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EXISTENCE OF SOLUTIONS FOR KIRCHHOFF TYPE
EQUATIONS

QI-LIN XIE, XING-PING WU, CHUN-LEI TANG

ABSTRACT. In this article, we prove the existence of solutions for Kirchhoff
type equations with Dirichlet boundary-value condition. We use the Mountain
Pass Theorem in critical point theory, without the (PS) condition.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS
Consider the Kirchhoff type problem
—(a+ b/ |Vu|?de)Au = f(x,u), inQ,
! u=0, on 0f,

(1.1)

where Q is a smooth bounded domain in RY, a,b > 0, and f(x,t) : Q x R is a
continuous real function and satisfies the subcritical condition

2N

==, N2>3
If(z,t)| < C(tP~1 +1) for some 2 < p < 2* =4 N-2’ - (1.2)

00, N =12,

where C' denotes some positive constant.

It is pointed out in [7] that the similar nonlocal problems model several physical
and biological systems where u describes a process which depends on the average
of itself, for example that of the population density.

Problem is related to the stationary analogue of the Kirchhoff equation

Upp — (a + b/ |Vu|2dx)Au = g(x,u),
Q

proposed by Kirchhoff in [I3] as an extension of the classical d’Alembert wave equa-
tion for free vibrations of elastic strings. Kirchhoff’s model takes into account the
changes in length of the string produced by transverse vibrations. It received great
attention only after Lions [16] proposed an abstract framework for the problem.
Positive solutions are considered by authors, such as Alves et al [I], Ma and
Rivera [I9], Cheng and Wu [6], Yang and Zhang [29]. Problems on the unbounded
domain R3 have also been considered by authors, such as Jin and Wu [12], Nie and
Wu [21], Wu [28], Liu and He [27], Li et al [15], Li and Ye [I4]. And more recently
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the concentration behavior of positive solutions has been studied by He and Zou
[9], Wang et al [26], He et al [I1]. A result with Hartree-type nonlinearities can be
found in Lii [I8]. Ground state nonlinear with critical growth is considered in He
and Zou [I0]. The readers may consult Bernstein [2] and Pohozaev [23], Sun and
Tang [24], Chen et al [4], Cheng [5], Perera and Zhang [22] [31], Mao and Zhang [20],
Sun and Liu [25] and the references therein, for more information on this problem.
There are many solvability conditions for problem with f, like the asymptot-
ical linear case (at infinity) in [29] and people are more interested in the superlinear
case (at infinity):
(S1) there exists # > 1 such that 6G(t) > G(st) for all t € R and s € [0, 1],
where G(t) = f(t)t — 4F(t) (see [24]);
(82) limyt_—o0 G(t) = 00 and there exist o > max{1, N/2} and C' > 0 such that
[f(®)]7 < CG(t)|t|” for |t| large (see [20]); or some limitation forms,
(83) Ty ol (£)f — 4F ()] = o0 (see [30));
(S4) liminfp_ w > —q uniformly in z € Q, where 7 € [0,2] and
0 < o < a, Ay is the first eigenvalue of (— A, H}(Q)) (see [A]).
All kinds of conditions are mainly making sure the boundness of the Cerami or
Palais-Smale sequences. The following condition on f which is called Ambrosetti-
Rabinowitz condition is often used:

(S5) there exists @ > 4 such that f(z,t)t > 0F (x,t) for |t| large, where F(z,t) =
fot f(z,s)ds.

We consider the nonlinear eigenvalue problem

—(/Q\Vu\zda:)Au:uuS, in Q,

(1.3)
u=0, on Jf,
whose the eigenvalues are the critical values of the functional
Jw) =, wes:={ueHQ): / fuf'dr = 11, (1.4)
Q

where [ul| = ( [, [Vul*dz) Y2 We already know the first eigenvalue p; > 0 and
the first eigenfunction ¢ > 0 (see [31]).
Now, we can state our main results.
Theorem 1.1. Assume that f € C(2 x R, R) satisfies (1.2)) and
(F1) limyy—oo (%t2 + %t‘l — F(z,1)) = 400 uniformly in z € Q;
(F2) there exists A > Ay such that F(z,t) > %t? for |t| small.
Then (1.1) has at least one nontrivial solution.

Remark 1.2. Theorem is a new for the case lim infmHOO F(tﬁ’t) < bﬁ‘Tl. The
condition (F1) is weaker than (F3) in [30]. So our theorem is different from their
theorems and obtains one nontrivial solution by adding the condition (F2) near
zZero.

Theorem 1.3. Assume that f € C(2 x R, R) satisfies (1.2)) and

(F3) liminf,_ F(tgi’t) > % uniformly in x € Q;

(F4) limyy oo (5 (2, t)t — F(,t) + “%tz) = +oo uniformly in x € §;
(F5) there exists pu < p such that F(x,t) < 23142 + %t‘l for |t| small.




