Q))_l/Q)v,
If
Ilme) < = (M) ™. (33)

then there exists a unique solution to such that v(x) = vf(x). Moreover,
v € CHOQM\zy = +o0) N W (QF) with provides the estimates

[Vl oo 2y < C1(B, 7, 1 (Q)),

0]l £oe 2y < Ca(B57, 10 (82)),
where Cy,Cy are constants depending only on B,y and v, (£2).

In the case f(z) = fo, we have the following nonexistence result for .

Theorem 3.4. Let
fo = A(va (), (3.4)

where
«o s

77, Y T /S _a
A(s) = , Fi(s)= 1—1In7)" 2dr,
6 =055 7)) 9= [ a-mn)
for s € [0,7,(Q)]. Then has no symmetric solution.

Remark 3.5. By computations, it follows that A(~v,(2)) > %(yMo)ﬁ. Thus, the

above theorem proposes an example to show that (1.2)) has no symmetric solution
without the assumption (3.3)).

Now, the comparison results can be stated by the following theorem.
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Theorem 3.6. Assume that (A1)—(A3) hold. Let u be a solution to (3.1)) and v be
a solution to (1.2) such that v(z) = v¥(x). Then

uf(z) <wo(z), =eQF (3.5)

[ nvuryede< [ a(vor)pds, (3.6
where 1 is a concave and nondecreasing function on [0, +00). Moreover, if f(x) # 0,
the equality in holds if and only if
Q=0
u(z) = ouf(x), ae. xeQF
ar (z,u, Vu) = 6| DyufP72Dyuf,  ace. x € QF,

ZDiai(x,u, Vu) =0 in D'(QF),
i=2
H(z,u, Vu) = 0p(f(x) + 0| D1u?|?), a.e. z e QF
modulo a rotation with § = +1.
Remark 3.7. Equality (3.7)) implies that the comparison result (3.5)) is sharp in the

sense that as the equality holds, problem (3.1)) is equivalent to its “symmetrized”
problem (1.2)) modulo a rotation.

The estimates we have found can be applied to prove the existence result by
using the well known approximation techniques [4].

Theorem 3.8. Let (A1)—(A3) and (3.3)) hold. Assume that
[a(xvsafl)_a(x78a§2)]'(gl_52) >0, fO’I"fl 7é§2
Then there exists at least one solution to (3.1]).

4. RESULTS FOR VOLTERRA INTEGRAL OPERATORS

This section is devoted to study a class of Volterra integral operator. We prove
three results, i.e. the comparison principle, the existence of fixed point and the
nonexistence of fixed point for the Volterra integral operator, which will be useful
in proving the main results of this paper.

Assume h(s,€&) : [0,T] x R — R is a Carathéodory function. Consider the
following Volterra integral operator (see [20, [I7])

K D(K) € C(0,T]) — C(0,T]), Ku(t) :/O h(r,w(r))dr, Vi € D(K).

Definition 4.1. We say that the operator K has property (m) if for all 11,9 €
D(K) and a € [0,T), there exist constants b € (a,T] and m(a,b,¢1,¢2) € [0,1)
such that for any ¢ € (a, b],

I3 1)) = e oD r gy < tmlab b, n) |22

Lemma 4.2. Let the operator K satisfy property (m) and h(t,-) be nondecreasing
for a.e. t €10,T]. If u,v € D(K) are such that u < Ku, v > Kv, then we have
u <. (4.2)

In particular, the equation w = Kw possesses at most one solution in D(K).

(4.1)
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Proof. We argue by contradiction. If does not hold, then there must exist
a € [0,T) and by € (a,T] such that u(t) < v(t) for t € [0,a] and u(t) > v(t)
for t € (a,b1]. Set by = min{by,b} with b is the constant of property (m). Then
u(t) > v(t) in (a,bs]. Since u < Ku, v > Kv and h(t,-) is nondecreasing for a.e.
t € [0,T], it follows that for Vt € (a, ba],

fu(t) — v(t)] = u(t) — v(t) < / (h(r,u(r)) — h(r,0(r))) dr

a

S~ 5

(h(r,u(T)) — h(r,v(7))) dT + / (h(7,u(7)) — h(7,v(1))) dT

BN

< (h(r,u(7)) — h(r,v(1))) dr
<1 ul)) = B 0()) |t (ot
(4.3)
Using property (m), we obtain
Ju(t) — o(t)] < tm(a,b,u,0) ||| g0, VEE (a,bal. (4.4)

Taking the maximum over ¢ € (a, bs] and noting m(a, b, u,v) € [0,1), we have

1=
which is a contradiction. Thus

u < v,Yu,v € D(K),
and the uniqueness claim easily follows. Then the lemma is proved. (I

Let

Kuy(s) = /05 )+ 9(\/%exp (%))nﬁ(ﬂdr, s € [0,7.(Q)].

u—v u—v u—v
S

HLOO(a,bz) < m(a,b,u,v)|| ||L°°(a,b2) < ||L°°(a,b2)7

S

We shall deal with two types of domains
Dy (K) ={¢ € C([0,()]) : M = 0,0 < (s) < Ms},
Dy (K) = {t € C([0, 3 ()]) : My > 0,0 < 6(s) < Mys},
and let R;(K) be the range of K on D;(K),i=1,2.

