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A CRITICAL POINT THEOREM AND EXISTENCE OF
MULTIPLE SOLUTIONS FOR A NONLINEAR ELLIPTIC
PROBLEM

ABDEL RACHID EL AMROUSS, FOUAD KISSI

ABSTRACT. In this article, we show the existence of multiple nontrivial solu-
tions to a Dirichlet problem for the p-Laplacian. Our approach is based on a
abstract critical point theorem.

1. INTRODUCTION

Let us consider the nonlinear elliptic problem
—Apu = f(z,u) inQ

u=0 on 09, (1.1)

where Q is a bounded domain in RY with smooth boundary 99, A, is the p-
Laplacian operator defined by Ayu = div(|Vu[P7?Vu), 1 < p < co.

The growing attention in the study of the p-Laplace operator is motivated by
the fact that it arises in various applications, e.g. non-Newtonian fluids, reaction-
diffusion problems, flow through porus media, nonlinear elasticity, theory of super-
conductors, petroleum extraction, glacial sliding, astronomy, biology etc.

We assume that f : Q@ x R — R is a Carathéodory function satisfying the
subcritical growth condition:

If(z,t) < c(1+t]771), VtER, ae x€Q,

forsomec>0,and1§q<p*wherep*:NN—_’;if1<p<Nandp*:+ooif
N < p. The above condition implies that the functional ® : Wy*(Q) — R,
1
O(u)=- [ |Vul|Pdx — / F(x,u)dx,
P Ja Q

is well defined and of class C', where F(x,t) = ft f(z,s)ds. Tt is well known
that the critical points of ® are weak solutions of . In the previous decades,
many existence and multiplicity results were obtained by applying the critical point
theory to ®.

If f(x,0) =0, then the zero function u = 0 is a trivial solution of the problem
(L.1). In this article we investigate the existence of nontrivial solutions for (L.1)).

2000 Mathematics Subject Classification. 35A15, 37B30.

Key words and phrases. p-Laplacian; variational method; critical group; Morse theory.
(©2015 Texas State University - San Marcos.

Submitted June 19, 2013. Published February 12, 2015.

1



2 A. R. EL AMROUSS, F. KISSI EJDE-2015/41

For this purpose, some conditions on the nonlinearity near zero and near infinity
are in order.

Let Aq and A2 be the first and the second eigenvalues of —A, on Wol’p(Q). It
is well known that A\; > 0 is a simple eigenvalue, and that o(—A,) N (A1, A2) = 0,
where o(—A,) is the spectrum of —A,, (cf. [3]).

In the semilinear case when p = 2, the existence of multiple solutions of the
above problem has been studied by many authors, see for example [T}, [6], [0} [15] [17].
The nonlinear case (p # 2), has been established by many authors under various
conditions imposed on f(x,t) or F(x,t). In the case the nonlinearity % stays
asymptotically between the two first eigenvalues of —A,, and via direct variational
methods or the minimax methods, existence of one solution were proved (cf. [8[1T]).

The existence of multiple solutions depends mainly on the local behavior of

f(z,t) or F(x,t) near 0 and near infinity. In [I3], a contribution was made when
pF(z,t)

[t
treated the resonance near zero at the first eigenvalue from the right and the non-
resonance condition at infinity below A;. In [4], the authors obtained the existence
of multiple nontrivial solutions for the case

F(x,t t
limsupM <a< A <f< liminf f(:c,Q).
t—o [t [t —+oo [t[P—2¢

lim o0 < A1. Another contribution was made in [I6], where the authors

As is well known, the Morse theory developed by Chang [7] or Mawhin and
Willem [I7] is very useful in studying the existence of multiple solutions for dif-
ferential equations having the variational structure. Thus computation of critical
groups may yield the existence and multiplicity of nontrivial solutions to our prob-
lem.

Before stating our main result, we state the following assumptions:

(FO) supjy<p |f(x,t)] € L>(Q) for R > 0.

(F1) Ay < liminfp 4 ﬁ:c\(:i—?t < limsupyy,
a.e. = € (.

(F2) L(x) = liminf), oo [pF(x,t) — tf(x,t)] € L' (Q) and [, L(z) dz > 0.

