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MULTIPLE POSITIVE SOLUTIONS FOR SUPERLINEAR
KIRCHHOFF TYPE PROBLEMS ON RY

YU DUAN, CHUN-LEI TANG

ABSTRACT. In this article, we study the multiplicity of positive solutions for
a class of Kirchhoff type problems depending on two real functions and a non-
negative parameter on an unbounded domain. Using the variational method
and iterative techniques, we show that if the nonlinearity is subcritical and
superlinear at zero and infinity, then the Kirchhoff type problems admits at
least two positive solutions when the parameter is sufficiently small.

1. INTRODUCTION

The purpose of this article is to sutdy the multiplicity of positive solutions to
the nonlinear Kirchhoff type problem

(a—i—)\m(/RN(|Vu|2+bu2)dx)>(—Au—|—bu) — fu)+h(@)u"2, nRY, (1.1)

where N > 3, 1 < ¢ < 2, a, b are positive constants, A > 0 is a parameter, and
m, f, h are positive continuous functions.
Problem (|1.1)) is related to the stationary analogue of the Kirchhoff equation

g — (a+0b | |Vul?de)Au = f(z,u) (1.2)
Q

which was proposed by Kirchhoff in 1883 [I4] as a generalization of the well-known
d’Alembert’s equation

0%u P E (Y ou 9 0%u
o~ (7 + ﬁ/o |%| dx)@ = f(z,u)
for free vibrations of elastic strings. Kirchhoff’s model takes into account the
changes in length of the string produced by transverse vibrations. Here, L is the
length of the string, h is the area of the cross section, F is the Young modulus of
the material, p is the mass density and Py is the initial tension. The readers can
find some early classical research of Kirchhoff’s equations in [4, 22]. However,

received great attention only after Lions [I8] proposed an abstract framework to
the problem. Some interesting results for problem ([1.2]) can be found in [I [5] 10]
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and the references therein. More recently some mathematicians study the following
Kirchhoff type problems on bounded domain

—(a—i—b/ |Vu|2dm)Au = f(x,u), in
Q
u=0, on JN.

(1.3)

Some interesting studies for problem by variational methods can be found in
[2, O] 17, 20, 21 241 28, 29] and the references therein. Especially, the authors [28§]
studied the existence of positive solution for Kirchhoff type problem on bounded
domain using iterative techniques and variational methods.

Recently, authors have studied widely Kirchhoff type problems under various
conditions on f and V on the whole space R :

(a—!— A(/RNOVMQ + V(x)uZ)dx)> (= Au+V(z)u) = f(z,u), in RN, (1.4)

When f(z,u) = |u|P~2u, p € (2,2*), Huang and Liu [I2] considered and stud-
ied existence and nonexistence of positive solution by variational methods; they
also discussed the energy doubling property of nodal solutions by Nehari manifold.
The results in [12] complement the corresponding results in [I5] [16]. Li and Ye [15]
showed that has no nontrivial solution provided f(x,u) = |[u[P~2u, p € (2,3)
when A > 0 is sufficiently large. If V(z) = b and f(z,u) = f(u) is superlinear at
infinity, Li, Li and Shi [16] showed that has at least one positive radial solution
for A > 0 sufficiently small. Wu, Huang and Liu [26] gave a total description on
the positive solutions to , and they made an observation on the sign-changing
solutions. When f(z,u) is asymptotically linear with respect to w at infinity, Ye
and Yin [27] studied and proved the existence of positive solution for A suf-
ficiently small and the nonexistence result for A\ sufficiently large. Very recently,
some authors extend the problem to the p-Kirchhoff elliptic equations, see e.g.
[0, (7, [8, 9] and the references therein.

In the spirit of [16] 28], for any continuous function m, we establish a multiplicity
criterion of positive radial solutions to using a variational method and an
iterative technique. The main result of this article reads as follows.