Lemma 4.3. Let M = (fyMo)ﬁ in D1(K). If (3.3) holds, then the equation
w = Kw has a unique solution in D1(K). Furthermore, the solution is also unique

Proof. First, we prove that Ry (K) C D1(K). For Vi) € D1(K) and s € [0,v,(Q)],
we have by that

ko) = [ 510+ o(VErexp (P 7)) v (rhar

s 1
< sllfllz (@ + (V2" / (=™

< (Hf”LOO(Q) +6 (\/ﬂﬁ_lM(l — log’yn(Q))—l/Q)’y) s
= (Ifll 2o () + MoM?) s.

O—1(7)?

)’Y(MT)’YCIZT (4.5)
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Under the assumption (3.3), noting that M = (WMO)ﬁ, we obtain
I fllzoe () + Mo M7 < M.
Thus,
0< Ko(s) < Ms, s € [0,7(2)]

This implies that Ry (K) C D;(K).

Next, we verify that the operator K is compact with respect to the uniform
topology of C([0,7,(€2)]). To prove this, let us first show the equicontinuity of
Ry (K) in C([0,7,(€2)]). Take any Kt € Ri(K). For any 0 < a < b < 7,(Q), it
follows

[ K9 (b) — Kep(a)|
< /ab )+ e(mexp (M))”W(T)Im

2
b
SN fllzoe () (b —a) + 9(\/%6_1)7/ (W)W(MT)’YCH'
< ([[fllzee () + MoM7)(b - a).

(4.6)

Then, R;(K) is equicontinuous in C([0,7,(92)]). Also, the family of functions from
R1(K) is uniformly bounded (see (4.5)), i.e.

0 < K¢ < ([|fllzee() + MoM?) 7, (). (4.7)

By Ascoli-Arzela theorem, Ry (K) is relatively compact in C([0, v, (£2)]), and hence
the operator K is compact.

Since the domain D; (K) is bounded, closed and convex, by Schauder’s fixed point
theorem there exists at least one solution w € D (K) to the equation w = Kw.

Now, we study the uniqueness of the solution w. By D;(K) C D2(K), it suffices
to show that the solution w is unique in Do (K).

Next we check that K satisfies property (m) in Dy(K). For all 11,19 € Dy(K),
0<a<b<(R) and a <t < b, we have

1)) = bl DL
< [ o(varen () i) - v lar

2
<012 [ (s ) e el 0)
W) — ()i
<00 (vor) st M [ () 7 09

X [1(7) — o (7)|dr
o (\/ﬂB*ﬂ B log%(mruz)”ﬁwl(t - a)le ;1/}2 Lo (a.t)
Y1 — b2

T

P1 — 1o

T

—~ a
<tyMoM (1 - g) | | 2o (a.,t)

— tm(a,b, b1, o)

| o< (a,t)»
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where a
m(a, b, 1, ¥2) = YMoM (1 — g)

with M = max{M,, , My, }.

From limy_, .+ m(a,b,11,12) = 0, it follows that there exists by > a such that
0 < m(a,bg,t1,12) < 1. Thus implies that K satisfies property (m) in Do (K).
Since h(t,1)) is nondecreasing for ¢ € [0,7,(Q2)], we have by Lemma that the
solution of w = Kw is unique in Dy(K). Thus the proof is complete. O

For f(z) = fo, we have the following nonexistence result.
Lemma 4.4. Let (3.4) hold. Then the equation z = Kz has no solution in D1 (K).

Proof. We argue by contradiction. Assume that there exists a solution z € D1 (K)
of z = Kz. Let zy(s) = fos and

2m(8) = 9/05 (\/ﬂexp (M)Y/z?ﬂ_l(r)dﬂ s € [0,7,(Q)]. (4.9)

First, we claim that

A(s) = {9(777_ 0 (\;;%T) Fls(s)] o Fi(s) = /08(1 —In7) 3 dr.
To prove ([4.10), set

Frii(s) = /0 (1—1In7)"? FY(r)dr.