(F3) There exists & > 0 such that 0 < pF(x,t) < tf(z,t), for almost every z € Q,
and for every 0 < [t] < 4.

(F4) There exist u € (0,p) and « a constant non positive, such that
lim inf pk(w,t) — tf(wt)

) t|P

f(=.t)
—+o0 P21

< B < Mg, uniformly for

>y > )\1(& —1) uniformly a.e. z € Q.
p

The main result reads as follows.

Theorem 1.1. Assume (FO)—(F4) hold, and that there exists to €]0,d] such that
f(z,t9) =0 a.e. x € Q. Then (L.1) has at least three solutions.

Example 1.2. Let us define the continuous function f : 2 x R — R such that

AL|tP—2t if [t < 6/2
— 2 — ’
f,t) = M [tP=2t + S8nd) if g > 26
1‘ | + 1+¢2 1 ‘ |— .
The primitive F' is such that
20t if |t] < 6/2
F(x,t) =<2 _ '
(@.%) {Apl|t|P + arctan(|t|) if [t| > 26.
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A simple computation shows that

f(z,t) pr
lim inf =X, liminf[pF(z,t) — tf(z,t)] = —.
Igﬁ;}m g ‘tlginoo[p (z,8) = tf(z, 1)) = 5

Hence the hypotheses of Theorem are satisfied.

Note that our multiplicity result is not covered by the results mentioned in
[4] [11], 13l 16, [19]. For the proof of our main result, we need to prove an abstract
theorem which extends [I8, Theorem 3.4].

Our work is organized as follows: as preliminaries, in section 2 we give the proof
of the abstract theorem; in section 3 we prove our theorem.

2. AN ABSTRACT CRITICAL POINT THEOREM

2.1. Preliminaries. Let X be a real Banach space endowed with the norm || - ||.
Given a functional ® of class C' on X, 8, c € R, § > 0 and u € X, we adopt the
notation:
PP ={zec X :®(x)<p}, K={zrecX: d'(x)=0},
K.={ze K :®(x)=c}, (K.s={zeX:dist(z,K.) <4},
X={reX:d()#0}, Bsu)={zecX:|z—ul|<d}

The duality between X and its dual X’ will be denoted by (,-). Now, recall a
generalization of the classical Palais-smale condition which has been introduced by
the first author (see [9]).

Definition 2.1. Given ¢ € R, we say that ® € C!(X,R) satisfies the condition
(e it
(i) every bounded sequence (u,) C X such that ®(u,) — ¢ and ®'(u,) — 0

possesses a convergent subsequence;
(ii) there exists R >0, 0 > 0, Vo € 7 ([c — 0,c + 7)), ||z]| > R:

19" (2)]| = a([l]),

where « :]0, 00[—]0, 0o[ is C! and satisfies
/ a(l+s)ds = +o0.
1

If ® satisfies the condition (C)e o) , for every ¢ € R, we simply say that ® satisfies
()0,

Remark 2.2. Note that when a(s) is constant, ([, a(1+s) ds = co), the condition
(C)*0) is the classical Palais-Smale condition denoted (PS). And when a(s) = ¢

where a > 0, ([ a(1+s) ds = 00), we get the condition (C) introduced by Cerami
in [6].

Definition 2.3. We say that ® satisfies the deformation condition (D.) at ¢ € R,
if for any € > 0 and any neighborhood N of K. there exists € > 0 and a continuous
deformation 7 : [0,1] x X — X such that

(1) n(0,.) = Idx,

(2) n(t,z) =z ifz e (X\® 1([c—&c+2])),tel01],

(3) @(n(s,z)) < B(n(t, x)) if s > ¢,

(4) (L@ H\N) C oo,
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Remark 2.4. The deformation condition (D,) is a consequence of the above weak
version of the Palais-Smale condition, see [J].

Next, we recall the notion of critical groups at an isolated critical point. For
more details see [7, [17].

Definition 2.5. Suppose u € K, is an isolated critical point of a functional ® €
CY(X,R). We define the ¢ critical group of ® at u with real coefficients R by

Cy(P,u) = Hy (PN U, (2°\ {u}) NU),
where U is a neighborhood of u such that U N K, = (), and H, denote the singular

homology groups with coefficients in R.

