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EXISTENCE AND ASYMPTOTIC BEHAVIOR OF A UNIQUE
SOLUTION TO A SINGULAR DIRICHLET BOUNDARY-VALUE
PROBLEM WITH A CONVECTION TERM

HAITAO WAN

ABSTRACT. In this article, we consider the problem

—Au = b(z)g(w) + Aa(@) [ VulT +o(z), u>0, 2 €Q, ulpg =0
with A € R, ¢ € [0,2] in a smooth bounded domain Q of RY. The weight
functions b, a,o belong to Cf _(Q) satisfying b(x),a(x) > 0, o(z) > 0, € Q,
which may vanish or be singular on the boundary. g € C'((0,00), (0, c0))
satisfies lim, o+ g(t) = co. Our results include the existence, uniqueness and

the exact boundary asymptotic behavior and global asymptotic behavior of
the solution.

1. INTRODUCTION AND MAIN RESULTS

In this article we study the existence and asymptotic behavior of the unique
classical solution to the problem

— Au = b(x)g(u) + Aa(x)|Vu|? + o(z), u> 0,2 € Q, ul|oq =0, (1.1)
where Q is a bounded domain with smooth boundary in RN, A € R, ¢ € [0,2],
b, a, o satisfy

(H1) b,a,0 € C2.(9Q) for some a € (0,1), and b(z),a(x) > 0,0(z) > 0,z € Q,
and g satisfies the following hypotheses, not necessary simultaneously:
) g € CH(0,00), (0,00)), lim;_,o+ g(t) = oo;

(G2) there exists top > 0 such that ¢'(¢) < 0, for all ¢t € (0, tp);
(G3) g is decreasing on (0, 00);
(G4)

bods
lim g'(¢ / & _ _p,
t—lgl+g ®) o 9(s) g
When A =0 and 0 =0 in 2, problem (|1.1)) becomes
—Au=b(z)g(u), u>0, x€Q, ulgg=0. (1.2)

This problem arises in the study of non-Newtonian fluids, boundary layer phenom-
ena for viscous fluids, chemical heterogeneous catalysts, as well as in the theory
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of heat conduction in electrical materials, and has been studied and extended by
many authors, for instance [2]-[8], [13], [T7, 18], [21], [25} 26], [29]-[32], [34, B3], [38],
[44)-[48], [51], [53]-[56] and the references therein.

Next, we review works about the existence, uniqueness and asymptotic behavior
of classical solutions to , which are summarized as the following two parts.

Part I: Existence and boundary behavior. For b = 1 in {2, when g satisfies
(G1) and (G3), Crandall, Rabinowitz and Tartar [13], Fulks and Maybee [I7],
Stuart [45] showed that has a unique solution u € CE%(Q) N C(Q), and
the authors in [I3] established the asymptotic behavior of the unique solution.
Moreover, Anedda [2], Berhanu, Gladiali and Porru [5], Berhanu, Cuccu and Porru
[6], Ghergu and Rédulescu [I8], Ghergu and Radulescu [21], McKenna and Reichel
[34], Mi and Liu [35], Zhang [54] analyzed the first or second estimate of the solution
near the boundary to (L.2). In particular, when b € C*(Q) satisfies the following
assumptions: there exist a constant § > 0 and a positive non-decreasing function
k1 € C((0,9)) such that

(BO1) limg(z)—o % = by € (0,00), where d(z) := dist(x, 00Q);

(B02) lim; g+ k1(t)g(t) = oo;
and ¢ satisfies (G1), (G3) and the conditions

(GO1) there exist positive ¢, and v € (0,1) such that g(¢t) < cot™?, for all

le (07 770);
(G02) there exist @ > 0 and to > 1 such that g(¢t) > ¢ %g(t) for all £ € (0,1) and
0 <t <1os;
G03) the mapping £ € (0,00) — T(&) = limy_, o+ 9 §s 4 continuous function.
£9(t)

Ghergu and Réadulescu [I8] showed that the unique solution u of (1.2]) satisfies
u € CH1=2(Q) N C?(N) and
@) 0 B(d ( )

where T'(€) = by ', and ¢ € C1([0,¢]) N C2((0,¢]) (¢ € (0,0)) is the local solution of
the problem

*(b//(t) = kl(t)g(¢(t))v d)(t) >0,te (O,C), ¢(0) = 0.

Zhang [51] extended the above result to the case where g is normalized regularly
varying at zero with index —y (v > 0) and k; in (BO1) is normalized regularly
varying at zero with index —f (8 € (0,2)).

Later, Ben Othman et al [3], Gontara et al [25] extended the results in [18, [51] to
a large class of functions b which belongs to the Kato class K (Q2) and g is normalized
regularly varying at zero with index —v (v > 0). In particular, they established an
exact boundary behavior of the unique solution to the problem

—Av=">0(z), v>0, z€Q, vjgg =0, (1.3)
when b satisfies (H1) and the condition
(B03)
blx) _+ b(x)
0 < by := liminf ——— < by := lim sup < 00
2 d(z)—0 1(d(l‘)) d(z)—0 kld( )
with ki (t) = ¢t 2 [, (In; (¢ 1)) ~#, ¢ € (0,6), for some § > 0,
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where In;(t7!) = Inolnolno---oln(¢t™!) (i times) and g = pg = +++ = pj_1 =
1, pj>1and p; € Rfor j+1 <7 <1,

For the convenience of discussions, we introduce two classes of Karamata func-
tions as follows.

(i) Denote by A the set of all positive functions in C1((0, 80]) N L*((0,do]) which
satisfy
d (K(t) t
— | 0 K(t)= [ k(s)d 14
Jim 5 (5) €@ K= [ k(s (14)
and for each k € A there exists J;, € (0, o] such that k is monotonic on (0, dy].

(i) Denote by K the set of all positive functions k defined on (0, dg] by

do
k(t) := cexp (/ @ds), ¢ >0 and
t

y € C((0,60]) with lir(r)1+ y(t) =0.
t—

(1.5)

Define
d (K(t
Dy = lim —(—(>> for each k € AUK.
t—0+ dt k(t)
Indeed, if k € K, then it follows by Proposition i) and a direct calculation that
Dy = 1.

The set A was first introduced by Cirstea and Radulescu [9]-[12] for non-decreasing
functions and by Mohammed [37] for non-increasing functions to study the bound-
ary behavior and uniqueness of solutions for boundary blow-up elliptic problems,
which enables us to obtain significant information about the qualitative behavior
of the large solution in a general framework. Later, Based on their ideas, Huang
et al. [27]-[28], Mi and Liu [36], Zhang [55] and Repovs [41] further studied the
asymptotic behavior of boundary blow-up solutions.

Recently, Zhang and Li [56] obtained the following results.
(i) Let b satisfy (H1), (B03), g satisfy (G1), (G3)-(G4) with Dy > 0, then for
the unique classical solution u of (|1.2)),

( 62 )1_Dg < 1iminf& < lim sup u(z) < (M b )1_D9,

py — 1 d(@)—0 P(h(d(z))) ~ a@)—o ¥(h(d(z))) i1
where
h(t) = (st ) T (na(e=) ™, ¢ € (0,0),
i=j+1

and the function 1 is uniquely determined by

Y(t) s
Xy s 1.6
/0 9(s) (0
(ii) Let b satisfy (H1) and the condition that there exists k € A such that
e b(z) : b(x)
0 < by :=liminf ——+—— < by :=limsup ————+——= < 00, 1.7
2T dw)—0 k2(d(z)) d(z)—0 k*(d(x)) (L7)

and g satisfy (G1), (G3)-(G4) with D, > 0. If
Dy +2D, > 2, (1.8)
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then for the unique classical solution u of (1.2,

o, u() u(w) b,
& <l o) S s EeaE) S8
where
& = bi i=1,2. (1.9)

2(Dy, + 2Dy — 2)
Later, Zeddini, Alsaedi and Maagli [48] extended the above results so that they
cover the case b(t) = t~2k(t), where k belongs to K and satisfies

/60 k(s )ds < 0. (1.10)
0 S

They obtained the following theorem.

Theorem 1.1. Let b satisfy (H1) and there exist k € K such that
~ b ~ b
0 < by := liminf (z) < by := limsup (z)

d(x)—0 (d(x))~k(d(x)) — d(w)—0 (d(x))7~k(d(z))

where v > 0 and
50k
/ (s )d s = 00,
0 S

then the unique classical solution u of (1.2) in the case of g(u) = u™" satisfies

< 00,

1/(1+)

%2 = 5{?515 (f o(e) )1/(1+“/)
d(xz) s
< lim sup U(x) T S a}/(l“!"}’)’
d(z)— k

where a; = b;(147),i=1,2.

This improves the result of Lazer and Mckenna [30]. Recently, Alsaedi, Maagli
and Zeddini [I] extended the results in [48] to the case where 2 is an exterior domain
in RY with N > 3.