Thus,

m— V2 wm'v+—1 — m —
Zm(5) > 05T (J) T s F(s). (4.11)
(0%

Indeed, by (2.1) and (4.9), we have
s @—1(7.)2 ~
21(s) = 9/ 2mexp ( ———) ) zJ(r)dr
, (Verew (F575)) 5

2\ 5 (7 T,
(") fo/o (m) T
o(¥2%)

v

R (s),

which proves (4.11) for m = 1. Assume it holds for m — 1. Then (4.11) can be
established by induction on m. Next, treat the term F,(s) in (4.11)). Actually,

m v—1 yme 77:?11
Fu(s) =] (75 = 1) Fo (s),m>1. (4.12)
6=1

The case m = 1 is obvious. Suppose (4.12)) holds for some m. Then

Faia(s) = [ (=) 77 By ryar
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m "Y _ 1 ,Ym+l—5 S .Ym‘Fl,,Y
> 11 (5—) / (I—In7) 2B (r)dr
o 0
.
-I1(G—) [ B oane)
5o1 7 0
m—+1 m+1—8 m+1
'Y_]- v S '
=11 (5= B (o),
s=1 )
which proves (4.12)). Moreover,
m A’/ m 71 m m—34 _ m m—3§
H( =) ZH( ) = ERT R
5o N 51 (4.13)
m_q y(y™ 1)

Combining (4.11)), (4.12) and (4.13), we know that holds.

On the other hand, A(s) is a decreasing continuous function on (0,~,(92)] and
lim,_ o+ A(s) = +00. Then the range of A is [A(7,(Q2)), +00). Recalling that fy >
A(7,(2))), thus there must exist a constant s* € (0,7,(?)] such that fo = A(s*).
As s > s, A]EOS) >

Zm(8) > sA(s)y7T.

Note that lim,, .. y7-T = +0o. We conclude that > o o Zm(s) = +oo for s €
[s*, 7 (€2)]. On the other hand, by inducing on k, it is easy to prove that

k
2(s) > > zmls), VkEN. (4.14)

m=0
Indeed, since z(s) = Kz(s) > fos = 20(s), we obtain
s (I)fl 2 ~
() = fus +0 [ (Veress (TT0)) 0t 2 20(5) + 2109,
0
which proves the claim for £ = 1. Now assume (4.14) holds for some k € N. Then

612 06+ [ (Ve () (3 entr)

> zo(s) + 6 Z /OS (\/%exp (ﬁ))vzﬁn(r)cﬁ
m=0

k k+1
s)+ Z Zm1(8) = Z Zm(8).
m=0 m=0
Thus for k € N, holds. However, recalling that z € D;(K), we obtain
00
Ms > z(s) > Z Zm(8) = +o0, s € [s", ()],
m=0

which is a contradiction. Thus the lemma is proved. (I
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5. PROOFS OF THE MAIN RESULTS

First, let us enunciate the following lemma, the proof of which is not supplied
here since it follows the same lines as in [14] [I8].

Lemma 5.1. Let u be a solution of (L.1)) and v be a solution of (1.2) such that
v(z) = vt (x). Then

(— @) (e (- 5 2)) »
< OS f*(1)exp {9 /Ts (\/ﬁexp (W))pw (—u*/ ((f))q_pJrl do} dr
and
o1 1 D1(s)2\\P
— v (s) ——exp| —
o e 22)

Laldi T

= f*(r)exp {9 /rs (mexp ( 5

Proof of Theorem[3.3, Let

n (2) d1(r)2\\?
1&x):[/@Xxﬂ):1/ (v?wexp(4——£1L))p1UFj(ﬂdT¢EESﬂ, (5.3)
(1) 2
where w is the unique solution of w = Kw obtained in Lemma [£.3] Clearly,
v(x) = v¥(z), z € Q. By (5.3) and (2:2),
Vu(@)] = Dyv(e) = ——=V/(@(er)) exp (— )
V2 2
(E2 %1 1
= (\/27rexp (?1))? wr—1(P(x1))

< (VER)TT (B0(1) (1 log (@) M?) T (Mb(ay) 7

< (\/ﬂﬁ‘lM(l - log%(Q))_l/z) o

Moreover, since 1 < p < 2,

’)’n(Q) — p/ o
||U||L<><>(m)=V(0)=/0 (mexp( 5 )) w7 (7)dr

, () :
Va0 e [ (L VP
< (Ve2mp )" M /0 <7’(1—10g7’)1/2) TP 1dr

’ 1 Yn (§2) ’
= (\/ﬂﬁ’l)p Mﬁ/ (1—1logr) 27 Ydr
0

2

g (VAT M (1 - log (@)~

Then v € W, " (p, Q%) N L®(Q1).
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On the other hand, for all ¢» € W, (i, Q) N L=(Q4), by (5.3) and the fact that
w = Kw in D;(K), we have

/m @(Dlv)p_lDﬂ/) dx

1 3 \p-1 , p—1
:/ @(mexp( ?)) (=V'(®(21)))"  Dipdx
= [ w@@)Dids

-/m /<I>(w1) )+ 9(\/78Xp (%))7107(7)} drDy dx.