Furthermore, we have the following Morse relation between the critical groups
and homological characterization of sub level sets. For details of the proof, we refer
readers to [5l [7] for example.

Lemma 2.6. If ® satisfies the deformation condition (D.) at ¢ € R then there
exists g9 > 0 such that for all € €]0,¢0] we have:

H, (9575, 8°7%) = [, (9° U K., &°);
H, (D, 05 =0 if K, = 0;
H, (0T, @) = of_ C.(®,2)ifK. = {21,..., 21}
Notice that this result implies that if H,(®"¢, ®°) is nontrivial for some ¢, then
there exists a critical point u € K, with Cy(®,u) # 0. However, when C,(®,0) = 0

for all ¢, we get that u # 0. We shall use the following lemma, which is proved in
[9].

Lemma 2.7. If ® € C'(X,R), there ewists a locally Lipschitz continuous function
V : X — X satisfying the conditions: ||V (z)| < 2 and (V(x),®'(z)) > ||®'(2)],
Vr e X.

2.2. A critical point result. Our abstract critical point theorem can be stated
as follows

Theorem 2.8. Let X be a real Banach space and let ® € C1(X,R). Assume ® is
not bounded below and the origin is an isolated critical point of ® in X satisfying

C1(®,0) = 0. If ® possesses a local minimum ug # 0 and ® satisfies (C’)?(') for
every ¢ > ®(ug). Then, ® possesses at least three critical points in X.

Note that, in [I8, Theorem 3.4] the authors establish the same result on real
Hilbert spaces with the compactness Cerami condition (C)., satisfied for every
c € R. The next lemma is essential in the proof of Theorem [2.8

Lemma 2.9 (Deformation lemma). If & € C1(X,R) and satisfies (C)2) condition
at ¢ € R. Assume that K. has isolated points. Then, given § > 0 and € > 0, there

(1)
(2)
(3)
(4)

0,z) =z, for every x € X,

1,z) =z, for every x € X\Bs(u), where u € K,

t,z) =z, for every x € (X\@ ([c —&,c+£])), t €[0,1],
1,®°T¢ N Bs(u)) C ®°°.
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Proof. Tt is easy to see that by the condition (C’)?(‘), that (K.) is compact and
hence let R’ > max(R,d) such that J,cx, Bs(v) C Br/(0). By the condition

(C’)?('), we verify easily that there exist £ > 0, with £ < £ and § > 0, such that
|9 (2)| > B for everyz € [PF\(P°F U (K,)s/2)] N Br(0).  (2.1)
Taking 0 < &1 < € < £ and 6/2 < p < §, we consider
A=X\& Ye—é,c+é, B=0c—ei,ct+e]
Define
dist(z, A)

dist(z, B) + dist(x, A)’

dist(x, X\ Bs(u))
dist(z, By, (u)) + dist(z, X\ Bs(u))’

(
)
h(s):{l/ags) if s > R’

flz) =

g(x) =

1/a(R') if s<R.

From lemma there exists a pseudo-gradient vector field V on X associated with

®. Put ~
Wie) - {Oam EIMIV @), e e X

By construction, W is locally Lipshitz continuous on X. Since g = 0 on X\ Bs(u),
one deduces that
0<|W(x)|]| <1, foreveryx e X.

Now, we consider the Cauchy problem

d

—L(t,2) = W(n(t, ),
10, z) =«

Clearly, (2.2) has a unique solution 7j(¢, z) for all ¢t > 0. Furthermore, 7 € C(]0, 00) x
X, X).
Since f =0on A, g =0 on X\Bs(u) and & < &, then 7 satisfies (1), (2) and (3).
Now, we verify (4). First, observe that the map ¢ — ®(n(t,x)) is decreasing.
Indeed,

dd dn
O n(t,)) = (@ (o(t, ), 5 0, )

—a(R) f(n(t, x))g(n(t, z)h([[n(t, ) [)(@"(n(t, 2)), V(n(t, z))) < 0.
Take 0 < € < min(¢, g) and let x € ®°T¢ N Bs(u), we will prove that
o(n(l,z)) <c—e. (2.3)
By contradiction, we suppose that does not holds. Then
c—e<®(n(l,z) <P(n(t,z)) <@(x) <ct+e, VLe[0,1].