Theorem 1.1. Assume that N > 3, and a,b are positive constants, A > 0 is a
parameter and the following conditions hold:
(H1) f € C(Ry,Ry) and there are positive constants ¢ and p € (2,2*) such that
f(t) < c(Q+tP71) for t > 0, where 2* = 255 for N > 3;
(H2) lim;_o £ =0;
(H3) Timy—oo 12 = oo;
(H4) 0 < A(x) = h(jz]) € LY RY), (Vh(z),z) € L7 (RY), where ¢ = 52—, ()
denotes the usual inner product in RN and 1 < q < 2.

Then for any positive continuous function m, there exist two constants A >0 and
mo > 0 such that for any A € [0, X), problem (L.1)) has at least two positive solutions
if Ihllg < mo.

Since the result in Theorem holds for m(t) = t, our result generalizes [16]
Theorem 1.1]. In this paper, we give multiplicity results for the positive solutions
of (1.1), while the authors [I6] only studied the existence of positive solutions.
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Furthermore, our method is different from that used in [I6], we combine variational
methods and iterative technique.

Our result can be regarded as an extension of the bounded case considered in
[28] to the unbounded case. Also we give two positive solutions, while the authors
[28] only studied the existence of positive solutions.

This article is organized as follows: In Section 2, we give some preliminaries. In
Section 3 and 4 we present the proofs of the main results. Through out this paper,
C, C; are used in various places to denote distinct constants.

2. PRELIMINARIES

Let H'(R™) be the usual Sobolev space equipped with the inner product and
norm

(u,v) = / (Vu - Vo + buv)dz, |ul| = (u,u)é.
RN

We denote by || - ||, the usual LP(RY) norm. We only consider positive solutions to
(1.1), and we assume that f(t) =0 for t <0

To obtain our result, we have to overcome various difficulties. On one hand, it
is well known that Sobolev embedding H'(RY) — LP(RY) is continuous but not
compact for p € [2,2*], and then it is usually difficult to prove that a minimizing
sequence or a Palais-Smale sequence is strongly convergent if we seek solutions
of by variational methods. To overcome this difficulty, we usually restrict
problem (I.1)) in the radial function space. Let H = H}(RY) be the subspace
of H'(RY) containing only the radial functions. We recall [25], H — LP(RM)
compactly (continuously) for p € (2,2%)(p € [2,2*]). That is, there exists a 7, > 0
such that [|u|l, < vp|lull, p € [2,2*]. On the other hand, the nonlinearity f may not
satisfy (AR) or 4-superlinearity, it is difficult to get the boundedness of any (PS)
sequence even if a (PS) sequence has been obtained. To overcome this difficulty,
we use a “freezing” technique whose formulation appears initially in [II]. This
technique will help us to change problem into semilinear equation. That is,
for each fixed w € H, we consider the “freezing” problem given by

(a + Am(/RNﬂVw\Q + bw%dw)) (= Au+bu) = f(u) +h(z)|u|??u, inRY,

and the associated function J, : H — R is defined by

To(w) = g+ dm(AP)l? = [ Fde=2 [ @puitds, wen

where F(t) = fot f(s)ds. Clearly, by the assumptions imposed on f, h and m, we
know that J,(u) is well defined on H, it is of class C* for all A > 0, and

(JL(w),v) = (a+ Am(|w]?)) /RN (Vu - Vo + buv)dz — o (uw)vdx

- h(z)|u|!?uvdz, u,v € H.
RN

Next we recall a monotonicity method by Jeanjean [I3] and Struwe [23], which
will be used in our proof. The version here is from [13].
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Theorem 2.1. Let (X,||-||) be a Banach space and I C Ry an interval. Consider
the family of C' functionals on X
Ju(u) = A(u) — pB(u), pel,

with B nonnegative and either A(u) — oo or B(u) — oo as ||ul]| — oo and such
that J,(0) = 0. For any p € I, we set

Ly ={veC(0,1,X):7(0) =0, J,(7(1)) < 0}.
If for every p € I, the set I',, is nonempty and

cu = inf max Ju(¥(t)) >0,

then for almost every p € 1, there exists a sequence {u,} C X such that
(i) {un} is bounded;
(i) Ju(un) — ¢y as n — oo;

(ili) J},(un) — 0 as n — oo, in the dual space X~ of X.