Integrating by part on the right-hand side of the third equality to obtain
/ @ (D)’ Dy da
Qt
3\
= / [fﬁ(x) + 9(\/27r exp (—1)) w”(‘b(ml))} Y dx
ot 2
1 TI\\ ¢
= ! dx—i—/G—V’(I)x ——e - dx
/mfw m( ((1))mxp( 2))W
= / frpo da —|—/ 0| D1v|%pp dx.
Qf Ot
Hence, v is a symmetric solution to (|1.2)). [l

Next, we show that v is the unique symmetric solutions to ([1.2]). Indeed, assume
that there exists another symmetric solution v;. Let

9= [ el [ (Ve ()

(5.4)
—vll( ))q pﬂda]dT

It follows from (5.2)) that

— ¥ (s) = (\/ﬂexp ((1)712(5)2))1)/1111’)%1(5), a.e. s € (0,7,(9)). (5.5)

Furthermore, a simple computation shows that

wi(s) = f*(s) + Q(Mexp (CD_;(S)2>)WU)’1Y, a.e. s € (0,7,(9)),

which gives w; = Kw;. By (5.4), (2.2) and Hélder inequality,
s - S 1 pP—q
* / —1\P—4q
s) < /0 fr(7)exp |:0( 2n3 ) (/T o(1 —logo)i/2 da)
s ’ q—p+1
X (7/ vy (a)dor) i|d7'

< [ s e foevzms i (| srmpeade) o

2(p—q)

(/T oldo) 7 ar,

q

< /O F(r) exp [01(/;01(1 - 1oga)*%da) N
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where Cy = 0(v2r371)" v 1||%wpglu Since

/ o' (1—logo)"2do < 2(1 —log 7, () "/,

by Young’s inequality with ¢, the above inequality becomes

< /OS f(r)exp [Cg(/s U_lda) 2(p;q)}dT
< /s f () exp <C1502 +eCs /S O'_ld0>d7'

= CQg/ 1( ECZdT

where -
Co = 0(VamB™")" lor[|1255 (21 — log 7 ()",

C1e and Cs, are positive constants depending on €. Take £ small enough such that
eCy < 1. Then

0 <wi(s) < Ozl fllLe(a)s
Thus, wy € Do(K) satisfying wy = Kw;. By Lemmald.3] we know w; = w. Noting

v1 (7(Q)) = 0, from (5.5 we have
() O1(r)2\\"
O O LalL)
o= (VIrea (Z57)) wre)

Hence v; = v and then the uniqueness is proved.

Remark 5.2. From the above proof, we find that v* and w can be expressed by
each other via the following equations:

v*(s) = /S%(Q) (\/ﬂexp (w))p/wplj(r)th (5.6)

and
s) = /OS fr(7) exp [9 [rs (\/%exp (%W))p_q( _ ’U*,(O'))qierldg} dr.
(5.7)

Proof of Theorem[3.4. Assume that there exists a symmetric solution v to (L.2).
From Remark we see that w defined by (5.7)) is a solution of the equation

z=Kz, z¢€ Di(K),
which contradict with Lemma [£.4] Thus the proof is complete. O

Proof of Theorem [3.6.
Step 1. First we verify (3.5)). Take

= /OS f(m)exp {9 /TS (\/ﬂexp (%))p_q( —ur (a))qipﬂda] dr.

Then p € Do(K) and p(s) < Kp(s) for s € [0,7,(2)]. Now remembering that K
has property (m) (see the proof of Lemma and w = Kw in Dy (K), by Lemma
[1.2] we obtain

p(s) Sw(s), s €[0,mm(Q)]
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Moreover, (5.1) and (5.2]) imply that

(=) (e (- F5)) <o) we s € 0o

and

(=) (o (- T5)) =l v 50,300

’

Thus, —u* (s) < —v*
0. We have

(s), a.e. s € (0,7,(2)). Note that u*(7,(2)) = v*(7.()) =

u*(s) < v*(5), 5 € 0,7 ()]
The proof of (3.6) can be done by repeating the proof of [I4, Theorem 4.1].