So f(n(t,z)) =1 for all ¢t € [0,1].
On the other hand, since g = 0 on X\B;(u), g = 1 on B,(u), R’ > ¢ and by
(2.1), we have

(n(1,2)) - @(z) = —a(R')/O g(n(t, 2))h([[n(t, ) [){® (n(t, ), V(n(t, z))) dt,

(2.2)
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— —a(R) / gt )Rt DI 0t ) X ey < e
1
. / a0t )1 (0t )X 1.ty 55 ()

1
< [ It D) ntre 000 <
Finally, we conclude that
d(n(l,x))<ct+e—pB<c—e.
This is a contradiction. The proof is complete. (I

Proof of Theorem[2.8 By contradiction, assume that the origin and ug are the only
critical points of ®. Let ¢ = ®(up), and since wug is a local minimum of @, thus
there exists p; > 0 such that

O(u) > ®(ug), Yu € By, (uo). (2.4)
Claim: There exist p, v > 0 such that
P(u) > ®(ug) +, forall u e dB,(up). (2.5)

Indeed taking p € (0, p1), we find v > 0 satisfying (2.5)). Otherwise, by Lemma[2.9]
we obtain € > 0 and a homeomorphism 7 : X — X such that

(1) 77(“) =u,VueX \ BPl (UO)a

(2) (@t NIB,(up)) C PO E.
Using these two conditions, we obtain u € B, (up) so that ®(u) < ¢o. But, that
contradicts (2.4). The claim is proved.

Since ® is not bounded below, there exists e € X such that

lel = p and ®(e) < B(up) +7. (2.6)
It is easy to see that and imply
max (P (up), ®(e)) < g%E o =0 (2.7)
We define
° A gy SO
where

I'={heC([0,1],X) : h(0) = ug, h(1) = e}.
Thus, from (2.7), ¢ > b is a critical value of ®. Let £ > 0 be such that ¢ — e >

max(®(up), P(e)) and suppose, without loss of generality, that ¢ is the only critical
value of ® in [c¢ — €, ¢ + ¢]. Consider the exact sequence

N H1(¢c+s,q)cfs) g H0(¢67€,®) E, H0(©C+E,@) o

where 0 is the boundary homomorphism and i, is induced by the inclusion mapping
i (P75,0) — (P°T¢,0). The definition of ¢ implies that ug and e are path
connected in @€ but not in ®°~¢. Thus, keri, # {0} (cf. [I7]) and, by exactness,
H,(®te, d°¢) # {0}. Using lemmas we deduce that there exists u such
that dim Cy(®,u) > 1. In view of C1(®,0) = 0 and ¢ > b, we have u # 0 and
u # ug. The proof is complete. O
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3. PROOF OF THEOREM [I.1]

In this section we shall use Theorem [2.§] for proving Theorem [I.1] The Sobolev
space WO P(Q) will be the Banach space X and the C! functional ® will be

1
D(u) = f/ [VulP dz — / F(z,u)dz.
PJa Q
To apply Theorem [2:8] we need the following three lemmas.

Lemma 3.1. Under assumptions (F0)—(F2), the functional ® satisfies the condition
(C’)?(') for every ¢ >0, with a(s) = L.

Proof We know that —A, : X — X’ is bounded mapping of type (ST) and
g X — X', fQ x,u) dz, is completely continuous, i.e. u, — u implies
g (uy) — g(u ) From this, by a standard argument, the first assertion of definition
2.7lis verified.

Let us now prove that the second assertion of definition [2.1]is satisfied for every
¢ > 0. By contradiction, assume that (ii) is false. Then, there exists (u,,) C Wy (2)
such that

O(uy) —c, @ (up)u, — 0, and |u,| — . (3.1)

From (F0) and (F1) it follows that there exists constants a and b such that

|f(z,t)] < a|1f|p_1 +b, VteRaexec.

