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FIRST-ORDER PRODUCT-TYPE SYSTEMS OF DIFFERENCE
EQUATIONS SOLVABLE IN CLOSED FORM

STEVO STEVIC

ABSTRACT. We show that the first-order system of difference equations
Zn41 = az%wz, W1 = ﬁzflwg, n € No,

where a,b,c,d € Z, o, 8 € C\ {0}, 20, wo € C\ {0}, is solvable in closed form,
by finding closed form formulas of its solutions.

1. INTRODUCTION

The study of nonlinear difference equations and systems is of a great recent
interest (see, for example, [1]-[6], [8], [I0]-[23]). The classical area of solving dif-
ference equations and systems has re-attracted a quite recent attention (see, for
example, [1]-[3], [6], [12], [I8]-[21], [23] and the related references therein). Our
recent idea of transforming some complicated difference equations and systems into
simpler solvable ones, used for the first time in explaining the solvability of the
equation appearing in [6], has been employed recently in several papers (see, for
example, [II B, 12} 18], 21l 23] and the references therein). Another area of some
recent interest, essentially initiated by Papaschinopoulos and Schinas, is studying
symmetric and close to symmetric systems of difference equations (see, for example,
[3, (5], 0L 111, [15], [16], [19]-[23]). Our important observation in some of above quoted
papers on solvability of difference equations was that suitable changes of variables
transform relatively complicated equations considered therein into special cases of
the linear first-order difference equation

Tp = QpTp_1+bn, neEN, (1.1)

which is a basic solvable difference equation (for a nice presentation of some methods
for solving equation and some related ones see, for example, monograph [9]).
This was also essentially the case with some of the equations in [T}, 12} [18]. Actually,
in this or that way, many equations and systems are related to equation or to
the corresponding difference inequalities or to the corresponding system of linear
difference equations (for example, some of the equations, inequalities and systems
in [3]-[5], [8, @ 21], 23] are of this type). For some results on general theory of
difference equations and systems or on some other types of results on various classes
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of difference equations and systems see, for example, [4, 5], [7]-[9], [I3] 14], and the
references therein.

On the other hand, the present author also essentially triggered a systematic
study of non-rational concrete difference equations and systems, from one side those
obtained by the scalar translation operator (see, for example, [I7] and the references
therein) and from the other side those obtained by using some max-type operators
(see, for example, [22]). It can be noticed that behavior of only positive solutions of
the difference equations and systems in [17), [22], are investigated. As we have men-
tioned in [20], in [22] was studied the boundedness character of positive solutions
to the system

Yn 5,
Tp41 = MaX 4 a, —g s Ynt1 =maxqa,—g— ¢, n €Ny,
Lp—1 Yn—1

with min{a, p, q} > 0, which is obtained from the product-type one

_ U _ N 1.2
Tnt+1 = 3 )y Ynt+1 = —3 , 1€ No, ( . )
Tn—1 Yn—1

by acting with a max-type operator onto the right-hand sides of both equations in
(1.2) ([I7] deals with a related scalar equation). If initial values of system are
positive, then it can be solved by taking the logarithm to the both sides of both
equations (this transforms the system to a solvable linear second-order system of
difference equations, whose general theory can be found in [7]). However, the
method is not possible if initial values are not positive, due to the fact that the
logarithm of a complex number is not uniquely defined. Another reason for a
detailed study of product-type difference equations and systems is found in the fact
that behavior of their solutions are not so rarely related to the ones of the equations
and systems obtained from them by acting with the translation, max-type or some
other natural operators.

These observations lead us to the investigation of some product-type difference
equations and systems with real and/or complex initial values. Namely, in [19]
and [20], the present author and his collaborators started studying such systems
by modifying methods and ideas from above mentioned papers, not only those on
solving difference equations and systems, but also using some ideas on non-rational
difference equations and systems appearing, for example, in [I7] and [22].

In this article we continue our investigation of solvability of nonlinear difference
equations and systems by studying the solvability of the following product-type
system of difference equations

b d
Znt1 = QZpw,,  Wpi1 = PBzrwn,  n € Ny, (1.3)

where a,b,c,d € Z, o, 8 € C and initial values zg, wy € C.

The reason why the parameters a,b,c and d are chosen to be integers is that
solutions to system are uniquely defined.