3. FIRST POSITIVE SOLUTION OF (|1.1))

In this section, we use Theorem [2.1] to obtain the first positive solution for (L.I)).
In the setting of Theorem we have X = H, I = [1/2,1], and for each fixed
weH,

Aut) = 5 (a+ dm(l) ol = 2 [ b yde, B = [ Pads,

where ut = max{u,0}. So the perturbed functional that we study is

IwyT(u) = 1 (a + )\m(||w||2)) Hu||2 — 1/ h(x)(u+)qdz — 7'/ F(uw)dx, Te€l.
2 q JrRN RN
It follows from (H4) that
1@+Amww%mmﬁ—3/ h(@)(t)tde > &l — Ll ful
2 — 2 q 2%
q JrRN q
q
a Yo
> Sl = 2=l

which implies that A, (u) — oo as |lu]| — oo and obviously, B(u) > 0. Next, we
give some lemmas that are important for proving our main result.

Lemma 3.1. For each w € H and 7 € I, each bounded (PS) sequence of the
functional I, ; in H admits a convergent subsequence.

Proof. For each given w € H and 7 € I, let {u,} be a bounded (PS) sequence of
the functional I, ;, namely {u,} and {I, r(u,)} are bounded, and

I, (up) =0 in H™
where H 1! is the dual space of H. Since {u, } is bounded, subject to a subsequence,
we can assume that there exists u € H such that as n — oo,
U, — u, in H;
2N

n in L*(RY) (2
Up, — u, in L°(RY) ( <s< 55

); (3.1)

Up — U, a.exz e RV,
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By (H1) and (H2), for any € > 0, there exists C > 0 such that
F()] < belt] + CLltp?, teR. (3.2)

It follows from (3.2)), the Holder inequality, the Sobolev inequality and the bound-
edness of {u,} that

[ fu) = o] < [ 1), )] da

< bs/ \un\|un—u|dx+05/ I
RN RN

< bellunll2llun = ull2 + Cellunll5™ un — ull
< Cllunlll|un — ull + CeCllun P~ [Jun — ull,
<eC + CCllupn — ullp.

Then, by (3.1) we can obtain

lim sup | fun) (un, — w)dz| < eC. (3.3)
RN

n—oo

Therefore, using the arbitrariness of € in (3.3]), we have

fup)(up —u)dz — 0, asn — oo. (3.4)

Using (3.1)), we have

(w9 Y up —u) — 0, ae zeRY.

n

Since

qg—1

/RN (w7 (un — u))z*/qu < (/RN (uz)z*d@T (/RN (u, — U)Q*dm)l/q

(g—1)2*

< unllye * fun — ul3-"

2%

(a— 1)

< Cllun | [t — w77 < +o0.

So, (u})?(u, — u) is bounded in L?/9(RYN). Hence, going if necessary to a
subsequence, we can assume that (u})?'(u, —u) — 0 in L?/9(RY) and using
(H4),

/ h(x)(ui)q_l(un —u)dr — 0, asn— oo. (3.5)
]RN
Thus, by using and I/, . (un) — 0, we have

(a + )\m(Hw||2)) (Un up — ) = <I<i;,r(un)7un —u)+T on fun)(up — u)dz

+/ h(x)(u, ) (up — u)de — 0;
RN
that is, ||un| — |lu||. This together with w, — w shows that u, — w in H. O

Lemma 3.2. For each R > 0 and w € H with ||w|| < R, there exists A = \(R) > 0,
mo > 0 and 7, C [1/2,1] satisfying that 7, — 1 as k — oo, such that I, ;, has a
nontrivial critical point u,, -, if A € [0, ), ||h]lg < mo.
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Proof. We choose a function ¢ € Cg°(RN) with ¢ > 0, [|¢[| = 1 and supp(¢) C
B(0, Ry) for some Ry > 0. For given constant R > 0, there exists A = A(R) > 0,
such that if X € [0, X), we have Amaxeepo,r2)m(§) < 1. By (H3), for et

I5(0,rp) #7dx
0, there exists C7 > 0 such that

F(t) > 2(a+1)