When A >0,¢=2,b,a=1,0=01in Q and g(u) = v, v > 0, by using the
change of variable v = e** — 1, Zhang and Yu [49] proved that possesses a
unique classical solution for each A € (0,00). This was then used to deduce the
existence and nonexistence of classical solutions to in the case q € (0, 2).

When A = £1, ¢ € (0,2), b,a =1, 0 = 0 in Q and the function g : (0,00) —
(0,00) is locally Lipschitz continuous and decreasing, Giarrusso and Porru [22]
showed that if g satisfies the following conditions:

fo s)ds = oo, [ g(s)ds < oo;
( i) there ex1st positive constants 0 and M with M > 1 such that

Gy (t) < MGy (2t), Vit e (0,0), Gl(t):/oog(s)ds, t>0,

then the unique solution w to (|1.1)) has the properties:
(i) |u(z) — ¥(d(x))| < cod(z), Vz € Q for q € (0,1];



EJDE-2015/57 EXISTENCE AND ASYMPTOTIC BEHAVIOR 5

(i) |u(z) — U(d(z))| < cod(z) (G (T (d(x)))T™/2, for all z € Q for ¢ € (1,2),
where cq is a suitable positive constant and ¥ € C([0,00)) N C?((0,00)) is
uniquely determined by

W(t) ds

o 2Gi(s) b

lim ———— =
d(z)—0 ¥(d(x))
When A € R and g satisfies (G1) with lim;— g(t) = 0, (G3), Zhang [52] showed
that

(i) if ¢ = 2, b satisfies (H1) and possesses a unique solution which belongs
to C2%(Q) N C(), then has a unique solution uy € C.%(Q) N C(Q)

for every A\ > 0;
(iii) if b=1 in Q, then has a unique solution uy € C22%(2) N C() in one
of the following three cases: (i) ¢ € [0,2], A < 0; (ii) ¢ € [0,1), A > 0; (iii)
g=1,0< )< /\}/ 2, where A; is the first eigenvalue of Laplace operator

(=A) with the Dirichlet boundary condition.
When A > 0,a =1, 0 =0 in Q, and g satisfies (G1), (G3), (G4), Zhang et al
[57] studied the boundary asymptotic behavior of the unique solution to (1.1f) in
the following two cases: (i) ¢ =2 and b€ C2_(Q); (ii) ¢ € (0,2) and b =1 in Q.

For other works, we refer the reader to [14]-[16], [19]-[20], [23], [39], [31] and the
references therein.

t>0. (1.11)

This implies

Part II: Existence and global behavior. In this part, we review these works
about the existence and global asymptotic behavior of classical solutions to
in the case that g € C1((0,00)) is a nonnegative function. For the convenience , we
introduce the notation below.

For two nonnegative functions f and g defined on a set €,

f(z) = g(z), =€,
means that there exists some constant ¢ > 0 such that

@ <g(x) <cf(x), forallxe.

Let ¢ denote the positive normalized (i.e, max,cq ¢1(x) = 1) eigenfunction corre-
sponding to the first positive eigenvalue A; of the Laplace operator (—A). It is well
known (please refer to [40]) that ¢, € C?(€) is a positive function, and we have for
T € Q,

1(z) = d(z). (1.12)
When g(u) =u~7, v > 1 and b satisfies the condition that b(x) ~ (d(x))™*, x € £,
where ¢ € (0,2). Lazer and Mckenna [30] showed that has a unique solution
u satisfying

ca(d(2)Y ) < u(z) < e (d(z)) /0 for 2 € Q,
where ¢y, co are two positive constants.
When g satisfies (G1), (G3) and the conditions

(G04) there exist v > 1 and ¢ > 0 such that lim, .o+ t7g(t) = ¢;
(GO5) [ g(t)dt < oo,
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and the weight function b satisfies
(B04) there exists 3 € (0,2) such that b(x) =~ (p1(z))7?, x € Q,
Zhang and Cheng [50] obtained the following results:
(i) problem has a unique solution u € C2*(Q) N C(Q) satisfying

loc
u(@) = ¥((p1(2)"), e,

where VU is uniquely determined by and n = (2 - 0)/2;
(ii) u € H() if and only if

/Q O g(T (1) W ()d < oo,

Moreover, when g(u) = u~7, v > 0, they also obtained some more precise results.
specifically, for b =1 in €Q, i.e., § = 0, they proved that the above results still hold
as the condition (G04) is omitted.

Later, applying Karamata regular variation theory, many authors further studied
the global estimate of solutions to (please refer to [M], [7], [25], [32]). In
particular, Maagli [32] proved the following theorem.

Theorem 1.2. If b satisfies (H1) and for all z € §,
b(z) ~ (d(x))"k(d(x)), n<2

and fol kis)ds < oo, where k € C*((0,1)) (I > max{dy, diam(Q)}) is a positive

extension of k € K, i.e.,

O k(), do<t<l,

then (1.2) in the case of g(u) = u=7, v > —1 has a unique classical solution u
satisfying, for x € €,

’u(,’E) ~ (d(x))min{1,(2—#)/(1+’Y)}\I/I;*L"Y(d(x))7

where

Jy Hekas) ' ipp=2, ()

S

(
(k(1)t/ ), floy<p<2, (i)
(
1

Ui q(t) = (1.13)

J B = 1=, il
’ ifpp<1l—r. (iv)

Recently, Ben Othman and Khamessi [4] improved and generalized the above
result as follows.
Let k1, ko € C((0,1)) (I > max{dy,diam(Q2)}) be, respectively, the extensions of

ki, ko € K and
[
0 k.
/ ﬁd8<00, i=1,2.
0 S

Assume that b satisfies (H1) and the condition
(d(2)) "2 ka(d(2)) < b(x) < (d(2)) " hka(d(2)), z€Q
with g < pp <2, and g € C1((0,00)) is a nonnegative function satisfying

cou” " < g(u) for 0 <u <1 and g(u) < cru™ " for u > 0,
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where 71 > 79 > —1 and ¢; > ¢ > 0. Then (1.2) has a unique classical solution u
satisfying for each z € ),

Cfl(d(lq))min{l’ (27112)/(1*72)}\1,%2#2’72 (d(z))
<u(x) < C(d(z))min{L(27#1)/(1771)}\111211#1’71 (d(z)),

for some constant ¢ > 0.

Inspired by the above works, in this paper we continue to study the existence
and asymptotic behavior of the unique classical solution to (L.1)). For ¢ € [0, 1], we
first establish a local comparison principle of the unique solution to , where we
omit the usual condition that g is decreasing on (0, 00) as in [57]. Then we consider
the exact asymptotic behavior of the unique solution near the boundary to
and reveal that the nonlinear term Aa(z)|Vu|?+o(x) does not affect the asymptotic
behavior for several kinds of functions b, a and o. For ¢ € [0, 2], in view of the ideas
of boundary estimate we investigate the existence and global asymptotic behavior
of the unique solution to , and our approach is very different from that one in
[32].

In particular, when A = 0 and o = 0 in 2, we improve and extend the results in
[32] and [48] as follows:

(I1) By Theorem|[L.4] we extend the result of Theorem [L.1]from the nonlinearity

g(u) = u~7 with 4 > 0 to the case where g is normalized regularly varying
at zero with index —vy, v = D,/(1 — Dy) >0, Dy < 1;

(I2) By Theorems we extend partial results of Theorem i.e., the
nonlinearity g(u) = u=7, v > 0 is extended to the case where g is normalized
regularly varying at zero with index —v, v = Dy/(1 — Dy) > 0, Dy < 1.
Exactly, we extend expressions (i), (ii) and (iii)-(iv) in by Theorems
[1.§ and respectively. It is worthwhile to point out that in our
results, if b satisfies (B3) and holds or b satisfies (B4), then ¢ is
admitted to be rapidly varying at zero.

Moreover, when A > 0,a =1, 0 =0in Q and ¢ € [0, 1), we extend the result of [57]
Theorem 1.4] from the case where b = 1 in Q to b € C{(Q2) for some o € (0, 1),
i.e., we extend the range of Dy in (G4) from Dy > 1/2 to Dy > 0.