Note that if any of numbers a,b, c,d is a negative integer then the domain of
undefinable solutions to system is a subset of the set

U = {(z0,wp) € C*: 29 =0 or wyg = 0}.
Otherwise, if additionally «,3 € C\ {0}, system (1.3) is defined on the whole

complex space C?. Hence, from now on we will assume that our initial values
belong to the set C2 \ U.



EJDE-2015/308 PRODUCT-TYPE SYSTEMS OF DIFFERENCE EQUATIONS 3

Throughout the paper we use the following standard convention Zf;; a; =0,
if keZ.

2. MAIN RESULT

In this section we formulate and prove the main results of this paper. Before
this we quote two lemmas which will be frequently used in the rest of the paper.
The following lemma was essentially proved in [20], so we will omit its proof.

Lemma 2.1. Let n € C\ {0}, f € Z\ {0} and ug € C\ {0}. Then the difference
equation
Up, = U£—1777 n €N, (2.1)
is solvable and ny
Uy = ug 7721‘:0 . neN,. (2.2)
Remark 2.2. Note that if n = 0, then from (2.1) we have that u, = 0, n € N,
while if f =0 then u, =n, n € N. If ug =0, then u,, =0, n € N, if f € N, while
if f <0 then such a solution is not defined.

The following elementary lemma is well-know (see, e.g., [9]).
Lemma 2.3. Let Sp(z) =1+ 22+ 322+ + kzF"1. Then

1= (k+1)zF 4 k2R

Sk(2) EE ;

for z € C\ {1}.

Now, first note that if &« = 0, then from the first equation in ([1.3]) we have z,, = 0,
n € N, from which along with the second equation in (|1.3) it follows that w, = 0
for n > 2, if ¢ > 0, while if ¢ = 0 we have
Wy = wiflﬁ, n €N

so by Lemma [2.] if 3 # 0 and wq # 0, we have

n _1—d"
Wy, = wg /8 T—d

if d # 1, and
w, =wof", n € Ny,
ifd=1.
Similarly, if 3 = 0, then from the second equation in we have w, = 0,
n € N, from which along with the first equation in it follows that z, = 0 for
n > 2, if b > 0, while if b = 0 we have

Zn = 2Zn_qa, neN,

so by Lemma 2. if o # 0 # zp we have that

n  1—a™

Zn =2 a @,
if a # 1, and
zn = 2o, n € Ny,

if a = 1. Hence, from now on we may also assume that o # 0 # [.
Our first result deals with the case when all the parameters a,b,c and d are
integers different from zero.



4 S. STEVIC EJDE-2015/308

Theorem 2.4. Assume that a,b,c,d € Z\{0}, o, B € C\ {0}, and zg,wy € C\{0}.
Then system ([L.3)) is solvable in closed form.

Proof. First note that the assumption «, 3, z0, wg € C\ {0} along with a simple
inductive argument shows that all such solutions are well-defined.
From the first equation in , we have that for every well-defined solution of
the system
wh =a lz,002,% neN. (2.3)
Taking the second equation in to the power b (the condition b # 0 is essential
here), we obtain

wb = pP2lewl, neN,. (2.4)
Employing equality into , we obtain
R T A BPzleaz8 20 n e N,
from which it follows that
Znto = zfliilsz_adal_dﬁb, n € Np. (2.5)
Note also that
20 € C\ {0}, 2z = z5uwba. (2.6)
Let v = o!'~93% and
a1 =a+d, by=bc—ad, c1=1. (2.7)
Then equation can be written in the following form
Zp =200 20 N > 2 (2.8)

By using the equality
Zpo1 = zfll_szl_g'yCl, n >3,

in (2.8)), it follows that

_ al b1 Cc1\a1 bl
Zn = (Zn72zn73’7 ) Zp—2"

— yaiaitb Zalbé ,Ya101+61 (2.9)

n—2 n—

C1

= 232—2222—3’7@’
for n > 3, where
as :=aja1 + b1, by:=aiby, c¢o:=ajc1+ . (2.10)
If we use the equality
Iz =20l g2l T, m> 4,
in , we obtain
Zn = (Zpg2bl 7) 220 gy = 2 Gt yceate — 508 2k v, (210)
for n > 4, where
as = aias + by, b3 :=bias, c3:=cras+ co. (2.12)
Now, assume that the following equality was proven,
20 = 2 (2.13)
for some k € N such that n > k 4+ 1, and that

ar = a1ak—1 +br_1, bp=biar_1, cx=ciag—1+cr_1. (2.14)
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Then, employing the equality
Zn—k = ZZLk_lzZI_k_w”%

for n > k + 2, into (2.13) we obtain

_ (01 by c1\ak bk Ck
Zn = (ankflznfkffy ) Zp—k—17

_ jai1ap+bi biag c1ak+ck
= Zn—k—1 “n—k—27 (215)

