Electronic Journal of Differential Equations, Vol. 2015 (2015), No. 36, pp. 1-10.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

SOLVABILITY OF MULTIPOINT DIFFERENTIAL OPERATORS
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In memory of acad. M. G. Gasymov (1939-2008)

ABSTRACT. Based on methods of operator theory, we describe all boundedly
solvable extensions of the minimal operator generated by a linear multipoint
functional differential-operator expression of first order, in a direct sum of
Hilbert space of vector-functions. We also study the structure of spectrum of
these extensions.

1. INTRODUCTION

The general theory of extension of densely defined linear operator in Hilbert
spaces was started by von Neumann with his important work [I0] in 1929. Later
in 1949 and 1952 Vishik in [I5], [16] studied the boundedly (compact, regular and
normal) invertible extensions of any unbounded linear densely defined operator in
Hilbert spaces Generalization of these results to the nonlinear and complete addi-
tive Hausdorff topological spaces in abstract terms have been done by Kokebaev,
Otelbaev and Synybekov in [7, [12]. By Dezin [2] another approach to the descrip-
tion of regular extensions for some classes of linear differential operators in Hilbert
spaces of vector-functions at finite interval has been offered.

On other hand the role of the two point and multipoint theory of functional
differential equations in our lives is indisputable. The general theory of delay dif-
ferential equations is presented in many books (for example [4] [14]). Applications
of this theory can be found in economy, biology, control theory, electrodinamics,
chemistry, ecology, epidemiology, tumor growth, neural networks and etc. (see
[3, 110).

In addition note that oscillation and boundness properties of solutions of different
classes of dynamic equations have been investigated in the book by Agarwal, Bohner
and Li [I].

Let us remember that an operator S : D(S) C H — H on Hilbert spaces is
called boundedly invertible, if S is one-to-one, SD(S) = H and S~ € L(H).

The main goal of this work is to describe all boundedly solvable extensions of
the minimal operator generated by linear multipoint functional differential-operator
expression for first order in the direct sum of Hilbert spaces of vector-functions at
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finite intervals and investigate the structure of spectrum of these extensions. In the
second section all boundedly solvable extensions of the above mentioned minimal
operator are described. Structure of spectrum of these extensions is studied in third
section Finally, the obtained results are illustrated by applications.

2. DESCRIPTION OF BOUNDEDLY SOLVABLE EXTENSIONS

Throughout this work H,, is a separable Hilbert space, H,, = L?(H,,A,), A, =
(an,bn) C R for each n > 1 with property —oo < inf,>1a, < sup,s; b, < oo,
infnzl |An| >0and H = @;’lo:lHn. a

We consider the linear multipoint functional differential-operator expression of
first order in H of the form

Uu) = (In(un)), uw=(un),
where:
(1) In(un) = up,(t) + An(t)u(on(t), n > 1;
(2) operator-function A, (-) : [an,b,] — L(Hy), n > 1 is continuous on the
uniformly operator topology and sup,,>; sup;ea, [|An(t)|| < o0
(3) For any n > 1, ap : [an,bn] — [an,b,] is invertible and a,,, (a;') €
Clan, by), also sup,, 1 (|| (e ' (1)) [loe)'/? < 00
By standard way the minimal L, and maximal L, operators corresponding to
the differential expression I, () in H,, can be defined for any n > 1. It is clear that
for every n > 1 domains of minimal L,y and maximal L, operators in H, are in
the forms

D(LnO) :Vf/; (Hru An)7 and D(Ln) = W21(Hn7 An)7

respectively. For any scalar function ¢ : [an,b,] — [an,bs] and n > 1 now define
an operator P, in H, in the form

Pouy (t) = un(p(t)), un € Hy.

If a function ¢ € C'a,,b,] and ¢'(t) > 0 (< 0) for ¢t € [an,by], then for any
Up € Hay,

by,
1PoinlB, = [ o0,

<| o [un(@)[1F, 1071 (2)|dz]
plan

<N o [ (e

n

2
7, dx

= 1™ oo llunll,

Consequently, for any strictly monotone function ¢ € C*|a,,by], the operator P,

belongs to L(H,) and ||Py|] < v/|[(¢71)||sc- In actually, the expression I(-) in H
can be written in the form

l(u) = u'(t) + Ax(t)u(t), (2.1)
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where u = (uy,),
Aq(t) p,
As(t) 0 P., 0

A(t) = , P, =

and A, (t) = A(t)P,, As € L(H).
The operators Lo(My) and L(M) be a minimal and maximal operators corre-
sponding to (2.I) (with m(-) = %) in M, respectively. Let us define
L0:M0+Aa(t)a L:M+Aa(t)a
LoiD(Lo)CH—’H, LD(L)CH—>H,

o1 >
D(Lo) = {(un) € H :up €Wy (Hp,Ap), n>1, Z ”LnOunH%cn < oo},

n=1

D(L) ={(un) € H: ty € W3 (Hp, Ap), n 21, Y || Lyunl|3, < oo},
n=1

The main goal in this section is to describe all boundedly solvable extensions of
the minimal operator Ly in H in terms in the boundary values. Before that, we
prove the validity the following assertion.