Let us define v,, = ” ok fn= Iu i )1,
fn), still denoted by (’Un) (respectively f,) we may assume that: v, — v weakly
in VVol’p(Q)7 v, — v strongly in LP(Q) and a.e. x € Q, f, — f in L' (Q), where

p = p% is the conjugate exponent. We need to state the following claim.

passing to subsequence of v,, (respectively

Claim
(1) f=0 a.e. in A= {z € Quv(z) = a.e.};
(2) Al_m_ﬂae in Q\ A.

Indeed, define ¢(x) = sign(f(z))xa(z), where

. 1, if x >0,
Sen(@) =3 1 s <o

Thus, the inequality implies that
_ 1
[ fa(@)p(x)] < (alonP~" + W)XA(:E), a. e. x €L
Since v, — v in LP(Q), it follows by passing to the limit that

fa(@)p(z) — 0 in L (). (3.2)
On the other hand, we have

/ansadwéfsodz:/dﬂx,mx:/A\f|dx.

It follows from (3.2)) that [, | f|dz = 0. Thus the first assertion of claim is proved.
Now, we show the second assertion of claim. Put

B={z e Q\A: \v(z)]" >v(z)f )~ ) a.e.}
U{z € Q\A: Blv(z)]P < v(z)f(z) a.e.}.
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It suffices to prove that meas(B) = 0. Indeed, by (F1), for all € > 0, there exist a,
b. € LP (Q) such that

ac(z) + (A —e)[t|P <tf(x,t) <be(z)+ (B+e)|t]P, ae z€Q, VieR.
This implies

ae(r) b ()
+ (/\ - E)|’Un P S 'Unfn(x) S
Tualp At~ ol Tl

Multiplying (3.3) by x5 and integrating over €2, we obtain

Q ﬁ;iﬁl xB(z)ds + (M — 5)/9 [on|PxB () da

< / o fu (@) x5 (2) da

+(B+e)|nlP, ae zeQ  (3.3)

é/ﬂ bo(2) | (x)de + (6+5)/Q|vn\p><3($) d.

[unl?

So letting n — oo in this inequality, we obtain

(- o) /Q (@) x5 () dr < /Q o(2) f(2)xp(x) dz < (B +¢) /Q (@) x5 () da.

Since € > 0 is arbitrary,

M [ l@xst e < [ v@ioxe@ < s [ o@Pxae . (64
Q Q Q
It is clear that this inequality (3.4) is verified if and only if meas(B) = 0.
Letting, m(z) = % if v(z) # 0 and m(z) = $(A; + B) if v(z) = 0. By
(3.1) we have

(D (un), un)|
[[wn[?

[z, un)

En
vp () de| < —————.
a [lualP~1 (o) de| < [[un|[P=

Hence, we conclude that

and passing to the limit, we obtain [, f(x)v(x) dxr =1, so that v # 0.
On the other hand, for any w € W, (Q) we have

/
Q Q

lun [P~ ln [P~ [[un [P~

So, passing to the limit, we conclude that
/ |Vo[P~2VoVw dx — / f(@)w(x)dz = 0;
that is, " "
/Q |VoP~2VoVw dr — /Qm(:lc)|v|p_2vw dz = 0,Yw € W, ().

In other words, v is a weak solution of the problem
—Apu =m(x)ulP"2u in Q,
u=0 on Jf.
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The result above and the claim imply
leo(=A,m()) and A <m() < B < Ao (3.5)
If we assume that A\ < m(-) on a subset of Q of positive measure, then by the
second part of (3.5), the strict monotonicity of A\; (cf. [I2]) and the strict partial
monotonicity of Ay (cf. [3]), we have
/\1(m()) < )\1()\1(1)) =1 and )\g(m()) > )\2()\2(1)) =1.
Therefore, it result that

Ar(m(+)) <1 <>\2( () (3.6)
Since o(—=Ap, m(-))N|A1(m(-)), A2(m(-))[= ( [B]), the first part of (3.5) and
(3.6) are in contradiction, hence m(-) = A; and v is a A; eigenfunction. So, it
follows that
|un(x)] = +00  a.e. z € Q. (3.7
On the other hand,
lim pF(x,upn) — un f(z,upn) dv = —pc. (3.8)

n—-+o0o Q

Combining (3.7) and (F2), Fatou’s lemma yields

/ L(z)dx < liminf/ pF(x,un) — un f(x, uy) de.
Q o

n—-+o0o
Via (3.8) we obtain
/ L(z)dx < —pe <0,
Q
which contradicts (F2). Thus the lemma follows. O

Now, we show that the critical groups of ® at zero are trivial.
Lemma 3.2. Assume (FO)—(F1), (F3), (F4). Then Cy(®,0) =0 for all g € Z.