To our aim, we assume that b satisfies one of the following conditions:

(B1) there exists k € AU K such that

e b(x) : b(x)
0 < by :=liminf ——+*— < by :=limsup ——+— < o; 1.14
P ) =T R ) .
(B2) there exists k € K such that
b(x) b(x)

O S Gt k) =T T k)

where k satisfies (|1.10));

(B3) there exist k € AUK and a;(c) >0, i = 1,2 for each 0 < ¢ < dy such that
, b(x) b(z)
as(c) < inf <su
2= 8 Plen @) = 28 Blen )
(B4) there exist k € K and a;(c) > 0, i = 1,2 for each 0 < ¢ < §y such that
b(x) b(x)

©O = 8 oo @) hep @) = Sk epr@) Zhlep (@) = @@ (110

< ai(c); (1.15)
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where k satisfies (|1.10)),

and a, o satisfy one of the following conditions:
(H2) there exist constants p;, i = 1,2 satisfying
(¢ —1)(2—2D,) + Dy(2 — q) _ 2Dy +2D, —2
Dk y P2 Dk
and functions k; € K, i = 1,2 such that
lim sup a(gcA) o0, limsup U(x)
d(2)—0 (d(z))=Prky(d(x)) d(2)—0 (d(z))~r2ka(d(x))
(H3) there exist constants p;, ¢ = 1,2 satisfying
Di(vy+2)—2
Dy,
and functions k; € K, i = 1,2 such that (1.17)) holds;
(H4) there exist constants p;, i = 1,2 satisfying
p1<2-q, q€(1,2],
p1<2_qa q€[0,1]7

P, <

< 00 (1.17)

p1, p2 <

p2 <2, q€[0,2]
and functions k; € K, i = 1,2 such that (1.17) holds here, and if p; = 2—g¢q,
then
lim sup k1 (d(z)) < oo. (1.18)
d(x)—0

Our results are summarized as the following two parts and the key of our esti-
mates is the solution ¢ of (L.6]).

Part 1: Boundary asymptotic behavior.

Theorem 1.3. Let b, a,o satisfy (H1)-(H2), (B1), g satisfy (G1)—(G2), (G4) with
D, +q <3 and (T.8) hold.
(i) If ¢ € [0,1), then the unique solution uy of (1.1)) for each A € R satisfies

1-D, _ 1. . ux(z) . ux(z) 1-D,
&S s awy < sy < 0

where &, 1 =1,2 are as defined in (1.9)).
(ii) If ¢ =1, then there exists Ao > 0 such that the unique solution uy of (L.1)

for each A € (=g, Ao) satisfies (1.19).

Theorem 1.4. Let b,a,o satisfy (H1), (H3), (B1), and g satisfy (G1)—(G2) with
liminf, o+ t7g(t) > 0. Also let (G4) and Dy + 2Dy = 2 hold, where v = Dgy/(1 —
Dy), Dy < 1. Further assume that

(H5) 060 k2(s)s™Vds = oo;

(H6)

. / b1 jfo k%(s)s™7ds _ )
tliré1+ (g (t)/0 @dS_FDg)W =FE € (—o0, (1 —Dy)?).

Then the following hold:
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(i) when g € ]0,1), the unique solution uy of (1.1 for each A € R satisfies
1-D

& ¢ <liminf uA(7)

100 4 ()4 [, K2(s)sds)

< lim sup ur(7)

=0 ((d(2))1 7 [, K(s)s~7ds)

for some §1 > 0, where
b;

SE1Tas D,)2E’
(ii) when q = 1, there exists Ao > 0 such that the unique solution uy of (L.1)
for each A € (—Xo, \o) satisfies (1.20)).

Theorem 1.5. Letb,a,o satisfy(H1), (H4), (B2), g satisfy (G1)—(G2), (G4). Also,
Dy <1 in (G4) if pr =2 —q in (H4). Then the following hold:
(i) when g € [0,1), the unique solution uy of for each X € R satisfies

(1.20)
<&,

i=1,2

- . uy () . uy () 1-D
by 77 <liminf —— 2" <limsup ——~——— < b P (1.21)
420 (10 50 ) ™ atm—0 ([0 H s )

(ii) when q = 1, there exists Ao > 0 such that the unique solution uy of (1.1)
for each A € (—Xo, \o) satisfies (1.21)).
Remark 1.6. Let k € AUK and Dy + 2D, = 2 hold. Combining with Lemma
(iv) and Proposition we know that there exists k; € K such that k2(t) =
t2=Dx)/ Pk k)t € (0,680]. Hence, it follows by Lemmathat
ftéo k%(s)s™ds . ffo k1(s) gg
im +———-——— = lim *+—*— = o0,
t—ot  k2(t)t t—ot k(1)
where v = Dy/(1 — Dy), Dy < 1.
Remark 1.7. In Theorem let 6o = 1, k2(t) = " "(—Int)? and
1 2
—FE(1 1
g(t):Ctiryexp(/ ( +’7) ( +ﬁ)d$>
. s(—1Ins)
= et (= Int)"FAN*(46)

¢>0,E<0,8>0,te(0,1). By [35, Lemma 3 (iii)], we know that (H6) holds.
Part 2: Existence and global asymptotic behavior.

Theorem 1.8. Let b, a,o satisfy (H1)-(H2), (B3), g satisfy (G1), (G3)—(G4) with
Dy +q <3 and (L.8) hold.
(i) If ¢ € (0,1), then for each X € R problem (L.1) has a unique classical
solution uy satisfying
ur(z) ~ Y(K*(d(z))), = €9 (1.22)

with K(t) = fg k(s)ds, t € (0,00), where k € C'((0,00)) is a positive
extension of k € C*((0, do)).

(ii) If ¢ € [1,2], then there exists Ao > 0 such that for each A € (—00, Ag)
problem has a unique classical solution uy satisfying .
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Theorem 1.9. Let b,a,0 satisfy (H1), (H3), (B3), g satisfy (G1), (G3)—(G4) and
2/(2+7) < D < 2/(1+~) hold, where v = Dy/(1 — D), Dy < 1. If further
assume that (HB) holds, then the following hold:

(i) when q € (0,1), for each A € R problem (1.1)) has a unique classical solution
uy satisfying

ux(z) =~ w((d(:zc))l'M /d;:) I%Z(S)S_st), x €1, (1.23)

where 1 > max{dy, diam(Q)} and k € C'((0,1)) is a positive extension of
k € C*((0,00]);

(ii) when q € [1,2], there exists A9 > 0 such that for each A € (—00, Ag) problem
has a unique classical solution uy satisfying .

Theorem 1.10. Let b,a,o satisfy (H1), (H4), (B4), g satisfy (G1), (G3)-(G4).
Moreover, Dy < 1 in (G4) if pr =2 —p in (H{).
(i) If ¢ € (0,1), then for each A € R, problem has a unique classical
solution uy satisfying

d(z) I
ux(z) = 1/)(/ @ds), x €, (1.24)
0 s
where k € C'((0,1)) is a positive extension of k € CY((0,5]) and I >
max{dp, diam(Q)}.
(i) If ¢ € [1,2], then there exists Ao > 0 such that for each A\ € (—00, Ao),
problem has a unique classical solution satisfying .

Remark 1.11. Assume that b(z) = (d(z))”%k1(d(z)), € Q, o < 2, where
_ "y(s) . B .
k1 = exp =—ds, yeC((0,1]), lim y(t)=0, > max{diam(£2), do}.
t S t—0+
Then we can take k € A UK such that

B (1) = 1 exp ( /t ” @ds), £ € (0,60)

s
such that (|1.15) holds for each ¢ € (0, min{dg, 1/c;}) and
ar(e) = cocef"N(e1/e) Mo, ar(e) = ey ey (c/er) Mo,

where 3 = max;c (o, [y(t)], Mo = exp (félo y(ss) ds), and cp, ¢; are two large enough

constants.

Remark 1.12. Asin Remark If b(z) ~ (d(x))~2k1(d(z)), then we can choose
k € K such that (1.16)) holds.

Remark 1.13. For each k € C1((0,80]), there exists a positive function k €
C1((0,00)) such that k = k on (0, &), for instance, define

];i(t) — {k(t)a 0<t<dp,

k(do) exp (%), o <0,

which is our desired function.

Remark 1.14. In Theorems [I.8 and [I.10} g is admitted to be rapidly varying at
zero.



EJDE-2015/57 EXISTENCE AND ASYMPTOTIC BEHAVIOR 11

Remark 1.15. If ¢ = 0, then Theorems still hold for each A € [0, 00).

Remark 1.16. In Theorem [I.9] if A = 0, then the lower bound of Dy can be
reduced to 2/(y + 3).

We close this section with an outline of the paper. In Section 2, we give prelim-
inary considerations. In Section 3, we collect some auxiliary results. Section 4 is
devoted to prove Theorems [1.3 The proofs of Theorems [1.8{{1.10] are given in
Section 5.

2. PRELIMINARY RESULTS

In this section, we present some bases of Karamata regular variation theory which
come from Introductions and Appendix in Maric [33], Preliminaries in Resnick [42],
Seneta [43].

Definition 2.1. A positive measurable function g defined on (0,a1), for some
ay > 0, is called regularly varying at zero with index p, written as g € RVZ,, if for

each £ > 0 and some p € R,
t
m 9D _ o (2.1)
=0+ g(t)
In particular, when p = 0, g is called slowly varying at zero.

Clearly, if ¢ € RVZ,, then t — g(t)t~* is slowly varying at zero. Some basic
examples of slowly varying functions at zero are
(i) every measurable function on (0, a;) which has a positive limit at zero;
(ii) (=Int)?, (In(=Int))?, ¢ € (0,1), p € R;
(iii) exp ((—In¢)P), t>0,0<p < 1.