Lemma 2.1. The kernel and image sets of Lo in H satisfy ker Ly = {0} and

Proof. Firstly, we prove that for any n > 1 ker L,,o = {0}. Consider the boundary
values problems

Uy, () + An (t) Po, un(t) = 0,
Un(ap) = up(by) =0, n>1

The general solution of these differential equations are

up(t) = exp ( - /t An(s)P,, ds)fn, n>1

Then from boundary value conditions we have f,, = 0 for n > 1. Hence ker L,q =
{0} for n > 1. Then ker Ly = {0}.

To show that Im(Lg) # H it is sufficient to show that Im(L,o) # H, for some
n > 1. So we consider the boundary value problem

Lyoun = —ty, (1) + (An(t) P, ) un(t) =0, un € Hy

The solutions of this equation are

un(t) = exp (/t (An(s)Py,)" ds)gn, gn € H,

An

Consequently, H,, C ker L*;, n > 1 This means that for any n > 1 Im(Lyg) # Hp.
Then Im(Lg) # H. O




4 Z. 1. ISMAILOV, P. IPEK EJDE-2015/36

Theorem 2.2. Ifz is any extension of Lo in 'H, then
L=a%,L,,
where En is a extension of Lyo, n > 1, in H,.
Proof. Indeed, in this case for any n > 1 the linear manifold
M, := {u, € D(Ly) : (un) € D(L)}
contains D(L,). That is,
D(Lyn) C M, C D(L,), n>1
Then the operator
Lpuy, =1y (uy), u, € M, n>1
is an extensions of L,o. Consequently, for any n > 1,
Ly :D(Ly) = M, C H, — Hy
From this, we obtain
L=&;",L,.
For the boundedly solvable extensions of Ly and L., n > 1, the following statement

holds. O

Theorem 2.3. For the boundedly solvability of any extension L = @;’f’:lfn of
the minimal operator Lo, the necessary and sufficient conditions are the boundedly
solvability of the coordinate operators L., of the minimal operator Lny, n > 1 and
sup,,>1 | Ly | < oo.

Proof. 1t is clear that the extension L is one-to-one operator in H if and only if the

all coordinate extensions En, n > 1 of L are one-to-one operators in H,, n > 1.

On the other hand for the boundedness of L™ = EB;’LOZIE; L of H the necessary and
sufficient condition is sup,,~; || Ly < oo (see [5, @]).

Now let Uy,(t, s), t,s € A,, n > 1, be the family of evolution operators corre-

sponding to the homogeneous differential equation

ou,

ot

with the boundary condition

(t,$)f + Ap(t)Pa, Un(t,s)f =0, t,seA,

Uﬂ(svs)f:fa fGHn

The operator Uy (t, s), t,s € A, n > 1 is linear continuous boundedly invertible in
H,, with the property (see [8])

Ut (t,s) = Un(s,t), s,t € A,.
Lets us introduce the operator U, : H,, — H, as
Unzn(t) =: Un(t,0)2,(t), te€A,.

It is clear that if En is any extension of the minimal operator L, that is, L,q C
L, C L,, then

UrlenOU = Mn07 MnO C UrjlinUn = Mn C Mna UganUn = Mn
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In addition, for any n > 1,

UL = || exp ( - /75 A, (8)P,, ds) ||

Qn

b”L
<oxp ([ 1An) 1P, | ds)

n

< exp (1801 Pa, || sup [ 4n(8)]) < o0
teA,
and

t
0= lexp ([ Au(s)Pa, ds)]

< exp (|81 Pa | s1p 40 (1)) < o0

n

O

Theorem 2.4. Let n > 1. Fach boundedly solvable extension En of the minimal
operator Lo in H, is generated by the differential-operator expression l,(-) and the
boundary condition

where K,, € L(H,) and E,, : H, — H, is identity operator. The operator K, is
determined by the extension En uniquely, i.e. ]Nln =Lk, .