>0 T 2 20y, t>0.
fB(mRO) ¢?dx

So, for t > 0 we get

t2 td
Lrlt6) = 5 (et dm(wl) [0l =7 [ Fleoyds = [ hia)orda
RN q

RN

< S latm(or) - 520 [ par- L e
B(O,Ro)

2 2 fB(O,Rg) ¢2d.13 q JrN
C1|B(0, R,
LB
2 q
S,L(a+1>+w,i/ h(x)(,qux
2 2 q JrN
(3.6)
On one hand, by (H4), we can obtain
2 B q
I, -(tp) < —t—(a +1)+ GilBO Ro)| _ ¢ h(z)plde — —o0, t— +00;
’ 2 2 q JrN

on the other hand, by (3.6]), we known that there exists a constant C' = C(Ry) > 0
(depending on w and 7) such that
C1|B(0, Ry)|
2
Hence, we can choose t > 0 large enough such that I, -(t¢) < 0; that is, T',, ; # 0,
where, Ty, » = {y € C([0,1], H) : v(0) = 0, I, - (7v(1)) < 0}.
Using (H1) and (H2), for € € (0, §), there exists Ca(e) > 0 such that

r{lzagilwﬁ(tqﬁ) < =C. (3.7

F(t) < gbtz + Oy, t>0.

By Sobolev’s embedding theorem, there exists C3(e) > 0 such that

() = 5 (ot Nan(ol) Jul =7 [ Pude =2 [ hia)(u)da

q
a 5 1
szW—w/sz4ua/|WM—ﬂwwm
2 2 RN RN q

q
2%

q
a Yo
ZIIUH2 — Cs(e)|lull” - ; [[2llq [[ul®

v

q

a _ _ You
uq(fu2 9 — Cs(e)l|ul|P™9 — =
aalt 5 @l .

Setting

Bl )-
_ 0,24 p—q
g(t) = Zt — Cs(e)t

for t > 0. Since 1 < g < 2 < p < 2*, we can choose a constant p > 0 sufficiently
small such that g(p) > 0. Taking mg := ﬁg(p)7 it then follows that there exists
=
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a constant ¢ := 2g(p)p? > 0 which is independent of 7, A and w such that
Iw,T(u)|HuH:p >c> 07

for any 7 € I, w € H and all h satisfying ||h|ly < mo. Fix 7 € I and for any
v € Iy 7, by the definition of T, -, we have ||y(1)|| > p. Since v(0) = 0, then
from intermediate value theorem, we deduce that there exists ¢, € (0,1) such that
l7(ty)|l = p. Therefore, for any fixed 7 € I,

wr = inf Lo-(y(®) > inf I, (y(ty)) >c¢>0.
Cor = Inf max L-(y(t)) 2 inf L.-(2(ty)) 2

Following Theorem there are {7} C [1/2,1), with 7, — 1 as k — o0, and
for every k, there exists a sequence {u, o - } C H, such that {u, o -, } is bounded
and Iy, -, (un,w,‘rk) - Cw,‘rmlé;,-rk (un,w,m) — 0, where

Cwor, = inf sup 1y, (u),
VELw . ue([0,1))

Fwﬂ'k = {’7 € C([()’ 1]3 H)|’}/(O) = Ov Iw,‘rk (7(1)) < 0}'
Furthermore, by Lemma [3.T) we can suppose that there exists u,, -, € H such that
Un,w,7, — Uw,m, a0d then
Ly 7, (U 7)) = Coomy s I:;,rk (tg,7) = 0.

From the above discussion, we get that for given R > 0 and w € H with ||w|| < R,
there exists A = A(R) > 0, mg > 0 and 7, C [%, 1] satisfying that 7, — 1 as k — oo,
such that I, ,, has a nontrivial critical point u, -, if A € [0, ), |||y < mo and

Core = L7, (uw,m) < 1%138( Lo r, (to) < C, (3-8)
where C' is given in (3.7). O

Lemma 3.3. Let u, -, be a critical point of I, ;. at level ¢y r,. Then {uy -, } are
uniformly bounded.