Proof. Let B, = {u € Wy"*(Q), ||ul| < p}, p > 0 which is to be chosen later. The
idea of the proof is to construct a retraction of B, \ {0} to B, N ®°\ {0} and to
prove that B,N @0 is contractible in itself. For this purpose, we need to analyze the
local properties of ® near zero. Thus some technical affirmations must be proved.

Claim 1. Under (F0), (F1) and (F3), zero is local maximum for the functional
D(su), s € R, for u # 0. In fact, it follows from the condition (F3), there exists a
constant ¢y > 0 such that

F(x,t) > co|t|P, forxzeQ, |t| <6. (3.9
Using (F0), (F1) and (3.9), we obtain
F(z,t) > co|t]P —c|t]?, z€Q, teR (3.10)

for some ¢ € (p,p*) and ¢; > 0. Then, for u € Wol’p(Q)7 u # 0 and s > 0, we have

fsp/ |Vu|pdx7/F(x,su)dx
Q Q

Y4
%Hunp - /Q(co\su|p — e1|sul?) dz (3.11)

IN

IN

sP
- 1l = cos®llully + exslulfz.
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Since p < ¢ and by (3.11]), there exists a sg = sg(u) > 0 such that
D(su) <0, forall 0<s< sp. (3.12)

Claim 2. There exists p > 0 such that

d
£<I>(su)\3=1 > 0, (3.13)

for every u € Wy P(Q) with ®(u) = 0 and 0 < [Ju| < p.

Indeed, let u € W, (€2) be such that ®(u) = 0. In turn, for (F4) and (F0)-(F1)
respectively, we have for £ > 0 sufficiently small that there exists
r =r(e) > 0 such that

uF(z,u) — f(z,u)u > (v —e)|ul’, ae xz€Qand |ul <r,
and
pF(z,u) — flx,v)u > —c|ul?, ae. z€Qand |ul >r,
for some g € (p,p*) and c. > 0.

Define Q,(u) = {x € Q : |u| > r} and Q" (u) = {x € Q : |u| < r}. Then, since
®(u) = 0 and by the Poincaré inequality, we write

L (s10) s = (@ (50), 1) o

ds !
:/ |Vu|pda?f/f(x,u)udx,
Q Q

=(1-= VulP dx + uF(x,u) — f(zr,u)u)dx
+ F(x,u) — f(x,u)u)dz,
/T(u)(ﬂ (z,u) — f(z,u)u)

> (1= B uf? + (v - ¢) / uf? d: — c; / Jult e
p Q7 (u)

Q- (u)

> Olful]” = Ccllull?,

for some C. > 0, where § = (1 — ‘;‘ + 3= — 5). Since p < ¢, the inequality (3.13)
follows for € small enough such that 6 > 0.
Claim 3. For all u € W, ?(Q) with ®(u) < 0 and [|u| < p, we have

O(su) <0, forallse(0,1). (3.14)

Indeed, given |ju|| < p with ®(u) < 0, assume by contradiction that there exists
some sg € (0, 1] such that ®(sgu) > 0. Thus, by the continuity of ®, there exists
an s € (So,1] such that ®(s;u) = 0. Choose sy € (sg, 1] such that s, = min{s €
[S0,1]; (su) = 0}. It is easy to see that ®(su) > 0 for each s € [sg, s2]. Taking
u] = Sou, it is clear that

d d
D(su) — P(squ) > 0 implies d—<I>(su)|s=S2 = d—®(5u1)|3=1 <0.
s s
This is a contradiction with (3.13). The proof of the claim is complete.