Definition 2.2. A positive measurable function g defined on (0,a), for some
a1 > 0, is called rapidly varying at zero if for each p > 1

lim g(¢)tP = oc.
Jim g(¢)

Proposition 2.3 (Uniform convergence theorem). If g € RV Z,, then ({2.1) holds
uniformly for & € [c1,ca] with 0 < ¢; < ¢g < ay.

Proposition 2.4 (Representation theorem). A function k is slowly varying at zero
if and only if it may be written in the form

k(t) = o(t) exp (/tao @dr), t € (0,a0),

for some ag € (0,a1), where the functions ¢ and y are measurable and for t —
07, y(t) — 0 and ¢(t) — ¢, with ¢ > 0.

We call that
ao
k(t) = cexp (/ @d7>, t € (0,a0], (2.2)
' T

is normalized slowly varying at zero and g(t) = t°k(t), t € (0,a0] is normalized
regularly varying at zero with index p and written ¢ € NRVZ,. By the above
definition, we know that L C NRVZ,. On the other hand, if £ € NRVZy N
C1((0,60]), then k € K.
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Assume that g belongs to C*((0, ag]) for some ag > 0 and is positive on (0, ag].
Then, g € NRV Z, if and only if

tg'(t) _
im ——= =
t—o+ g(t)
Proposition 2.5. If functions k, ky are slowly varying at zero, then

(i) k* for every p € R, c1k + caky (¢c1 > 0,¢0 > 0 with ¢1 + c2 > 0), ko ky if
ki(t) — 0 ast — 0T), are also slowly varying at zero;
(ii) for every p >0 andt — 0T, t°k(t) — 0, t~Pk(t) — oo;
(iii) forp e R and t — 0%, Ink(t)/Int — 0 and In(t°k(t ))/lnt — p.

Proposition 2.6. If g1 € RVZ, , g2 € RVZ,, with lim;_o+ g2(t) = 0, then
gioga € RVZ, ,,.

Proposition 2.7. If g1 € RVZ,,, g2 € RVZ,,, then g1 - g2 € RV Z,, 1,

Proposition 2.8 (Asymptotic Behavior). If a function k is slowly varying at zero,
then for a>0andt— 0T,

fo sPk(s)ds = (1 + p) =1 TPE(t) for p > —1;
(ii) [} sPk(s)ds = —(1+ p) " Pk(t) for p < —1.
3. AUXILIARY RESULTS
In this section, we collect some useful results.
Lemma 3.1. Let k: € AUK. Then

(i) hmt—»OJr k(t) =0;

(ii) Tim, o+ 28 = D,; sie, K€ NRVZ), o
(i) timy_oe KOKW — 1,

kK —
(lV) lmt_,0+ tk?()(f;) = 1ka

Proof. Here, we only prove the results in the case of k € I because the ones have
been given by Lemma 2.1 in [54] when k € A.

(i)-(ili) By Proposition [2.8](i), we obtain that (i)-(iii) hold. (iv) (iv) follows by
(ii)- (i) O
Lemma 3.2 ([56, Lemma 2.2]). Let g satisfy (G1)-(G2),

(i) if g satisfies (G4), then lim;_ o+ @ g g‘éj) =1-Dy and Dy <1;
(ii) (G4) holds with Dy € [0,1) if and only if g € NRVZ_p ;1-p,);
(iii) if (G4) holds with Dy = 1, then g is rapidly varying at zero.

Lemma 3.3 ([48, lemma 2.3]). Let k € K, then
k(t
0% 1% ;E(s))d -
Jo* =ds

If further foéo @ds converges, then we have

. Ek(t)
hm+ TR T
=0T fo =ds
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Lemma 3.4. Suppose g satisfies (G1)—(G2), (G4) and let ¢ be the solution of
(1.6). Then

(1) ¢'(t) = g(¥ (1)), ¥(t) > 0, ¥(0) = 0 and P"(t) = g(¥(t))g'(¥(1)), ¢ > 0;
(ii) Timy_ g+ %Eg) —1—D,;
(ifi) lim, g+ St = —Dy;
(iv) if ke AUK and Di(1++v) <2, v=Dy/(1 - D,), Dy <1, then

k2 (t)

oo j‘50 kG) s

t S

(v) ifke AUK and holds, then
lim ¢ k(8) (' (K(1))) " K9(6)kT2(t) = 0;

t—0t

)

lim P2 k() (0 (K2(0)K2 (1))~ =0,

t—
where g € [0,2], Dy +q < 3, k € K and py, p2 are as defined in (H2);

(vi) if k € AUK and 2/(24+7) < Dy, < 2/(1+~) withy = D,/(1—D,), D, <1,
then

t—0t

do
lim t”(k‘z(t))*l/ k?(s)s Vds = 0;
t

tim, =P () (K2(8) e [ (£ /t " kQ(s)s—vds)}q_l( /t ” kg(s)s_"’ds)q —0;

t—0t

lim =P k(t) (k2(1))1 144 [w' (t“” /t " kQ(s)s—ws)}H =0

t—0t

11+ % 2 2 -1
c P2 ¥ - _
Tim i) [y (1 /t ¥ (s)s s )2 (1)] =0,
where q € [0,2], keK, and p1, p2 are as defined in (Hs);
(vii) if k1, ko, k € K and holds, then
. t -1
lim ¢ =P &y ()82 (e (2)) 7! [¢( / @ds)]q —0;
0

t—0+ S

lim 22y () [k(t)w’(/ot @ds)] -

t—0t S

where q € [0,2] and p1, p2 are as defined in (H4), moreover, (1.18]) and
Dy <1 hold if p1 =2 —p.

Proof. (i)-(iii) By the definition of ¢ and a direct calculation, we get (i). By (i),
Lemma (i), we obtain that

W) L gw) /““ds_l_Dg,
0

TS T e () o) "

i.e. (ii) holds.

17 P(t) s
m 0 i g0 = tim () | a5 =0

P P'(t)  t—ot t—0+ 9(s)
i.e. (iii) holds.
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(iv) By Lemma [3.1] (iv) and Proposition we know that

k* € NRV Zy(1-p,)/Dy- (3.1)
Hence, there exists kg € K such that
K2t~ = ¢@A=D/ DI~V (1) € (0, 6] (3.2)

When D (1 + ) = 2, a simple calculation shows that (2(1 — Dy)/Dy) — v = —1.
So, we conclude by Lemma [3.3] that

SRR ko(t)
ti%{r f‘sﬂ k2(s)s™ T %o ko(s) 5.
) s)s~vds [0 T2 2ds

When Dy (1 + v) < 2, a simple calculation shows that —1 < (2(1 — Dy)/Dy) — 7.
So, we have

(50 60
lim k*(s)s Vds < 0o, e, / k*(s)s Vds € K. (3.3)
¢

t—>0+ t
By (3.1) and Proposition we know that there exists ky € K such that
VR () = 120D/ P (1), t € (0, o).

(iv) follows by Proposition (i).
(v) By Lemma [3.1] Proposition [2.6) and (iii), we obtain

K e NRVZp,, k€ NRVZ4_p,)p, and ' o K> € NRVZ_5p /p,-
By Propositions 2.6 and we arrive at
(¢ o K*)9™ 1. K1.k972 ¢ NRV Z,, and (¢ o K*)"'k™? € NRV Z,,,
where
(¢ = 1)(2 =2Dy) + Dy(2 — q)
Dy,
Thus, there exist ki, ko € K such that
(Y o K2(1))1 1 K(t) - K972(t) = t™ Ky (t), t € (0, o),
(' o K2(t)) 'k 2(t) = t™ko(t), t € (0,00).
It follows by Proposition (ii) that
Jim P ()0 KA(0)T - K9(6) - K2(0) = lim 7P h(0)ha (1) = 0

t—0t

_ 2Dy +2Dy -2

0.
Dy,

T = >0, 7

lim ¢ 2k(t)(¢ (K2(t)k*(t)) "' = lim £~ P2k(t)ky(t) = 0.
t—0t t—0t
(vi) By Lemma (iv) and Proposition we know that (3.1)) holds. Hence,
there exists ko € K such that (3.2)) holds here. As before, when Dy = 2/(1+7), we
have (2(1 — Dy,)/Dy) — v = —1. So, it follows by Lemma [3.3] that
80 ko(s) !
t =2
o U s Re®) (3.4)

o Lao ko(s) 7 0+ ftéo ko(s) 7o
S S

This implies
do
/ k*(s)s™Vds € K.
t
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Moreover, when 2/(2 4+ ) < Dy < 2/(1 4 ~), by the proof of (iv), we know that
(3.3) holds here. Combining (iii) with Propositions and we see that there
exist k; € K, i = 1,2, 3,4 such that for any ¢ € (0, do],

do
(k2 (t) ! /t k2(s)s Vds = t{O0F2DPe=2)/Di . (¢);

P k(R (1) e [ (£ /t " K(s)s7ds ! ( /t " k2(s)s_7ds)q

=t TP () ko (2);

P () (K2 (£)) 7 14 [W (t”“’ /t ” kz(s)s*ws)} (ks (8):

do
P2k (1) [q// (tlﬂ / k2(s)ﬂd8) kQ(t)] — 1P (D) k(D).
t
where
Dk(’yng) — 2 > 07 Ty =

Hence, (vi) follows by Proposition (ii).
(vii) By (iii), we see that there exists k1 € K such that

o ([ 00 = MO ([P [ )

0 s

/ ES) g ek (3.5)
0

S

which can be obtained by a simple calculation as for (3.4).
If p1 < 2 — q, then by Proposition (ii) we have

lim 7k ()27 (1) {u/(/t @ds)r_l = 0. (3.6)
t—0+ 0 S

If p1 = 2—g, then it follows by Lemma 3.3|and Proposition [2.5] (ii) that (3.6) holds.
On the other hand, we conclude by Proposition (ii) that

lim 1272y (1) [k(t)w’(/ot k(s)ds)} -

t—0t S

q(2 — Dy(1+7)) + Di(y +2)

—2 .0
Dy, '

T1 — T3 =

where

4. BOUNDARY ASYMPTOTIC BEHAVIOR

In this section, we prove Theorems First, we introduce some notations
and two significant lemmas, which are necessary for the proofs.