Proof. 1t follows from Lemma that u, -, is a weak solution of the problem
(a+dm(|w]*) (—Au +bu) = 7 f () + h(z)(u™)?
therefore,
(a + )\m(Hsz)) (—Auy 7, +bug 7 ) = T f (U r,) + h(x)(uim)qfl. (3.9)

Hence, we have the following Pohozaev identity

N -2 . Nb [ ,
(T /]RN |Vug -, |“dz + T/RN uw,mdx) (a+ dm([lw]?))

1 (3.10)
= N7 | Flugn)de + - / (Nh + (Vh(z), z>)(u: )da.
RN q JrN '
The proof is similar to that of [3] Proposition 1], we omit here.
By letting ¢y, = Ly r, (Uw,r, ), We have
1
o = 5 (@ X([]2) s | =72 [ Pl )
® (3.11)

1 x)(uf _)ldx
| mo ).

q
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By (H4) and the Holder inequality, we deduce that

1 1

@ )| < - [ [(9h) ) )i

q' JrN ' q JrN '

1 xr),T / u+
< LIVRG), )l I

9. (3.12)

wﬂ'k)

< C4(/RN |Vuw,Tk|2dm) q/2.

Therefore, by (3.8) and (3.10)-(3.12), we obtain

/ |Vu ‘de _ Ney r, — % fRN <Vh($), x)(ujﬂ)qu
Ry o+ m(elP)

< Ncw,'rk + 04 (fRN |vuw77-k|2dx)q/2

B a+ Am(|jw|?)

- NC + Cy (Jan |Vuw,7,€|2dx)‘”2

< _ .

Because of 1 < ¢ <2, [pn [V, 7, [2da is uniformly bounded. That is, there exists
a constant Cs > 0, independent of 7, A and w, such that

/|Wwfmgﬁ. (3.13)
RN
Furthermore, by (H1) and (H2), there exists a constant Cg > 0 such that
b .
@1 S+ Colt !, teR (3.14)

Hence, by (3.9) and (3.14]), we have
(@ +xm(|w])) llww,n |

:Tk/ f(uw,Tk)uw,dea:—&—/ h(m)(ui‘)m)qu
RN RN

afl)
2

a . . o
< S+ Co [ ¥ 4 il ([ o )
RN RN
Using ([3.13)), we conclude that
a « N q/2"
Sl < Co [ o P da bl ([ P o)
RN RN

< C?(/]RN \Vuw,7k|2dx)2*/2 + CS(/]RN |Vuw,7k|2dx)q/2

< C7C2 7 4 CyCi,

* * 2*
< gy [z + Ci / ftgme |z + ||Bg ( / h |2 )"
RN RN RN

Then |ug -, ||*> < Cy, where Cy = %C7C52*/2 + %Cgcg/2 which is independent of 7,
A and w. If we set R = \/Cy, then for any w € H with ||lw|| < R, there exist A > 0
mgo > 0 which are independent of 7, A and w, such that I, ;, has a nontrivial critical
point u, ,, with |lu, - | < R when X € [0,)), ||hl]l2 < mo. And also, {uy -, } is
uniformly bounded.
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Now we choose R = /Cy as above and construct a family of sequence by iterative
techniques. For every k, if we let w = wg = 0, by the previous arguments, we know
I,,.7, has a nontrivial critical point and denote it by uy , with |Juy ]| < R. Let
w = ujy, then I, , r, has a nontrivial critical point and denote it by wuz ) with
|lug,kx|| < R. Hence, by induction, we can get a sequence {uy, } with |Ju, x| < R,
n=12,...,such that I},  _ (up+1,) v=0"forallveH.

Existence of the first positive solution to . To complete the proof, we
proceed in two steps.

Step 1. For any fixed k, the iterative sequence {u, x} constructed in Lemma
is convergent to a function wuy, which is a critical point of I, -, .

Since for fixed k and for all n € N, |Ju, x| < R, if necessary going to a subse-
quence, we suppose that there exists ux € H such that as n — oo,

Up,k — Uk, in H;
Un g — ug, in LP(RY)(2 < p < 2%); (3.15)
Uk — Uk, a&.e. T E RY.