_ _Gk41 br41 Cht1
= Zp—k—1%n—k—27 ’

for n > k + 2, where
ap+1 = ar0g + bg, brpy1 :=brag, cr+1:=crag+ ck. (216)

From (2.9), (2.10), (2.15), (2.16)) and by using the method of induction it follows
that (2.13]) and (2.14]) hold for all natural numbers &k and n such that 2 < k <n-—1.
Plugging k = n — 1 into (2.13)), we obtain

Zn = zf"’lzg"“vc“*l (2.17)
- Gt e
_ Zgan_1+bn_1wgan—1aan,l,ycnfl
_ Z(‘)lan—l“l’bnflwganflaan—l"!‘(l_d)cn—lﬂbcnfl’ n € No. (2]_8)

From the first two equations in we see that
ar = a1ax—1 +brar—2, k>3,
which by can be rewritten as
apy2 — (a + d)ags1 + (ad —be)ap, =0, keN. (2.19)

Case ad # bc. To calculate ay more easily in this case, note that from the first two
relations in ([2.16|) with k£ = 0, we have

ay = aiag + by, by = byao,
from which along with the assumption by = be — ad # 0, it follows that
ap=1, by=0. (2.20)
The characteristic polynomial associated to equation is
P(\) = A2 — (a+ d)\ + ad — be,
from which it follows that the characteristic values are

N a+d++/(a+d)?—4(ad — bc)
1,2 = )
’ 2

which implies that
ap = é1)\lf + ég)\g, k € Ny,

for some constants é; and és, if A := (a + d)? — 4(ad — bc) # 0, while
ar = (63 + kég)\Y, k€N,

for some constants ¢; and ¢4, if A =0 (in this case A\; = Ay = (a + d)/2).
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Using the initial conditions ag = 1 and a; = a + d, after some calculations, it is
not difficult to see that
k41 k+1
B )\1+ _ /\2+

= keN 2.21
ag )\1 — )\2 ’ € No, ( )
when A # 0, while
ar = (E+ 1A\, ke Ny, (2.22)
when A = 0.
From (2.21)), (2.22) and the second equation in (2.14)), we have
)\k _ )\k
by = (bc — ad) 2—2, k€ Ny, (2.23)
AL — A2
when A # 0, while
b, = (be — ad)kAY™', k€ Ny, (2.24)

when A = 0.
From the third equation in (2.14)) and since ¢; = 1, we obtain

cp=cCp1+ar-1, k=>2,

from which it follows that
k—1
=1+ aj, k>2 (2.25)
=1

Using in (2.25) we have
Az = DA =1 = = D™ 1)
M=) =1)(A2—1) ’
if A # 0, while by Lemma 2]
e UE DA} + kAR
" (1 )? ’

k= k€N, (2.26)

keN, (2.27)

if A=0.
Hence, if A # 0 using (2.21)), (2.23) and (2.26) in (2.18)), we obtain
n—1

AT —AT AT AT 2D
122 _ 1 2 1722
_ A3 +(be—ad) A1—A2 b A1—A2
Zn = % W

AT —AG A (C2=DOF-D-(A -1 -1)
X (¢ A —A2 +1 d)( TS Y IC TS IS ESY) ) (2.28)

b(%2*1)(*?*1)*(%1*1)(%3*1>
X ﬁ A1 =22)(A1 =D (A2—1)

for n € Np, while if A = 0 using (2.22)), (2.24) and (2.27)) in (2.18)), we obtain

an\” " (be—ad)(n—1A""2 A"t
1 = AN )N 2 g

nAn71+(1id)1—nx?’1+(n—1)k? bl—nxi"lﬁ—(n—ln? (2'29)
a 1 (1-x1)2 5 (1-x1)2

X

)

for n € Np.
On the other hand, from the second equation in (1.3]), we have that for every
well-defined solution of the system