For § > 0, we define Q5 = {z € Q : d(z) < §}. Since Q is a C? - smooth domain,
we take 1 € (0, dp] such that

de C*Qs,), |Vd(z)| =1, Ad(z)=—(N—-1H()+0(1), =€, (41)

where, for all z € € near the boundary of Q, Z € 99 is the nearest point to x, and
H(z) denotes the mean curvature of 92 at T (please refer to [24, Lemmas 14.6 and
14.7)).
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For a satisfies (H1), let Va € 01202"((2) N C(Q) be the unique solution to the
following problem
—Av =a(z), v >0, vjgq = 0.

specifically, if a = 1 in Q, then V1 € 01203(9) N CYQ). It follows by Hopf's
maximum principle in [24] that

VV1(x) # 0, Vo € 0Q and V1(x) =~ d(x),Vz € Q.

Lemma 4.1. For fired A\ € R, let g satisfy (G1)-(G2), b,a and o satisfy (H1)
and q € [0,1]. Let ux € C*(Qs) N C(Qs) be a unique solution to (LI)), ux €
C?(Qs) N C(Qs) satisfy

—Auy 2 b(x)g(@x) + Aa(z)|[Vua|? + o(z), ua(z) > 0, z € Q5, Un|oa =0,
and u, € C%(Qs) N C(Qys) satisfy
—Auy < b(2)g(uy) + Aa(@)[Vuy | + o(z), uy(z) > 0, z € Qs, uylon =0,

where 0 sufficiently small such that uy(x), uy(x),ur(z) € (0,t1), © € Q5. The
constant t1 < to and tg is in (G2).

(I1) When q € [0,1), there exists a positive constant M such that
uy () — MVa(x) <up(z) <ux(z) + MVa(x), z € Q. (4.2)

(12) When q = 1, there exists two positive constants M and N\g such that if
A€ (=Xo, o), then (4.2)) still holds.

Proof. (I1) When ¢ € [0,1), there exists a sufficiently large constant

M > (|)\| ilelg |VVLL(90)|)1/(1 Y
such that
uy — MVa <up(z) <uy+MVa on{zeQ:d(x)=7}. (4.3)
We assert that for all z € Q5
ux(z) < ay(z) + MVa(x), (4.4)
ux(z) > uy () — MVa(x). (4.5)

Assume the contrary, there exists xg € €25 such that the following hold,
ux(zo) — (Ur(zo) + MVa(zo)) > 0.

By the continuity of uy and @y on Qs and uy(z) = uyr(z) + MVa(z) =0, x € 09,
we see that there exists 1 € Qs such that

ux(z1) — (Tr(z1) + MVa(z1)) = max ux(z) — (@r(x) + MVa(z)) > 0.

At the point x1, by using [24, Theorem 2.2] we have
Vi, — Vuy = MVVa and — A(uy — (@ + MVa)) > 0. (4.6)
By using the backward Minkowski inequality, we obtain
[IVurl® = [V || < [[Vua] = [V (4.7)
Moreover, combining with , and the basic fact
[[Vux| = [Vaa[|? < [Vuxy = Vaa |9,
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we have
[[Vurl? — [Vuy|? < M9VVald. (4.8)
Thus, it follows by (H1), (G2) and that
— A(uy — (@y + MVa))(z1)
< b(x1)(g(un (1)) = g(@r(21))) — Ma(z) + [Ma(z)[|Vur|* — [Vax ||
< bz1)(g(ua(z1)) — g(@r(z1))) — Ma(x) + M|A|a(z)|[VVal? <0,

which is a contradiction. Hence, (4.4]) holds. In the same way, we can show that

(4.5) holds.
(I2) When ¢ = 1, we can still choose a large M > 0 such that (4.3) holds. By
the same proof as the above, we obtain that (4.4) and (4.5)) hold in the case of

Al < Xo = (Sug |VVa(x)D_1
Te

For the next lemma we assume that a satisfies
aw) = (d(@))"k(d(z)), @€, (4.9)

where p < 2 and k € C'((0,1]) (I > max{do, diam(Q)}) is a positive extension of
k € K, moreover, if p = 2, then (1.10) holds.

Lemma 4.2 ([32, Proposition 1]). Assume that a satisfies (H1) and (4.9). Then
Va(x) = ¢(d(x)), v € Q, where

t k(s) — 9.
0 s dS, P = 27
t27PE(), 1< p<2;
o) =3 i o (4.10)
tf, =rds, p=1;
t, p <1

Proof of Theorem[I.3 Let e € (0,b3/2) and put

n =& +e&/b, T2 =& —ela/ba.
We see that
&/2 < T <1 < 3&/2.
Let
U = Y(nK*(d(2),  u. = P(rK(d(x))).

A straightforward calculation shows that
AT, + b(x)g(Te) + Aa(z)|Vu|? + o(x)

= ¢/ (n K2(d(@)) k(@) |47 (r K (d(2))g (0 (1 K2(d(a)))) + D, )

K(d ( )E (d()) K(d(x))
+ 2 ( vae) 0 Dy)) + 27 ( ) ) Ad(z)

47‘1D + 271 +2T1(1 —Dk) + by

*(d(x)))* K (d()) kT2 (d(x))

+ (m h) -
(r K
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Combining Lemma [3.1] Lemma [3.4] (v) with the hypotheses (B1), (H2) and (G4),
we obtain that for fixed € > 0, there exists J. € (0,01) such that for € Qs_,

[ar1 (m K2(d(2)g' (0(r K2(d()))) + Dy )

K(d(x))k'(d(z K(d(x
o (M) (KO
Aa(x)

A d(z)) Pk (d(2))(2m) (W (1 K2 (d(2)))) K 9(d(z
’ ((d(x))—mkl(d(x)))( ()™ ka (d(@)) (2m)* (¢ (n K(d(2))) ™ K*(d(=)

x k772(d(x)) +

( o(z)

(d(@) =72k (d())
X (0 (I () R () |
<e/2

and

) (@)~ ks (d()

K (d(x)) (b2 — €/2) < b(z) < k*(d(x))(by +¢/2), =€ Q..
This implies that for z € €;_, we have
AT, + b(z)g(u.) + Aa(x)| V! + o(z) <0,

i.e., U, is a supersolution of in Qs,.

In a similar way, we can show that u_ is a subsolution of in Q5.

Let uy € C1%(Q) N C(Q) be the unique solution of (L.1). We choose § < d. such
that T, u_, ux € (0,t1), where ¢; is in Lemma Now, we consider the following
two cases.

Case 1: ¢ € [0,1). By Lemma (I1), we know that there exists M > 0 such
that

u.(z) — MVa(z) <ux(z) <. (z)+ MVa(z), z€Qy, (4.11)

e

i.e., for any = € Qs
MVa(x) S ux(x)

SR W) T B k@)

4.12
_ MVa(x) < up(x) (412)
V(rK2(d(2))) ~ (rK3(d(2)))
Subsequently, we prove
. MVa(zx) .

lim ———*——=0, i=1,2. 4.13
d(x)—0 P (7 K2(d(x))) ( )

In fact, by (H2) we can take a constant ¢; > 0 such that
a(z) < w(z), x € Q, where w(z) = cl(d(x))*pll:fl(d(:c)) (4.14)

with

9 o> q¢(Dy +2D, —2) +2(1 — Dy) (4.15)

Dy, ’

where k1 € C1((0,1)) (I > max{do, diam(€)}) is a positive extension of k.
A basic fact, [24) Theorem 3.1], shows that Va(z) < Vw(z), z € Q. We conclude
by Lemma [£.2] that there exists a constant ¢y > 0 such that

Va(z) < cap(d(x)), x €, (4.16)
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where ¢ is defined by (4.10). Combining Lemma (ii), Lemma (ii) with
Propositions and we obtain

- (Yor, K"t € NRVZ,, i=1,2 with p = min{2 — p1, 1} — 2(1 — D;)/Dy.
It follows by (1.8]) and (4.15]) that p > 0. Hence, we have

I ca()

M ()
d(2)—0 Y (1 K2(d()))
This fact, combined with (4.16)), shows that (4.13)) holds. It follows by (4.12) that

U/\—(z) n 1m1n uA—(x)
hI(r@l)Sllop Y(mK2(d(x))) <1 and 1 Hg V(2 K2(d(2))) > 1. (4.17)

Consequently, by Lemma (ii), we deduce that
©p,_ o n(Ed)

T > lim sup U (2)

a@ -0 V(K@) ~ a0 VK2(d(@)))’
)

(
= lim —F——— " <liminf #
dx)—0 Y((K2(d(x)))) ~ d@)—0 Y(K3(d(z)))
Case 2: p = 1. By Lemma (I12), we know that there exist positive constants

M, Xo such that (4.11) holds here if A € (=X, \p). As in the proof of the above,
we obtain (4.18) still holds.