Also we have |Jug|| < R, for all k£ € N. From the subcritical growth of f and (3.15)),
we see that

/RN (f(un,kr) - f(ukr))(un,k —ug)dx — 0, asn— oo; (3.16)

/ (h(z)(uf )" = h(@)(u )9 ) (un e — up)de — 0, as n — oo, (3.17)

RN '

The proof is similar to that of (3.4) and (3.5), and we omit here. Then we have
(@ +Xm(flun—1,.]%) e — wkl®

= <I’L/Ln_1’k,‘l'k (unyk) - I’I/J/n_l,k,‘l'k (uk>7unak - uk>
1 [ () = Fe)) (e~ )i
RN

+/ (h(x)(u:k)q_l - h(m)(u;)q_1> (Un,p —ug)dz — 0 as n — oo;
RN ’
that is, up r — ug in H as n — oo. Thus, for any v € H, as n — oo, we have

a + xm(|[un—1]%) — @+ Am(|lux?),

/ (Vup, i - Vo + buy, o) de — (Vuyg - Vo + bugv) dz,
RN RN

Tk f(upp)vde — 7y f(ug)vdz,
RN RN

T F(upk)de — 7 / F(ug)dx.
RN RN
Also, we have

h(x)(uf ) o de — h(x)(ui)? v da,
RN ’ RN

/ h(x)(u} ,)?dx — h(x)(uf)?dz, asmn — oo,
RN ’ RN
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the proof is similar to that of (3.5, and we omit here. So, we obtain

!/

Uk, Tk (ug) v = lim I, (un,k) v =0,
n—00

Un—1,k,Tk
IUk,Tk(uk) = lim Iunfl.mm(un,k) = lim Cup g e = € > 0;
n—oo : n—oo
that is, for any v € H,

I’l/,LkHTk (uk) =0, Iy (uk) >c>0.

Step 2. The sequence {uy} obtained in step 1 is convergent to a nontrivial positive

solution of (|1.1J).

Since |lugx|| < R for all k& € N, without loss of generality, we can assume that
there exists a function v € H such that
up — u, in H;

up — u, in LP(RV)(2 < p < 2%); (3.18)
ur — u, ae zeRY.

By the similar proof to that of (3.16) and (3.17)), we have
[ () = ) ~ e = o),
R

/ (h(x)(uz)qfl — h(ac)(u*)‘kl)(u;c —u)dz = o(1).
RN
Now, taking into account that

(a+ xm(llur]]*)) llux — ull?

kT ksTk
RN

(£w) = () (= w)da
+/ (h(m)(uz)q_l - h(x)(u+)q_1>(uk —u)dr — 0 asn — oo,
RN
we deduce that uy — u as k — oo. So for any v € H, as k — oo, we have
a+ xm([lug]®) — a + xm([[u?),

/ (Vug - Vo + bugv)dz — (Vu - Vo + buv)dz,
RN RN

Tk flug)vde — fu)vde,

RN RN
Tk F(ug)dx — F(u)dz,
RN RN
/ h(z)(ul)? v dr — h(z)(u™)4 v de,
RN RN

h(x)(u])?dz — h(z)(u™)%dx.

So, for any v € H, as k — 00, we can obtain

(a s xm(lul®) [ (Fu-So e~ [ ggpdr— [ pt ) o
RN RN RN
- khm I’Iukﬂ'k (uk) v =0,
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and

N —

= (a+xm(||ul®) /RN (IVul® + bu®)dz — F(u)dx — /RN h(z)(u)ldx

RN
= lim I, - (ux) = cup,r, > ¢>0.

n—oo

Therefore, u is a nontrivial solution of ([1.1). Setting u~ = max{—u, 0}, Since
(a+ Am(|[ull*))(u, u™) ~ / flu)u™dz — / h(a)(w)? u” da =0,
RN RN

by (H1) and (H4) we have ||u~|| = 0; this implies u > 0 a.e. in RY. So, by the
strong maximum principle, we get that u is positive on H. Thus u is a positive
solution of (L.1) if A € [0, A), ||h]ly < mo.