25 =B wy wn 1, neNp. (2.30)
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Taking the first equation in to the cth power (the condition ¢ # 0 is essential
here), we obtain

28,1 = 22%la’, n e N. (2.31)
Employing in , we obtain

—-1,.,—d _ p—a,,—ad, a be ¢
B~ w, i wnye = B %w, “wy w, af, n€ Ny,

which can be written as

Wyo = wiTwle g "% n e N. (2.32)
Let 6 = 8'~%a® and a1, by and c; are given by . Then can be written as
Wnyo = Wi w6, n € Np. (2.33)

Note also that
wo € C\ {0}, w; = z5wdp. (2.34)

Since (2.33) has the same form as equation ({2.8)), where only = is replaced by
0, we have that the recurrent relations in (2.14) hold, and consequently formulas

[2-21)-(2.24), 2-26) and (2.27). Also we have that (2.17) holds with + replaced by
0, and z replaced by w. From this, by using (2.34]) and the definition of 4, we have

Ap— by —
w, = wln 1w0n 15en—1

— () tuf e (2:35)

_ can—1, dan_1+bn_1 ga,_1+(1—a)cn_1,. CCn_
=2z, " wy " noigan-it(=a)en-1geen1 g g N,

Thus, if A # 0 using (2.21)), (2.23]) and (2.26]) in (2.35), we obtain

AT —2D
I TS T
Wn = 2 0

—1_,n-1
AT 2D AT T =
1722 4 (ho 1 2
SRS +(bc—ad) SRS

AP=AR o QoD D - —1D(AF 1)
X B31=%2 SR U e b v vy T o TRy O vy (2.36)

c()\2—1)(/\?—1)—(/\1—1)(/\£L—1)
X o (A1 =22)(A1—D(A2—1)

for n € Ny, while if A = 0 using (2.22)), ([2.24) and (2.27) in (2.35)), we obtain

en A" dnA? T g (be—ad) (n—1)A" 2
i = N N e (D

(2.37)

-1 -1
1—nAT 7 (n— DAL 1—n AT T (n— AT

n—1
nAL 1) a—x1)? a (=2

x 3 ;
for n € Ny.
Case ad = bc. Since b # 0 # ¢, we see that and hold, from which along
with the assumption we have that
Zng1 = 237417430 = 201y (2.38)
Wpy1 = wTIBIT00% = wits, (2.39)
for n € N. By Lemma we have

n—1

=2 20 = (azgul) s yEi e, (2.40)
for n € N. Hence, if a; # 1, then from (2.40) we obtain

n—1
n—1 179

o = (azgup)™ YT

D b 41 1—d—a(a+d)n 7! 1—(ata)n 1
a(a+d) wO(a+ ) a T—a—d ﬁb T=a=d | (241)
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for n € N, while if a; = 1, from (2.40) we obtain
Zn = azfwiy" ! = Zdwhat-dntdghn=1), (2.42)

for n € N.
On the other hand, from (2.39) and by using Lemma [2.1] we obtain

n—2

Wy, = w?lﬁ §Ti=0 W = (ﬂzﬁwg)“?71521=0 a{, (2.43)
for n € N. Hence, if a; # 1, then from (2.43)) we obtain

n—1
lfal

wy, = (Bzgwg)™ 6 T

B~ N
for n € N, while if a; = 1, from we obtain
Wy = ﬁzgwgén_l = zgwgac("—l)ﬁ(l—‘””“, (2.45)
for n € N.

It is easy to see that formulas (2.28)) and (2.36) in the case ad # bc and A # 0,

and in the case ad # bc and A = 0, and in the case
ad = bc and a + d # 1, and and in the case ad = bc and a +d =1,
annihilate system . So, they are solutions to the system, and it is solvable
indeed, as claimed. U

Remark 2.5. In the case ad # bc, this condition enables to prolong solutions to

system ([2.14) for every non-positive integer k. For example, using (2.20) in the
third equation in (2.14) it is obtained ¢y = 0. From this along with (2.20)) and

(2.14) with k& = 0 it is further easily obtained a_1 = 0 = ¢_; and b_; = 1. This
fact, among others, shows that equalities (2.18) and (2.35) really hold for every
n € Np.