On the contrary, the restriction of the maximal operator Ly in H, to the linear
manifold of vector-functions satisfy the condition for some bounded operator
K, € L(H,), is a boundedly solvable extension of the minimal operator Lyg.

On other hand, forn > 1

IZ2H ) < 180l exp (2] [ Pa ]| sup |44 (1))
teA,
Proof. For any n > 1, the description the all boundedly solvable extensions of En

of the minimal operator L, in H,, n > 1 have been given in work [6]. From the
relation U, 'Ly U, = Mg, we obtain

Lic, = UnM U
where Mg u,(t) = u,,(t) with the boundary condition
(K, + Ey)un(an) = Kpun(by), n>1.
Hence for f,, € L?(H,,A,),

bn by, t
Mz fall3,, = / I, / fuls)ds + / fuls) ds| dt
an an an

bn bn by t
<2 [, [ nastPaerz [ [ g asl?ae
an An an An

b‘n, b”L
<27 [ [ o) P sl
An an

|2
e [7( b 1) ds ) dtl )

n
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= (2 KnlPAn]? + 2180 2) | £ullZ,,
= 2|20 (L + | Kal®) | fulZ, -
Hence,
IMEH < V2IAL (L + 1K), n>1

From this and the properties of evolution operators, the validity of inequality is
clear. This completes proof of theorem. ([l

Theorem 2.5. Let Lg, be a boundedly solvable extension of Lo in H, and
Mg, =U'Lg, U,, forn>1.

n

To have
sup || L, || < oo,
n>1
the necessary and sufficient condition is
sup [ Mg < oo.
n>1
Theorem 2.6. Assumed that
My, : Wi (H,,A,) C L*(Hp, Ay) — L*(Hny Ay),
Mic, un(t) = u, (t),
(Kpn + Ep)un(0) = Kyu, (1)
To have
sup [[ Mz} || < oo,
n>1 )
the necessary and sufficient condition is sup,,>; || Ky|| < co.
Proof. Indeed, from the proof of Theorem [2.4]
IMEH < VA (14 [Kal?) 7 mz

From this, if sup,,>; [[Kn| < oo, then sup,>; ||M§:H < 00. On the contrary,
assumed that sup, >4 ||M]}n1 || < co. Then in the relation

b t
Ko [ hadt =M 10 - [ fadt, fuc M nz

choosing the functions f,,(t) = f¥, t € A, fi € H,, n > 1, we have

1 follz, Al < [M, Falla, +18alll £3ll,, n>1.

Then

1
|An
Consequently, from the above relation and the condition on A,,, n > 1, we obtain

1K < 1M |+ 1.
sup || K, < (inf |An|> sup [Mg || +1 < o0.
n>1 n>1 n>1 "
]

Now using Theorems [2:42.6] we formulate an assertion on the description of all
boundedly solvable extensions of to in H.
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Theorem 2.7. Each boundedly solvable extension L of the minimal operator Ly in
H is generated by differential-operator expression (2.1) and boundary conditions

(Kn + En)un(an) = KnUn(an7 bn)un(bn)7 n=>1,
where K, € L(H,), K = &> ,K, € L( By Hn) and E, : H, — H, is identity

operator. The operator K is determined by the extension L uniquely, i.e. L = Lk
and vice versa.

Remark 2.8. If in the (2.1), o, (¢) =t (an(t) < t), t € [an,by] for any n > 1, then
this problem corresponds to the problem of theory of multipoint ordinary (delay)
differential operators in Hilbert spaces of vector-functions.

3. STRUCTURE OF SPECTRUM OF BOUNDEDLY SOLVABLE EXTENSIONS

In this section the structure of spectrum of boundedly solvable extensions of
minimal operator Ly in H is investigated. First we consider the spectrum for the
boundedly solvable extension Ly, K = (K,,) of the minimal operator L in H; that
is,

Lxu=Xu+f, AeC, u=(un), [f=(fn)€H
From it follows that
Gnz1(Li, = AEn)(un) = (fn)
The last relation is equivalent to the equations
(Lk, = E)up = fn, n>1, XeC, f,€H,
That is, for any n > 1, we have
Un(Mg, — NE U,  uy = fo
Therefore,
op(Lk,) = op(My), 0c(Lk,) =0c(My), or(Lk,) = or(Mp) (3.1)
Consequently, we consider the the spectrum parts of Mg, ; that is,
Mg, tp =My + fr, AEC, fhL€H, n>1
Then from this we obtain
ul, = Mg, + fn,
(K, + Ep)un(an) = Kpug(by), n>1