The proof is complete when passing to the limit as € — 0. ([l

4.18
1o, U(EAA) o

Ta

Proof of Theorem[T4) Let € € (0,by/2) and put
T =& +¢e&/bi, T2 =& —e&a/bo.
Clearly, &/2 < 79 < 711 < 3&1/2. Let
. (x) = ¢ (nu(d(z ))1“9( ), @e(w) = ¢ (r2(d(2)) 0(2)) ,
where v = D, /(1 — D) and 0(z fd )s~7ds. Denote
I(x)

71 (d(2)) 7 0(x)¢" (11 (d(@)) H70())
P! (i (d(@))1*76(x))

n Dg)

x (d(gg;(_x; 2) _ m(1+7)E
N 1 (d(x)) 70 (x) " (r1(d(2) T70(x)) 71 (d(2)) k2 (d(x))

)

' (n(d(z))+70(x)) 0(z)

B (2(1+v)712(d(w))1+79( 2)y" (r1(d(x))*70(x))

P (1 (d(2))+70(x))
1

+ 27’17)

2 d(z)k' (d(z)) 27'1( Dy,) 1+7 ))70( )
)\T{Iagl‘) T 7p1k.1 d k2(d a—1
' (d(x))"’lkl(d(x)))( (@) (@) ()
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n ( 0(:{)
(d(x))=P2kz(d(x))

Combining Lemma[3.1] (iv) and Lemma [3.4] (iii)-(iv) (vi) with the hypotheses (B1),
(H3), (H6) and (G4), we obtain that for fixed € > 0, there exists d. € (0, ;) such
that |I(z)| < €/2 for x € Qs_, and

E2(d(x))(ba — /2) < b(z) < k*(d(z))(b1 +€/2), =€ Q..

-1

)(d(x))*%u(x))(w’ (r1(d(2))70(x)) k*(d(x)))

Hence, a straightforward calculation shows that
AT, + b(z)g(u:) + Aa(x)|Vu|? + o(x)
= ¢ (n(d(2))70(x)) k*(d(2))((z) + T (1 +7)E
—211(1 = Dy)/Dx + 211y — (1 4+7v) — 71 + b(x)/kQ(d(x)))
<’ (11(d(2))'T70(x)) K*(d(x)) (e + 71(1 +7)>E — 271(1 — Dy) /Dy,
+2ny —ni(14+7v) — 71 +b1) <0;
i.e., U, is a supersolution of in Qs,.

In a similar way, we can show that w_ is a subsolution of (1.1 in £, .
Let uy € C2%(2) N C() be the unique solution of (I.1)). As before, we choose

loc

§ < 4. such that ., u., ux € (0,¢1), where t; is in Lemma [4.1] Now, we consider
the following two cases.

Case 1: p € [0,1). By Lemma[4.1(I1), we know that there exists M > 0 such that
(4.11)) holds here, i.e., for any z € Qs

MVa(zx) ux(x)
W@ ) = B ) ) w1
1 MVa(zx) < ux(x) '
P(r2(d(x)70(x)) ~ (r2(d(x))+70(x))
Subsequently, we prove
MVa(z) =0, i=12 (4.20)

a0 D (i (d(@) H0(a))

As before, by (H3), we can take a constant ¢; > 0 such that holds here with
p1 < 1. On the other hand, we can also take a constant co > 0 such that
holds here.

By Lemma (ii) and the hypotheses on g, we know that there exists k; € K
such that

g(t) =t7"k1(t), t € (0,d0] and lim inf k1(t) > 0.
t—0
Therefore, by (1.6)) and Proposition (i), as t — 0T, we obtain

D(t) = ((1+7)tha ((2)) 7.

This fact, combined with Lemma and (4.16]), shows that (4.20]) holds. Combin-
ing with (4.19)), we have

im su ux (x) an imin U (a:)
s @) o) - I @) )
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Consequently, by Lemma [3.4] (i), we deduce that

R, e o)) - lmsup @)

b W) ) S ) e
4 SR el

P T e (@) ) o () T 0@)

Case 2: p =1. By Lemma (I12), we know that there exist positive constants
M, Ao such that (4.11]) holds here if A € (—=Ag, Ao). As in the proof of the above,
we obtain that till holds.

The proof is complete, when passing to the limit e — 0. O

Proof of Theorem Let € € (0,b4/2) and put
T1:b3+€, 7‘2:b47€.

We see that
b4/2 <Te <7 < 3b3/2

U (z) = 1/1(7'1 /Od(x) @ds), u(x) = 1/1(7'2 /Od(m) @ds)

By using Lemma (iv), Lemma and Lemma (vii), combining with the
hypotheses (B2), (H4) and (G4) we obtain that for fixed £ > 0, there exists d. €
(0,9) such that for z € Q5.

Let

K(d())
. (=) (s
< (de) () o) P ) [ ([ s

o(z) 9 pai / @) f(s)\1-1
+(<d(w)>*pz,;2(d(x)))(d(x)) fa(d(@)) [k (d(@)y (7 /O )N

<e/2

[72h(d(e))g @) + (A ld(r) Flde)) d@)Ad(x)) + (( ralr)__)
d

and

(d(2))"*k(d(x))(bs — £/2) < b(z) < (d(x)) "k (d(2)) (b3 +€/2), x € s,
Hence, we see that for x € Q;_

AT, + b(z)g(u.) + Aa(x)|Vue|? + o(z)

— (o) o)) [r2hCa)g () + 1 (R S+ d)Ad o))
b(x)

5 — T1 a(x)7{(d(x))* 2)))7- 1
@) 2k A @)

[ [ )| v+ ot o ([ H0)] )
< (d(w)*HA()g(@:) (= + by ) <0,

i.e., W, is a supersolution of Eq. (L.1)) in Qs_.
In a similar way, we can show that u, is a subsolution of Eq. (1.1)) in Q5.

+
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Let uy € C2(Q) N C(Q) be the unique solution of (L.I). We can still choose
0 < d. such that @, u,., ux € (0,t1), where ¢; is in Lemma As before, we
consider the following two cases.
Case 1: p € [0,1). By Lemma (I1), we know that there exists M > 0 such
that holds here, i.e., for any = € Qs,

MVa(z) ux(x)
1+ > )
¥(m fod(m) k(sS)ds) o(m fod(x) k(SS) ds)
1 MVa(z) ux(x)

1/’(7'2 fod(w) @ds) - 1/1(7'2 fod(x) @ds) .

Subsequently, we prove
. MVa(zx)
d(zl?io (@) k(s)
V(rifo s
By (3.5), Lemma (ii) and Proposition we can see that

d(z) L
w(Ti/ ﬂds) e, i=1,2.
0 s
It follows by (H4) and Lemma [4.2) that (4.22) holds. Hence, we have

=0, i=1,2. (4.22)

uy () ux(x)

lim sup <1 liminf >
d(2)—0 th(m fod(w) @ds) A2)=0 4 (7 fod(m) @ds)
Consequently, by Lemma [3.4] (i), we deduce that
d(x s
Tl_Dg li 1’[](7—1 fO @) %d‘s) ’LL)\(.’IJ)

> lim sup

(4.23)
d(z) k(s) g
Tlng li w(TQ 0 s S) <l ’LL)\(J?)

= lim liminf —————~———.
=0 ([ Edds) @0 g [ Hedag)

Case 2: p = 1. As in the proofs of Theorems there exists a positive
constant g such that if A € (—Xg, Ag), then (4.23) still holds. The proof is complete
when passing to the limit € — 0.

5. EXISTENCE AND GLOBAL ASYMPTOTIC BEHAVIOR
In this section, we prove Theorems [L.841.10]

Proof of Theorem[1.8. Our proof is done in the following two steps.
Step 1 (Existence and global behavior) For 0 < ¢ < d¢, we define

Qife.) = ~4(K2(cpa())g/ (K2(e.01 (@) + Dy) + 2Dy +2D, ~ 2)
(Ko en@) N o
(=) (1-D).w e

Qale, ) = ! (K ey (1)) K (e or (2)beg (), @ € 0.