The following corollary is a consequence of Theorem

Corollary 2.6. Consider system (1.3) with a,b,c,d € Z\ {0} and «, 3 € C\ {0}.
Assume that zg,wg € C\ {0}. Then the following statements are true.

(a) If ad # be and A # 0, then the general solution to system (1.3 is given by

[£28) and (2:30).
(b) If ad # bc and A = 0, then the general solution to system (1.3)) is given by

(2-29) and (2.37).
(¢) If ad = be and a+d # 1, then the general solution to system (1.3)) is given

by (A1) and (Z49).
(d) If ad = bc and a+d = 1, then the general solution to system (1.3)) is given

by (E2) and (@19)

Now we consider the cases when some of the coefficients a, b, ¢,d are equal to
Z€ro.

Case a = 0. Since a = 0, then the first equation in (1.3]) becomes
Zny1 = ow?, n €Ny (2.46)
By substituting (2.46) into the second equation in (1.3]), we obtain

W1 = a°Pwiw’® |, neN. (2.47)



EJDE-2015/308 PRODUCT-TYPE SYSTEMS OF DIFFERENCE EQUATIONS 9

Equation (2.47)) is nothing but equation (2.33) with @ = 0. Hence, we can apply
formulas for w,, obtained in the proof of Theorem along with (2.46|) and get the
following result.

Theorem 2.7. Consider system (L.3) with b,c,d € Z, a =0 and a, € C\ {0}.
Assume that zg, wo € C\ {0}. Then the following statements are true.

(a) Ifbec # 0 and A #£ 0, then the general solution to system (1.3 is

n—1 n—1 n—1 n—1 n—2 n—2
[P B M ¥/ S SRS P S
— A1—A2 A1—A2 A1—A2
Zn = 2 wy
b)\T’_l—)\;"_l+b(AQ—I)(A?_l—1)—(>\1—1)(Ag’_1—1)
X 377 A2 C1=22)( D2 -1)
1+bC(A2—1)(A?:1—1)—£A1—1)£Ag_1—1)
X A1 =22)(A1 =D (A2 —1) ,
n n n n n—1_yn—1
C’;l:;z di\l:iQ erCMX 7;2 AT AL (Ag—D(AF—1)—(A;—1)(AF—1)
Wy =29 ' Pwy Tt ? 1772 R 12201 -D(z—1)
C(Az—l)(k?—l)—(xl—1)(>\g_1)
X o (A1—=2A2)(A1—1H(A2—1)

for n € N, where
A d+Vd? + 4bc
12=——F".
’ 2
(b) Ifbc # 0 and A =0, then the general solution to system (1.3)) is

be(n—1)AT"2  bd(n—1)AT " 24b%c(n—2)A7 3

Zn = 2o wy
wy, = Z(c)n/\;L71wgn)\?71+bc(n—1)kzl72
N R

for n € N, where \y = d/2.
(¢) If be =0 and d # 1, then the general solution to system (1.3 is

n—1 1—qn—1
znzwgd aﬁb 1—d

—1 n
o Cdn—l ar cl—d" 1—d
Wy, = 2§ wy o 1=d G

forn € N.
(d) If bc =0 and d = 1, then the general solution to system (1.3)) is

Zp = wgaﬁb("_l)
Wy, = zgwoac("*l),é’",
forn € N.
Case b = 0. Since b = 0, then the first equation in becomes
Znt1 = azy, n € Np. (2.48)
By using Lemma see that
Zn = zgnazygt)l aj, n € Npy. (2.49)
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From (2.49) we have that

2 = zgnall_faa , n €Ny, (2.50)
when a # 1, while
zn = 200, n € Ny, (2.51)
when a = 1.
Hence, if a # 1, substituting (2.50|) into the second equation in (|1.3), we obtain

n—1 _1—a™"!
w, =wl 1826 a“T1=a, neN, (2.52)