Since the general solution of the above differential equation in H,, has the form

(£, A) = expA(E — an))f0 + /t exp\(t — 8)) fu(s)ds, 1€ Ay,

f%e H,,n>1, from the boundary condition it is obtained that

bn
(En + K, (1 - exp(/\\AnD))fg = Kn/ exp(A(by, — 8)) fn(s)ds, n>1

It is easy to show that A, ., = Q‘Z’Tf € p(Mg,), m € Z, n > 1. Then for A, ,, #

2mmi/|Apl, m € Z, n > 1, we have
1

(7 - crpONAL]) — [En) 5
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-1 bn
— (1 - exp(MAWD) 'K, / exp(A(bn — 5)) fu(5) ds,

e H,, f, € H,, n > 1. From this and relations (3.1]) it follows the validity of
following statement.

Theorem 3.1. In order for A to belong to 0,(Lk,) (0c.(Lk,),0r(Lk,)), it is nec-
essary and sufficient that

= oI =1 € oK) (0e(Kn), or(Kn).

Then a structure of spectrum of boundedly solvable extension L, can be for-

mulated in the form

Theorem 3.2. The point spectrum of the boundedly solvable extension Ly, has
the form

1
|An|

i € op(Ka)\{0,~1}, m € Z}

Similarly propositions on the continuous o.(Lk, ) and residual o.(Lk, ) spectrums
are true.

pw+1

1
Jp(LKn):{)\E(C:)\: {ln|%|+iarg( ) + 2mil,

Lastly, using the results on the spectrum parts of direct sum of operators in the
direct sum of Hilbert spaces [I3] in we can proved the following theorem.

Theorem 3.3. For the parts of spectrum of the boundedly solvable extension Ly =
&>, Lk,, K = (K,) in Hilbert spaces H = ®52 1 Hy, the following statements are
true

op(Li) = UpZi0p(Lk,, ),
oc(Lx) = { (Ui op(Ex)) 1 (Ui ovlEie)) 1 (U2 oelEn,)) |

U{henzin(L,) sup |Ra(Li, )|l = oo},
n>1

C
or(Lic) = (U1 op(Lic,)) 0 (U3 0n(Li,))
4. APPLICATIONS
In this section, we present an application of above results.

Example 4.1. For any n > 1 let us H, = (C,|-|), an, =0, by, = 1, A, (t) = cn,
cn € C, sup,,5 |en| < 00, an(t) = ant, 0 < a,, < 1 with property sup,,», (7-) < .
Consider the pantograph type delay differential expression

l(u) = ul,(t) + cpun(ant)
in H = @& ,'H,,, where H,, = L(0,1).

In this case by Theorem 2.7} all boundedly solvable extensions Ly, of the minimal
operator Lo generated by I(-) in H are described by the differential expression [(-)
and the boundary conditions

(kn + Dun(0) = knUn (0, 1)u, (1),

where k, € C, n > 1, sup,,>; |k,| < oo and vice versa.
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On other hand in the case k,, ¢ {0,—1}, for any n > 1 the point, the continuous
and residual spectrums of Ly, in H, = L?(0,1) is of the form
kn+1 )
op(Ly,) = {/\ €C:\=ln| k;Jr | +iarg( B

oc(Lk,) = or(Lk,) =0.
Hence by Theorem [3.3] spectrum parts of L = @72, Ly, has the form

kn

1
)+ 2mmi, m € Z},

kn+1 ) kn+1 .
op(Lk) = UpZq Unmez, {ln| nk | + zarg("T) + 2mm},
0c(Le) = {X € Mip(Li,)  sup 1R (L, )| = oo}
O'T(Lk) = @

Example 4.2. Let H,, = (C,|-|), (a,), a sequence of real numbers, sup,,>1 [a,| <
o0, (bn)7 bp = an + 1, An:(anabn)a n:Lz(Hn7An)v
1
In(un) =l + un(an(t), an(t) = (t—an)?+a, — 3 teA,, n>1,
H =@ Hn, I(:) = @221, (+). In this case for any n > 1 the function a,(-) is

increase, invertible and o '(t) = a, + \/t —an + % and (o 1(t)) = ————.
, 20 = Vi—an+§ and (0710 = ;72—