By (G4) and Lemma (iil), we can take a small enough 0 < ¢y < &g such that
for x € Q,

Dk + 2Dg —2 § Ql(Co,it) § 4(Dk + 2Dg - 2)
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Let
@y := May(co)(K*(copr)), in Q,
where M is a positive constant to be determined.

First, by choosing a suitable M, we prove that w) is a supersolution of (|1.1]).
Indeed, a straightforward calculation shows that

— AUy = Mai(co)cgg(¥ (K (cop1)))) K (copr) Qi (o, ) Vipr |
+2M A p1a1(co)Q2(co, *)
> MI 4+ 2M X p1a1(co)Q2(co, -),
where
I'=ay(co)cy(Di + 2Dy — 2) g((K*(copn)))k* (cowr)[Vepr |
By Hopf’s maximum principle, there exist w € {2 and a constant d; > 0 such that
IVpi]? > 61, inQ\w.
Put
M > max {2/(c301(Di + 2Dy — 2)), 1/ai(co) }.
Combining with (B3) and (G3), we derive that for x € Q\ w,
MI(x)/2 2 b(a)g(May (co)¥ (K (copr(x))))- (5.1)
On the other hand, by (H2), (L.12), Proposition [2.3]and Lemma[3.4] (v) we see that

. a(x) —p1 3 . "K2(c - g—1
A0 (G iy ) )™ B (2 p @)
e Nk 2 (e T o(z) 7)) P2 5.2
< K@ opr(o) + (s s ) (dla) (5:2)

< () (& (K (copr (@) eopr(2)) '] =0

Hence, there exists w’ € ) satisfying w € w’ and dist(w’,9Q) < §p such that for
z € Q\W,

MI(z)/2
= k*(cop1 ()¢ (K2 (copr (2))) (a1 (co)cf (Dy, + 2Dy — 2)| Vo1 |*/2)
2 / 2 q x q a(x)
> K (cop () (K2 (cow (¢))) [A@Max (co)eo) | T (2)] T d(x)))

X (d(@)) ™"k (d(2)) (W (K3 (copr (2))) T K (copr (2))k1* (copr ()

J(CU) —p21. T 2. N (K2 (¢ " —1
+((d(x))—m,;?(d(x)))(d(x)) ka(d(z)) (K* (copr(z))y (K (copr(2)))) }

Aa(x)(2May(co))? Q3 (co, )| Vi (2)|* + o (x).

(5.3)

This together with ([5.1]) implies that @, is a supersolution of (1.1]) in Q \ ’.
Now, by taking a suitable constant M > 0, we prove u, is a supersolution of Eq.

in w’. Define
my = sup b($>g<"/}(K2(co(p1($)))); Moy 1= migi,al(cO)(P1<x)Q2(Co,l‘);

TEW’

ms = sup a(x)(a1(c))*Q(co, @) Vipr(@)|% muy := sup o(a).

TEW’ €W’
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Let
MZ max {ml/m2>\1, 1/&1(60)}.

It follows from the monotonicity of g that for any = € o’

MAiai(co)p1(x)Qa(co, ) > MArma > ma > b(x)g(Max (o) (K (copr()))).
(5.4)
Here, we distinguish the following two cases.
Case 1: ¢ €[0,1)). Let
M > max{(2q+1m3 max{0, /\}/mg)\l)l/(l_q), 2my/Aima }.
By a direct calculation, we have for any = € W/,
MAyay(co)p1(x)Q2(co, )/2
> MAimz/2 > ms(2M)? max{0, A} (5.5)
> Aa(z)(2Ma1(co))'Q3(co, ) [Vipr ()]
and
MMAjai(co)p1(2)Q2(co, ) /2 > MAima/2 > my > o(x). (5.6)
So, we see that @) is a supersolution of (1.1]) in «’. Finally, combining with (5.1)),
(5.3)-(5.6), we conclude by choosing
M > max {2/(c301(Di + 2Dy — 2)), 1/a1(co), m1/(ma1),
(2q+1m3 max{0, )\})/mg)\l)l/(l_Q), 2my/Aims }
that @y is a supersolution of (|1.1]).
Case 2: ¢ € [1,2]. In this case, let
M > max {2/(c§01(Dx + 2Dy — 2)), 1/ai(co), mi/(ma1), 2ma/Aima},
A< M9\ mo /(29 ms). (5.7)
By the same argument as Case 1, we obtain that (5.5))-(5.6)) still hold. So, for every

A satisfying (5.7]), we can take M > 0 such that @, is a supersolution of (L.1J).
On the other hand, let

uy, = maz(co)Y(K>(cop1)) in €,

where m is a positive constant to be determined.
Next, by choosing a suitable m > 0, we prove u, is a subsolution of (1.1]). Indeed,

by (5.2)), we arrive at

sup a() (' (K3 (cop1 (2)))) "™ K copr (2)) kT2 (copr (2)) < oo

Hence, we can take sufficiently small 0 < m < min{M, 1/a2(cp)} such that for each
q¢€(0,2]

— Auy — Aa(z)|Vuy |* — o(z)

< az(co)k*(copr)¥' (K> (copr)) (mc(Q)Ql(Co’ NV +2mAip1 K (copr) /E(copr)
+ \/\|(2mco)q(a2(00))q_1a($)(W(KQ(Co¢1)))q_1Kq(00<P1)kq_2(00¢1)\V<P1|q)

< b(@)/ (K (con)) (4med(Dy + 2Dy — 2) sup [Vipn (a)

zEQ

+ sup 2meor (K (cowr () /k(copr(x))) + A (2meo)?(az (o))"
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X 21618a(x)(W(Kz(cwl(fﬂ))))"_lK"(Cow(x))k"_Q(cmm(x))lvwl(x)l")

< b()g(P(K>(copr)))

< b(x)g(maz(co)P(K*(copr)))-
This implies that u, is a subsolution of .

It follows by [I5, Lemma 3] that possesses a classical solution wu)y satisfying

uy <uy < Ty in Q;
ie.,
ux(z) = (K2 (cop1(x))), x € Q.

Let k € C'((0,00)) is a positive extension of k € C((0,8]) and K(t) =
fot k(s)ds, t > 0. By Lemma (ii), Lemma (ii) and Proposition
have

we

Yo K? € NRVZyi_p,) D,

Since 1 0 K2 € C((0,00)), we can take a positive constant § < min{dp, diam(2)}
and a function y € C((0, §]) with lim; g+ y(¢) = 0 such that

5
Yo K2(t) = o K%(t) = ¢t?17Pa)/Pr oxp (/ @ds), t e (0,0], > 0.
t
On the other hand, by (1.12]), we obtain that there exists ¢; > 1 such that
d(z)/c1 < p1(z) < erd(z), z € .

In fact, we can adjust ¢g > 0 such that ¢ < min{d,1/c1}.
Let 8 = max;c(g,4] [y(t)|. Then we deduce that

| exp (/{;Wl(z) @dsﬂ < (e1/c0)?, x € Q.

(z) s
Hence
(co/er) PO P PRI < o K2 (co1 (2)) fpo K2 (d(2)) < (e160)237 P Pr (¢4 feg)?,
for x € Q. Let

M; = max {(8160)2(17[)9)/17’“ (61/60)5 )

s o Ko@)/ nf, b0 K¥de)},

Mj = min { (co/cl)(Q(lng)/D’“Hﬁ , inf o K%(cop1(z))/ sup o K2(d(x))}
z€Q\Qs ze\Qs

Then we obtain that for z € 2,
My o K*(d(2)) < o K*(copr(2)) < My o K*(d(x)),
ie., holds.

Step 2 (Uniqueness) Since uniqueness is an easy consequence of the relationship
v < w whenever v < w on 0f), we prove only this relationship, where v and w are
two solutions of in Q. Suppose mingecq(w(z) —v(x)) < 0, then there exists
xo € Q such that w(zg) — v(xp) = mingeq(w(z) — v(x)). At the point, we have by
the basic fact

V(w—v)=0and —A(w—v) <0.
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On the other hand, we see by (H1) and (G3) that
—A(w —u) = b(zo)(9(w(zo)) — g(v(20)))) > 0,

which is a contradiction. Hence, w > v in ). The proof is complete O

Proof of Theorem [1.9] For 0 < ¢ < Jg, let

O(c,z) = /60 k*(s)s ds

cp1(x)
and define

Q1(c, )

_ (el ) (epa ()0, 20" (epr (2)) 0, ) |
R ( &' ((epr(2))+70(c, z)) + (1+v)v)

(cpr (@) H0(c, ) (con (@) F70(c, 2)9p" ((cpa (2))70(c, 7))

F(cp1(2)) P (epr(2)+0(c, 7))
(1 () R e ()¢
0c.z)
L 204 9)(ep1(@) (e, )" (001 ()10, )

¥ ((epr(2))1+70(c, x))

RELACNONENCLS
k(epr(x))

Q2(c, ) = k*(cp1 (2))0' ((ep1 (2)) T70(c, 2))