Let us fix p > 0 such that zero is the unique critical point of ® in B,. First, by
taking the mapping h : [0,1] x (B, N ®%) — B, N ®° as h(s,u) = (1 — s)u, we have
that B, N ®Y is contractible in itself.
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Now, we prove that (B,N®°)\ {0} is contractible in itself too. For this purpose,
define a mapping 7' : B, \ {0} — (0,1] by
T(u)=1, forue (B,Nn®%\ {0},
T(u)=s, foruée B,\®" with ®(su) =0,s < 1.
From the relations (3.12)-(3.14), the mapping T is well defined and if ®(u) > 0
then there exists an unique 7'(u) € (0,1) such that
D (su) < 0,Vs € (0,7 (u)),
O(T(u)u) =0, (3.16)
O(su) > 0,Vs € (T'(u),1)).
Thus, using (3.13)) and (3.15) and the Implicit Function Theorem, the mapping T
is continuous.
Next, we define a mapping 7 : B, \ {0} — (B, N ®°) \ {0} by
n(u) = T(u)u,u € B, \ {0} with ®(u) > 0,
n(u) = u,u € B, \ {0} with ®(u) < 0.

(3.15)

Since T'(u) = 1 as ®(u) = 0, the continuity of 7 follows from the continuity of T'.

Obviously, n(u) = u for u € (B,N®°)\{0}. Thus, 7 is a retraction of B, \ {0} to
(B,N®°)\{0}. Since W, (Q) is infinite dimensional, B,\{0} is contractible in itself.
By the fact that retracts of contractible space are also contractible, (B, N®")\ {0}
is contractible in itself. From the homology exact sequence, one has

H,(B,n®" (B,Nn®%\ {0}) =0, VYqe€cZ
Hence
Cy(®,0) = Hy(B, N 9%, (B, N %)\ {0}) = 0,Vq € Z.
O

Lemma 3.3. Under the conditions of Theorem [I.1], ® possesses a local minimum
ug non trivial such that ®(ug) = 0.

Proof. Define the cut-off functional ® : W, ?(Q) — R as
- 1 .
bu) = [ul? ~ [ Flou)do,
p Q

where f(z,t) = f(x,t) if 0 < t < to, f(z,t) = 0 otherwise, and F(z,t) =
fot f(zx,s)ds.
Note that ® € C'(W,*(Q),R) and From (F0) and (F1), there exists M € R

such that
1

P(u) > ;)Hu”p — M, YueW,P().
This implies that ® is coercive on W, *(2) and satisfies (PS). Hence, ® is bounded
below. Let uy € Wg’p(Q) a local minimum of ®. Thus, ug is a solution of the
problem

—Apug = f(x,up), inQ,
ug =0, on 9.



12 A. R. EL AMROUSS, F. KISSI EJDE-2015/41

By the theory regularity in [2], ug € C*(Q). Considering the domain
)

Qo ={z € Q:up(x) <0orug(z) >t}

we have
—APUO S O, in Qo,
0 S Uug S to, on 890

From the maximum principle, we get 0 < ug < tp in g, and hence Qy = 0, i.e
OSUQgtoiDQQ.

Since ug is a local minimizer of ® in C3(£2), it is also of ® in C (). Then, by
[14, Theorem 2.1], ug is a local minimizer of ® in Wol’p(Q) and

C'q(<1>,u0) = 5q,0R.
From Lemma ug is nontrivial.
Now, we prove that ®(ug) = 0. Indeed, since 0 < ug < tp, we obtain

D(uo) = B(uo) = inf  B(u) < 2(0) =0.

Since @/(uo).uo = 0, we have

/|Vu0\p / (z,up) /fxuouo—/quo

However, from (F3), we obtain ®(ug) = ®(ug) > 0. O

Proof of Theorem[1.1. From (F0) and (F1), for some € > 0 small, it follows that
there is a constant C' > 0 such that

1
F(x,t) > I;(/\l +e)ltlP+C, VteR, ae. ze.

Therefore, by the Poincaré inequality, for u € WO1 P(Q),
—&
D(u) < —||u||P = C9|.
(w) < =l - 1Y

Hence @ is not bounded below. By Lemmas 3.1} [3-2]and [3:3] we can apply Theorem
and we obtain that ® possesses at least three critical points in VVO1 P(Q). This
completes the proof. O
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