Hence sup,,>; [[(0;,!)lcc < 3. In this case all boundedly solvable extensions of

minimal operator Ly in H are described by I(-) and boundary conditions
where sup,,~; |kn| < oco. On the other hand for k, ¢ {0,—1} spectrum of each

boundedly solvable extension Ly, has the form

kn+1,
ap(Lkn):{)\GC:)\:hﬂ i | 4 ¢ arg(

oc(Ly,) =0,(Li,) =0, n>1

Hence by Theorem [3.3] the spectrum parts of Ly = @52, Ly, have the form

k,+1 . k,+1
3 | + 7 arg(

kn

1
) + 2mmi, m € Z},

O-;D(Lk) = U;L.Ozl UmEZ {ZTL| ) + Qmﬂ'i},

n

oo(Li) = {AeMZp(Ly,) : sup |Rx(Lk, )|l = oo},

O'T(Lk) = (Z)

Remark 4.3. Similar to the problems in Example 4.1 and 4.2, we can investigate
the case a,(t) = by, —t, ap, <t < by, n > 1.

Acknowledgements. The authors are grateful to G. Ismailov (Undergraduate
Student of Marmara University, Istanbul) for his helps in preparing the English
version of this article and for the technical discussions.

REFERENCES

[1] R. Agarwal, M. Bohner, W. T. Li; Nonoscillation and Oscillation Theory for Functional
Differential Equations, Monographs and Textbooks in Pure and Applied Mathematics. Marcel
Dekker, Inc., (2004).

[2] A. A. Dezin; General Problems in the Theory of Boundary Value Problems, Nauka Moscow,
(1980) (in Russian).



10

Z. 1. ISMAILOV, P. IPEK EJDE-2015/36

[3] L. Edelstein-Keshet; Mathematical Models in Biology, McGraw-Hill, New York, (1988).
[4] T. Erneux; Applied Delay Differential Equations, Springer- Verlag, (2009).
[5] Z.I.Ismailov, E. Otkun Cevik, E. Unliiyol; Compact inverses of multipoint normal differential

operators for first order, Electronic Journal of Differential Equations, 2011, 1-11, (2009).

[6] Z. 1. Ismailov, E. Otkun Cevik, B. O. Giiler, P. Ipek; Structure of spectrum of solvable

pantograph differential operators for the first order, AIP Conf. Proc., 1611, 89-94, (2014).

[7] B. K. Kokebaev, M. Otelbaev, A. N. Shynybekov; On questions of extension and restriction

of operator, English translation: Soviet Math. Dokl., 28, 1, 259-262, (1983).

[8] S. G. Krein; Linear Differential Equations in Banach Space, emphTranslations of Mathemat-

ical Monographs, 29, American Mathematical Society, Providence, RI, (1971).

[9] M. A. Naimark, S. V. Fomin; Continuous direct sums of Hilbert spaces and some of their

applications, Uspehi Mat. Nauk, 10, 2(64), 111-142 (1955) (in Russian).

[10] J. von Neumann; Allgemeine Eigenwerttheorie Hermitescher Funktionaloperatoren, Math.

Ann., 102, p.49-131, (1929-1930).

[11] J. R. Ockendon, A. B. Tayler; The dynamics of a current collection system for an electric

locomotive, Proc. Roy. Soc. London Ser. A, 322, 447-468, (1971).

[12] M. Otelbaev, A. N. Shynybekov; Well-posed problems of Bitsadze-Samarskii type, English

(13]
(14]
(15]

[16]

translation: Soviet Math. Dokl., 26, 1, 157-161 (1983).

E. Otkun Cevik, Z. I. Ismailov; Spectrum of the direct sum of operators, Electronic Journal
of Differential Equations, 2012, 1-8, (2012).

H. Smith; An Introduction to Delay Differential Equations with Applications to the Life
Sciences, Springer-Verlag, (2011).

M. I. Vishik; On linear boundary problems for differential equations, Doklady Akad. Nauk
SSSR (N.S.) 65, 785-788, (1949).

M. I. Vishik; On general boundary problems for elliptic differential equations, Amer. Math.
Soc. Transl. II, 24, 107-172, (1963).

ZAMEDDIN [. IsSMAILOV

KARADENIZ TECHNICAL UNIVERSITY, DEPARTMENT OF MATHEMATICS, 61080, TRABZON, TURKEY

E-mail address: zameddin.ismailov@gmail.com

PEMBE IPEK

KARADENIZ TECHNICAL UNIVERSITY, INSTITUTE OF NATURAL SCIENCES, 61080 TRABZON, TURKEY

E-mail address: pembeipek@hotmail.com



	1. Introduction
	2. Description of Boundedly Solvable Extensions
	3. Structure of spectrum of boundedly solvable extensions
	4. Applications
	Acknowledgements

	References