Step 2. The equality case of (3.5 will be studied. Sufficiency is obvious. Let us
prove the necessity. Assume that u*(s) = v*(s) for s € [0,7,(2)]. By Polya-Szégo

principle and (3.6]), we have

/ |VouPo dx:/ \Vuﬂ|p<pdm§/|Vu|p<p dmg/ |[VolPod.
o Q Q ot

/ \Vuﬁ|pcpda::/|Vu|p<pdx
Qf Q

and then Q = Qf and |u| = u* modulo a rotation, which implies u = duf and QF
modulo a rotation with § = +1. Now for A > 0, we take

Thus,

sign u(z) if lu(x)| >t + h,
d(x) = { WDltsienu(@) ¢y |y (z)] < ¢+ b,
0 otherwise

as the test function in and let h — 0. Since du = |u| = u* = v¥ = v, we have
by Hardy-Littlewood inequality that
d
Cdt uf >t
d

d
=—— |VulPode < —— a(z,u, Vu)Vudr
dt Jul>t dt Jul>t

|Vt P da

= H(z,u, Vu)udx < / fupdr+0 |Vu|Tup d
|u|>t |u|>t |u|>t (5.8)

< / frufods +0 | Vb |Tuf o da
ul >t

ul >t

= fﬁmpdx—l—ﬁ/ |Vollve dx
v>t

v>t

d d
= —— VolPoder = —— Vul|Poda.
g ml P o ubtl P

Thus, the above equalities hold. In particular,
d

- a(z,u, Vu)Vudx = _4 Vb |Po d, (5.9)
dt Jju>t d

t uf >t

/ H(z,u, Vu)udr = frufpde+6 Vb | b da, (5.10)
|u|>t

ut >t uf >t
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fufpde = frubpde. (5.11)
uf>t uf>t

By [25, Lemma 4.3], from (5.11)) on has f = f* a.e. € QF. Then combine ([5.10)
and assumption (iii) to discover that

H(x,u,Vu) = 6(ffp + 0|D1u?|9p), ae. z€QF
Similarly, from and assumption (i) we have
Sa(x,u, Vu)Vu = |[VufPo.
Recalling , we have
2 1

Dyuf(x) = Dyv*(z) = (\/27r exp (%))ﬁwﬁ(fb(m)) >0, ae z€Qf
Diuf(x) =0, i=2,3,...

, M.

Hence,
ar(z,u, Vu) = §| D[P 2Diuf,  ae. x € Q.
From the definition of solution it follows that for all ¢ € Wg’p(go, QF) N L2 (QF),

/5|D1uﬁ|P—2D1uﬁD1¢<pdx+/ Zai(x,u,Vu)Diwdx
Qt Q

fim2

:/a(amu,Vu)Vzbdx:/H(xm,Vu)z/de
Q Q

= |, 8(ffo+ oIt "eppdr = /m 3(f¥ + 0| D1v| ")) dx
- mé\Dlv|p_2D1lez/)<pdx:/m 8| Dyt P2 Dyuf Diopp da.
Then B
/m Zai(o:,u, Vu)D;pdx =0, Vi€ Wol’p(go,ﬂﬁ) N L(QF),
which complet::the proof. O

6. APPENDIX

In this section give an example to Remark Assume that v is a solution of
the problem
—Di(¢|D1v|P72D1v) = ¢ + 0| Dyv|lp  in QF

v e Wyt (o, Q%) N L2 (QF) (6-1)
and Y is the solution of the problem
—Di(p|D1Y|P2DY) = ¢ in QF 62)
Y =0 on 90F. '
For any given k£ > 0, let
kifs>k,

Ti(s) =14 s if |s| <k,
—k if s < —k.
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Take Ti((v — Y) ™) as the test function in (6.1) and (6.2), and subtract the two
results. We obtain

0> / o(|D1v[P2Dyv — | D Y|P 2D Y) (Y — v)dz > 0.
{0<(w=Y)~ <k}

Thus, v,({0 < (v=Y)~ <k}) =0. Let k — +o00. Then 7, ({(v —=Y)~ > 0}) =0,
which implies v > Y a.e. in QF. However, if p > 2,

HUHLOO(Qﬁ) > ||Y||Loo(m) = Y*(O)

:/Ovn(Q) (\/ﬂexp (W))I/Tﬁfh

'Yn(Q) 1 p/ 1
>C _ p=1(
- /0 (T(l—logT)l/Q) Tear

Tn(£2) o’
:C/ (1—logT)~ 27 tdr = +oc.
0
This contradicts with v € L>(Q%). As p > 2, problem (6.1)) has no solution.
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