EJDE-2015/47 EXISTENCE OF SOLUTIONS 3

Then (1.1) has at least one nontrivial solution.

Remark 1.4. Condition (F4) is a new condition for a class of function f(x,t) and
is weaker than (S1)—(S5). For example, let

A 4¢5
fla,t) = %(81&3 In(1+ %) + : + 4¢3 cost4).

+12

A simple computation shows that

1 aXi o a) (t%(1+cost?) t4(2+costt)+2t2 .,
= fla, )t — F(z,t —t:—( _ t)
/@t Flad+ = s U i+ Lt o
and \
1
| l‘im (Zf(x,t)t — F(z,t) + %ﬂ) = +o0.
t|—o0

Hence, f(z,t) satisfies all the assumptions of Theorem but it does not satisfy
any conditions of (S1)—(S5).

2. PRELIMINARIES

We consider H := H} () endowed with the norm [ju|| = ( [, |[Vu[*dz) Y2 We
denote the usual LP(Q)-norm by |- |,. Since Q is a bounded domain, it is well
known that H — LP() continuously for p € [1,2*], and compactly for p € [1,2%).
Moreover there exists 7, > 0 such that

lulp <pllull, we H. (2.1)

Seeking a weak solution of problem ([1.2]) is equivalent to finding a critical point
of the C! functional

b
I(u) := g||uH2 + = lul|* - / F(z,u)dx, uweH, (2.2)
2 4 o
which implies that
(I'(u),v) = (a + b||uH2)/ Vu - Vodz —/ f(z,w)vde, u,v € H. (2.3)
Q Q
Let
Ej = Digy ker(—A — )\i),
where 0 < A1 < Ay < A3 < --- < \; < ... are the eigenvalues of (—A, H). We
denote a subsequence of a sequence {u,} as {u,} to simplify the notation unless

specified. We need the following concept, which was introduced by Cerami [3] and
is a weak version of the (PS) condition.

Definition 2.1 ([3]). Let J € C'(X,R), we say that J satisfies the Cerami condi-
tion at the level ¢ € R ((Ce), for short), if any sequence {u,} C X with

J(up) — e, 1+ ||unl)Jd (uy) =0 asn — oo,

possesses a convergence subsequence in X ; J satisfies the (Ce) condition if J satisfies
the (Ce). for all c € R.

The following lemma, which can be found in [§], is our main tool in this article.

Lemma 2.2 (Mountain Pass Theorem). Let H be a real Banach space and I €
CY(H,R) satisfying the (Ce) condition. Suppose I(0) =0,
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(i) there are constants p, 3 > 0 such that I|pp, > (3 where
B, ={ueH:|lul| <p};
(i) there is uy € H and ||u1| > p such that I(uy) < 0.
Then I possesses a critical value ¢ > 3. Moreover ¢ can be characterized as

= inf I(w), T ={geC(0,1],H):g(0)=0,g(1)=u}.
e=inf max I(u). T={geC(0.1.H):(0)=0.g(1) =}

We give a lemma about the (Ce) condition which will play an important role in
the proof of our theorems.

Lemma 2.3. Assume that f(x,t) satisfies and (F4), then I satisfies the (Ce)

condition.

Proof. Suppose that {u,} is a (Ce). sequence for ¢ € R
I(uy) = ¢, (14 ||unl)I'(un) — 0 asn — oo. (2.4)

Now firstly, we prove that {u,} is a bounded sequence. From (2.2)), (2.3) and (2.4),
we obtain

1t e> I(uy) — %I’(un)un = S +/Q (if(x,un)un ~ Fla,u,))de. (25)

By (F4), there exists M > 0 such that

Lt P+ P > - (2.6)

for all x € Q and t € R. And let u, = ¢, + w,, where ¢, € F, and w, € Ef-
From (2.5) and (2.6)), one obtains

1
14+c¢>I(uy,) — ZI’(un)un

A 1 A
= Gl = unp+ [ (v = Faun) + ) e (27)
a )\1 2
> (1= ) |Jw,|? = M|Q
> G (= ) lwl* = M6

which implies that ||w,]|| is bounded. We claim that {u,} is a bounded sequence.
Otherwise, there is a subsequence of {u,} satisfying ||u,| — 400 as n — +o0.
Then we obtain

&HOEH.