4. SECOND POSITIVE SOLUTION OF (|1.1])

In this section, we prove the existence of local minimum solution for problem
(1.1) by Ekeland’s variational principle. Define the functional I : H — R by

D) = Sl + 3 (el®) ~ [ Pude -

z)(uT)dz
- [ )y,

where M(t) = fg m(s)ds. Then, it follows from (H1)-(H4) and the continuity of m
that I is well defined on H and is C! for all A > 0, and

(K@mv%:w+AmNMWX4NWM-VU+Mwa

— flwvde — h(z)(ut) vde, wu,ve H.
RN RN

Lemma 4.1. Assume that (H1), (H2), (H4) are satisfied. Then there exist con-
stants p,mo,a > 0 such that I,\(u)|”u|‘:p > a > 0 with ||h]l2 < mo.

Proof. Using (H1) and (H2), for € € (0, §), there exists C12(€) > 0 such that
F(t) < gth +Ca(e)t?, t>0.
By Sobolev’s embedding theorem, there exists Cy3(e) > 0 such that

) = Gl + 33 (el®) ~ [ P =2 [ no))rde

q
2%

a € 1
> Gl = b [ wde—Cua(e) [ fuPde = Zlhlyl

> Gl = Crae) ul” — 2

Al flae]|®

V

a _ _ Yo
all? (Sl = Cus(e)lfufP~ -
a1 5l @l .

Al )

So, setting

g(t) = 271 = Cry ()t~
for t > 0. Since 1 < g < 2 < p < 2*, we can choose a constant p > 0 sufficiently
small such that g(p) > 0. Taking mg := ﬁg(p), it then follows that there exists
a constant a := 2g(p)p? > 0 which is independent of 7, A and w such that

D@y = @> 0,
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for any 7 € I, w € H and all h satistying ||h|y < mo. O

Lemma 4.2. Assume that (H1)-(H4) are satisfied, then there exist a function e € H
with |le[| < p and a constant 0 < \* < X such that Ix(e) < 0 for any A € [0, \%),
where p and X are given by Lemmal and Lemma|3.4, respectively.

Proof. We choose a function 0 < ¢ € C$°(RY) with fB(O Ro) h(x)pldx > 0 for some
Ry > 0. By (H1), for t > 0 we obtain

at? t4
Glol = [ Puoa == [ niw)aras

at? td
GlolP =2 [ h(@yods.
q JB(0,Ro)

Since 1 < g < 2, it follows from that In(t¢) < 0 for ¢ > 0 sufficiently small,
which implies that there exist e € H with ||e|| < p such that Iy(e) < 0, where p
is given by Lemma Since I)(e) — Ip(e) as A\ — 01, we see that there exists
X > A* > 0 such that Iy(e) < 0 for all A € [0, \*), where X is given by Lemma
3.2 O

Io(to)
(4.1)

IN

SECOND POSITIVE SOLUTION FOR (|1.1))

Setting
c1 :=inf{I\(u) : u € B,},
where p is given by Lemma[L.1} B, = {u € H : |jul| < p}. Using Lemma [4.1] and
Lemma [4.2] we obtain

infIy > —oo0, inflIy>a>0, ¢ <0.
B, aB,

By Ekeland’s variational principle, there exists a sequence {u,} C Ep such that
1
c1 < Di(un) < e1+ e

1
In(w) = Ix(un) — EHU — Uy |

for all v € Pp- Then by a standard procedure, we can show that {u,,} is a bounded
Palais-Smale sequence of I. Using the similar proof to that of Lemma we
conclude that there exists a function u; € B, such that I\(u;) = ¢; < 0 and

I{(u1) = 0.
Setting v~ = max{0, —u}. Since
(o Xl ) fonvu) = [ fanurdo— [ b)) de =0,
RN RN

by (H1) and (H4) we have |ju; || = 0, which implies u; > 0 a.e. in RY. So, by the
strong maximum principle, we obtain that wu; is positive on H.
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