By repeating use of (2.52)) we obtain that for n > 3,

= (wi_gﬁzga”*3ac lfla_na—3 )d2ﬁ1+dz8an71+Cdan72aclila_na_l +cd1*1a_"a_2 ( . )
= wis—sﬂHdMQ Zganilﬂdanizﬂd?an*sac Lol et R og? Lo .
An inductive argument shows that
wp = il G @ LTI T eyt e (2.54)
Hence, from we obtain
o = w5 5 e ) ne N, 055

ifd#1anda #d,

n _1-d" n—1 1—d™ _ pd"—1!
wy, = wi fIa 25 ac((l—d)"’ 1=d ), n € Np, (2.56)

ifd# 1 and a = d, and

Wy, = woﬁnzg%ac(ﬁfﬁ), n € Ny, (2.57)
ifd=1and a # 1.
If @ = 1, substituting into the second equation in , we obtain
wy, = w3280V neN. (2.58)
By repeated use of we obtain
Wy = (wfb_QﬂzgaC("ﬁ))d,@zgac(”fl)

_ o d? 1+d _c+cd,  c(n—1)+cd(n—2
— gl petedge(n=1)ted(n—2)

d (n—3) a? 1+d c+cd  c(n—1)4cd(n—2) (259)
= (wn_3ﬂ28a6" ) BTzl

_ wgi351+d+d2 Z8+cd+cd2 ac(n—1)+cd(n—2)+cd2(n—3)7 n 2 3.
An inductive argument shows that
L n—1 jj 1 i )
w, = wgnﬁzjﬂl &’ ngj:(’ djac i & (n=1-j) (2.60)
for n € N. Hence, from ([2.60)) and by using Lemma we obtain

1_gn ol—d™ _y1—=d" _ 1-nd”"l4(n—1)d”
Wy = ’wgnﬂ —d Z(C) e ac((n D= —d (1-a)2 )

., ne N, (2.61)
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if d # 1, and

—1
cn . C )

wy, = wef" 2§« o , n € Ny, (2.62)
if d = 1. From the above considerations we see that the following result holds.
Theorem 2.8. Consider system (1.3) with a,c,d € Z, b =10 and a,f € C\ {0}.
Assume that zg,wg € C\ {0}. Then the following statements are true.

(a) Ifa#1,d # 1 and a # d, then the general solution to system (1.3) is given

by (50) ond (E59).

(b) Ifa#1,d# 1 and a = d, then the general solution to system (1.3)) is given

by (250) ond (E50)

(¢) If a # 1 and d = 1, then the general solution to system (1.3)) is given by

and (5.

(d) If a =1 and d # 1, then the general solution to system (1.3|) is given by

and (1),

(e) If a =d =1, then the general solution to system (1.3)) is given by (2.51)

and .
Case ¢ = 0. Since ¢ = 0, then the second equation in becomes
W1 = Bwfw n € Ny. (2.63)
By using Lemma [2.1]in we obtain

7

wy, = wl" BEIS ¥ p e N,. (2.64)
Then we have
= w ﬂ = , n € Ny, (2.65)
when d # 1, while
wy, = wof", n € Ny, (2.66)

when d = 1. Hence, if d # 1, substituting (2.65) into the first equation in (1.3)), we
obtain

n—1 ;1-d?—1
zn =20 awl? B n € N. (2.67)
By repeated use of (2.67) we have that for n > 3,
. a bd™—2 pl=dn—2\a bd™—1 pl=d"!
Zn = (zn_gozwo [ 1=d oawy” B4
2 n—1 n—2 31-d" 1-d"—2
_ Zzi2a1+a gd +bad 61) +ba 1—a
. (2.68)
_(,a bd" 3 g imd" altagbd"” L padn=2 ghl=dt ot g 1md”
- (Zn 3(1’[1)0 ﬁ B
P n—1 n—3
_ sz_3a1+a+a2wgdnfl+badn72+ba2dn73lgb1—ld_d +ba1_1d_d +ba2 1 1d — )

An inductive argument shows that

n "*IJbZ"ld"l“ R e
2 = 28 a2mi=0 @ o= =a v (2.69)

for n € N. Hence, from ([2.69) we obtaln

1_am bu.nfdn ( 1_an _ am—dm )

Zn :zgnaﬁw ad ﬂ O=a(=d) " T-d@=-a/  n € Ny, (2.70)
ifa+#1anda#d,
g 1= brd™—1 (1—741"2,@)
Zn =25 @ 14wy pgra-o* =4/ pn e Ny, (2.71)
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ifa#1and a =d, and
1—d"” 1—dn

Zn = zoa wy 5b(ﬁ7(1*d>2), n € Ny, (2.72)

ifa=1and d#1.
If d = 1, substituting (2.66] into the first equation in (|1.3)), we obtain