[[n|
Since ¢y, /||u,|| is bounded in E; (E; has finite dimension), we have ¢, /||u,| — v
in El. By

v, = U _ Pt wn _ Pn LU e R,
[[wn | [Junl Junll  Nunll
one has
7~|L|n(96||) —v(z) ae. in Q. (2.8)
U,

From ||v,|| = 1, we obtain that ||v|| = 1. And by v € Ey, one has that v(z) > 0 or
v(z) < 0, which implies that

|un(x)] — +00 asn — 400 (2.9)
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for all z € Q by (2.8). It follows from (2.7)), (2.9) and Fatou’s lemma that
1
1+c¢ > I(uy) — 1[’(un)un

:%||un||2+/ﬂ(if(x,un)un—F(w,un))dx

ah

1 \un|2)daj

> /Q (if(x, Un U — F(x,u,) +

— +00 as n — 400,

which is a contradiction. Then we get that {u,} is bounded in H. Since f(x,t) is

subcritical growth, we can easily obtain that {u,} has a convergence subsequence.

Hence, I satisfies the (Ce) condition. O
3. PROOF OF MAIN RESULTS

Proof of Theorem[I.1] Let
= (/ Vu'VqSldx)d)l, u=u-—T1u,
Q

where the ¢; is the first eigenfunction corresponding to A;.
The following statements come from [I7]. First, there exist a real function g €
LY(Q), and G € C(R, R) which is subadditive; that is,

G(s+1t) < G(s)+G(1)

for all s, t € R, and coercive; that is, G(t) — +oo as [t| — oo, and satisfies

G(t) <[t|+4
for all ¢ € R, such that
A b
Fla,t) = “5H = L4 < —G(1) + g(a)

forall t € R and z € Q.

Second, the functional fQ G(v)dx is coercive on E; (this result also can be seen
n [I7]). We claim that I(u) is coercive.

e b
/Q<F(x,u)— 5 U 4u)d33

< —/QG(u)da:—l—/Qg(x)dx

< 7/9(G(ﬂ)fG(fﬂ))dz+/Qg($)dl’
< f/QG(ﬂ)dz + |aly + 4] + /QQ(I)dI
<

f/ G(@)dz + Cy (||l + 1)

Q

for all w € H and some

Cy =C + 4|9 +/ g(x)dx,
Q

where C' is a positive constant in Sobolev’s inequality,

luly < Cllull,  |ulz < Clull
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for all w € H. Hence we have

a b
me:5WW+4wﬁ—Amem

o 2 — 2

a
:§||un”2 —lu n|2 — | n|4

A b
+/ (a Lu n\2+ u1| nlt = F(m,un))dm
Q
a a)\l a\ b,ul
> Gl = 23+ [ (SGhHual + Ll = Flo,,))da

a )\1 ~ _ ~
25@—TWW+/Gwm—aww+n
for all w € H. By the coercivity of the functional fQ v)dz on E; and that fact
lull® = ll@l* + l[all*,
which implies that the functional I(u) is coercive. I satisfies the (Ce) condition
and is bounded from below. By (F2), we have
A
Fla,t) > %tQ — |t
for all x € Q2 and ¢ € R, which implies that
a b a\
1) < Sl + 2l Sl + Clu
a A b
=—(1- = 24 Zull* £ Cllull? < 0o
L= 2l + el + Clal? <

for u € E1 N Bs, A > A1, where § > 0 small enough and F; is the subspace of H
spanned by ¢; the eigenfunctions of A;. Then I(u) achieves the negative infimum.
This completes the proof U

Proof of Theorem[1.3 By Lemmas [2.2] and [2.3] it is sufficient to show that I sat-
isfies (i) and (ii).

Step 1. There are constants p, § > 0 such that I(u) > § for all ||u| = p. In fact,
by (F5), it is easy to see that

blm =e)ya CltP
forall t € R and z € Q,

a b a)\l (,u1 —€)
) 2 Sl + ol - S - =Dt ¢ [ fuppas

b W —€

> G0~ Mlﬂw%—c%ww.

Note that 4 < p < 2*, then for € small enough. So there exists 5 > 0 such that
I(u) > g for all ||u|]| = p, where p > 0 small enough.

Step 2. There exists u; € H and |Ju1| > p such that I(u;) < 0. Indeed, for small
e > 0, by the definition of p;, we can choose u € S satisfying

g
o 5 >l (3.1)
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It follows from (F3) that

b(p +¢)

F(x,t) >
(.) > =2

Hence, by (3.1) and (3.2)), we have

a b b
I(tu) < Sl + 26t ful = 364 + ) + CI0)

th—C. (3.2)

IN

a5 19 by be , by

- - —t*— = Q 3.3
SRl + St ot = 28 +e) + Cl0) (33)
be

a
= ——t* 4+ —2|lu||? + CIQ.
=t 22 ul? + Ol

Thus, I(tu) — —oo as t — oo. Therefore, there is uy € H with |luy|| > p such that
I(uy) < 0. This completes the proof. d
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