Zn =22 awd Y neN. (2.73)
By repeated use of (2.73]) we obtain

(s2_yub@=2) aufgh D)

Zn

2 — —
a 1+aw8+baﬂb(n 1)+ba(n—2)

= Z _20{
! 2 (2.74)
— (22730”1}8617(”_3)) a1+aw8+baﬁb(n—1)+ba(n—2)
_ Z’zrzbs_goél+a+az,LU(Z;-l—baL—Q—baL2Bb(nfl)era(an)era(")(nf?))7
for n > 3. An inductive argument shows that
n n— j n—1 i n— j .
2 = 28 aXizo @ ng]:o “ b i @ (n=1=3) (2.75)
for n € N. Hence, from (2.75)) we obtain
n 1-an  plza” _y1-—a”™ __1-ma""l4(n-1)a"
o = 2o Tl T P DR ST TEE) Ny (27)
if a # 1, and
n(n—1)
Zn = zoa™wy B2, ne N, (2.77)

if a = 1. From the above considerations we see that the following result holds.

Theorem 2.9. Consider system with a,b,d € Z, ¢ =0 and o, 3 € C\ {0}.
Assume that zg,wg € C\ {0}. Then the following statements are true.
(a) Ifd #1, a # 1 and a # d, then the general solution to system 18 given
by and .
(b) Ifd# 1, a # 1 and a = d, then the general solution to system 18 given
by and .
(¢) If d # 1 and a = 1, then the general solution to system is given by

and @7,

(d) If d =1 and a # 1, then the general solution to system is given by
and (T0).

(e) If a = d =1, then the general solution to system is given by
and .

Case d = 0. Since d = 0, then the second equation in (1.3) becomes

Wpt1 = PBz5, n € Ny. (2.78)
By substituting (2.78) into the first equation in (1.3]), we obtain
Znp1 = aBbz220¢ . neN. (2.79)

This equation is nothing but (2.5)) with d = 0. Hence, we can use the formulas for
zn obtained in the proof of Theorem along with (2.78)) and get the following
result.

Theorem 2.10. Consider system (1.3) with a,b,c € Z, d =0 and o, 5 € C\ {0}.
Assume that zg,wo € C\ {0}. Then the following statements are true.
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(a) Ifbec # 0 and A # 0, then the general solution to system (1.3 is

—1 n—1

akl A 5 4 ped L *;2 bi?*;? AT AT (Ag—1)(AP—1)— (A1 —1)(AF—1)
Zn = 2y 1772 1772 wy 17722 y A=Az A1=22)(A1 =D (A2—1)
b(%2*1)0"*1)*0\1*1)0\"*1)
X ﬁ A1=22)(A1 =1 (A2—1)
n—1_,yn-—1 _Z\n—2 n—1_,yn-—1
ac—x 712 +be 22 bY] 7i bcxlx 712
— 1 2 2 1 2
Wy, = % N
P N C T D[S DI ¢ SR DTC VA D
N v TR e Ty eTEIevEy
C T I VR C ST DIC S B!
x grreb 2D (g 1) ’

for n € N, where
N a+ Va? + 4be
2= ——F—-
’ 2
(b) If bc # 0 and A =0, then the general solution to system (|1.3]) is

e G DD S ey e G PPN

n—1 n—2 n—1 n—1
- A b
2 = Zgn)\l +bc(n—1)A7 wgn)\l an 1+ RESVE 6 RESVE
ac(n—DA""24bc2(n—2)A""2 be(n—1)A""2
iy, = A8 DN (2N e
n_2 —(n=DAT T2 (AT ! 1—(n=DAT 2 (n—2)AT !
% O[c(nfl))\1 +c (1**1)2 1+be a2

forn € N, where \; = a/2.
(¢) If be = 0 and a # 1, then the general solution to system (1.3) is

—1

—1 1—{1
Zn = 2§ w(b)“ alaﬂb
1
_ _ca™™ 1 cl= a
Wy, = 2§ T B,

forn e N.
(d) If bc =0 and a = 1, then the general solution to system (1.3]) is

Zn = Zow] anﬁb(n 1)
wy, = 25213,
forn e N.

Remark 2.11. The formulaes obtained in this article can be used in describing the
long-term behavior of solutions to system (|1.3) in many cases. The formulations
and proofs of the results we leave to the reader as some exercises.
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