(e @) ) oy
/\1< k2<Ctp1<!IJ)) ( ()01( )) );

Qslesw) = |ar (@) (e () +6(c, ) (e(1 +7) (e (2))6(e, 2)
~ clepi (@) (ep1(2)) ) |V (@)

By (H6), Lemmas (iv) and (iii)-(iv), we can take a sufficiently small 0 <
co < g such that for z € Q,

(2= Dy = (149)*EDx)c) /2Dy < Q1(co,x) < (2= Dyy— (1+7)*EDy)3c5) /2Dx

and Q2 (co, ), Qs(co, ) > 0.
Let

+ (14 7)c? + %

Ty == May(co)((cow1) T 0(co,-)) in Q,

where M is a positive constant to be determined. As before, by choosing a suitable
constant M > 0, we prove Uy is a supersolution of (1.1).
By a straightforward calculation,

—ATy = Ma1(Co)kz(Cowl)%b'((cosﬁl)lﬂe(co’ ))Q1(co, ~)|Vg01|2 + Mai (c0)Qa(co, )
> MI + Mal(co)Qz(Cm ')7

where

I =(1/2Dy)(2 — Dyy — (1 + )2 EDy)cdar (co)k* (cop1) ¥ ((cop1) T70(co, ) [V eor |2
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By Hopf’s maximum principle, there exist w € Q and a constant 6; > 0 such
that

V1| > 61, in Q\ w.
Let
M > max {4Dy/((2 — Diy — (1 +7)2EDy)é1¢3), 1/ai(co) }.
Combining with (B3) and (G3), for z € Q \ w, we obtain

MI(x)/2 > b(x)g(Max(co)¥((copr () F70(co, 2)))- (5:8)

On the other hand, by (H3), (1.12), Proposition and Lemma (vi) we see
that

. a(x) —p1l T 2 c T -1 C x))17
A (G ) ) R (7 (copa () o (@)

x (¢ ((copr(x)) F70(co, 7)) 77107 (co, ) + (K*(cop1 (2))) "~ (copr (x))*

0 (o (@) 0, ) )+ (T ) i)

(0 (copr ()00, )R eor () '] = 0.

Hence, there exists w’ € € satisfying w € w’ and dist(w’, 9Q) < dp such that for
x € Q\W,

(5.9)

MI(x)/2 > k*(copr(2))¥ ((copr (@) 70(co, ) [/\M"(M(CO))QIV%(I)I"

X a(z) z)) Pk x c (k% (c z))) !
(e o) @) ™ @) (el + )0 (coga (@)
X (eo1 ()7 (1 ((cor (8)) 700 co, 2))) "0 (co, )

+ (2¢0)" (K (co1 (2)))"~ (o1 ()

X (@' (e () 470 co,2)) )

o(x) N
N ((d(ﬂf))’mkz(d(:r)))( (2)) (d(@)) (*(cor(2))

< (o () (co. ) ]
> Xa(x)M1Q5(co, z) + o(x).

(5.10)

This fact, combined with (5.8), shows that w) is a supersolution of Eq. (1.1} in
O\ w'.
Now, by taking a suitable constant M > 0, we prove uy is a supersolution of

(1.1) in o’.

As before, we define
s 1= sup ba)g (W ((copa () 00, 2))); e i nf (a1 (c0)/2)Qalco, )

mg := sup a(z)Q%(co,x); my := sup o(z).
TEW’ TEW
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Let M > max {m1/ma, 1/a1(co)}. Using the monotonicity of g, we obtain that
M (ai(co)/2)Q2(co,z) > Mma > my
> b(x)g(Max(co)¥((copr(2))F70(co, 2))), =€

Here, we distinguish the following cases.
Case 1: ¢ €[0,1). Put

(5.11)

M > max { (2m3 max{0, )\}/mg)l/(l_q), 2my/ms }.
We obtain
M(ai(co)/4)Q2(co,x) > Mmso/2 > max{0, \} M9ms > AM%a(x)Q%(co, z), (5.12)
for x € W', and
M (a1(co)/4)Q2(co, ) > Mmsa/2 > my > o(z), z€W. (5.13)

Thus, @) is a supersolution of (L.1)) in w’. Finally, combining with (5.8]), (5.10)-
(5.13)), we conclude by choosing

M > max {4Dy/((2 — Diy — (1 +7)*EDy)é1¢3), 1/a1(co), my/ma,
(2m3 max{0, )\}/mg)l/(l_Q), 2my/ms }
that @, is a supersolution of .
Case 2: ¢ €[1,2]. Put
M > max {4Dy,/((2 — Dyy — (L +7)?EDy)d1¢3), 1/ai(co), mi/ma, 2ma/ms},
A < (M~ my) /2ms. (5.14)

It follows by a direct calculation that (5.12)-(5.13]) still hold. So, for every \ satis-
fying (5.14)), we can take M > 0 such that u) is a supersolution of (1.1)).
On the other hand, let

uy = max(co)¥((copr) 770(co, ) in Q,

where m is a positive constant to be determined.
Next, by choosing a suitable m > 0, we prove that wu, is a subsolution of (|1.1)).
By (5.9), we arrive at

2e0 [a(2) (%' (o1 () F70(co, 2))) "~ (K (cowr (2))) !
x| co(1+7)(copr(2))"8(co, ) — colcopr (2))k> (copr ()] ] < oo.
Moreover, by Lemma [3.4] (vi), we obtain
sup [(copr(@))? (K (copr(2)) ™ 0(co, 2)] < 0.

Using a similar proof as for Theorem we can take a small enough 0 < m <
min{M, 1/as(co)} such that for any ¢ € (0, 2]

— Auy (2) = Aa(z)|Vuy (2)|* — o(z)

< aalco)k(cop)¥ (o) 100, )) [l Vipi (2 — iy

(1 +7)(copr (@) F70(co, z) 2
k2 (copr(x)) — (copr(z)) )

+ [AJm(az(c0)) " (¢ (o (x)) 7 0(co, )"~ (K (corn () ™"

— (14 7)2EDy)3¢) /2Dy + m)q(
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X Jeo (1 +7) (o (2))0(c0, @) — co e (@) R (cop ()|
< b(@)g (b (K (copr (2))0(co, 7))
< b(x)g(mas(co)(k*(copr(x))8(co, x)))-
Hence, by [15, Lemma 3], problem has a classical solution u) satisfying
uy <uy <Ty in Q,

i.e.,
ux(x) = ¥((cop1) T70(co, @), z € Q.

Since the function t ~— (¢ jfo k?(s)s~7ds) belongs to NRV Z; N C*((0, do)),
we can take 0 > 0 satisfying

co < 6 < min {dy, diam(Q)}
and a function y € C((0,4]) with lim;_,o+ y(¢) = 0, such that

) )
1/)((00901(:5))1"’“’/ ( )k‘2(s)s—7ds) = Ecogol(m)/ @ds, xeN, c>0.
copr (@

copr(z) S
Let k € C((0,1)) be a positive extension of k € C((0,8]). As in the proof of
Theorem we can take M; > My > 0 such that

MWOM@V”A;MQSWQSwO%me“w%wD
r s
< My () [ k)5 as).

The proof is complete.

Proof of Theorem[I.10} 'We note that this proof is essentially the same as the proofs
of Theorems [I.8 and so we only provide an outline. For 0 < ¢ < g, we define
V(S o ds)k(epr (2) ek (o)

- +1;
VU T ey oo

@) =2 ([T )

astest) =i (([ Hag) oA g

As before, by Lemmas (iv), and (iii), we can take a small enough ¢y > 0
such that

Q1(c,x) =

1/2 < Q1(co,x) < 3/2.
Define
cop1(x) k(s)

uy(z) = Mal(co)w</ ds), x €,

0 S
where M is a positive constant to be determined.
A straightforward calculation shows that

—Auy = —7\4611(00)1//(/06W1 @ds) (cop1) "k (cop1) Qi (co, )| Vir |?
+ May(co)Q2(co, -)
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Z MI + Mal(CO)QQ(CO7 ')7
where

I= (1/2)&1(00)1#’(/OCW1 @ds) (cop1) 2k(copr)c.

By Hopf’s maximum principle, there exists w € € and a constant 6; > 0 such that
V1| > 01, in @\ w.
Let
M > {4/(0(2)51), 1/(11(60)}.
Combining with (B4) and (G3), we have for any x € Q\ w
Y cop1(x) k(s)
MI(@)/2 2 ar(eo)eogr) “Reapr(g (v [ Fas))

0 S

> b(x)g(Mal(co)z/J(/CO%(w) @ds)).

0

On the other hand, by (H4), (1.12)), Proposition [2.3] and Lemma [3.4] (vii) we see
that
a(x)

d(lxi?io K (d(z))=Prki (d(z))

- w,(/ocow @ds»q_l ! <(d(x))i(:22(d(x))>(d(x))p2 ka(d(a)) (o1 (2))?

cop1(@) p. —1
< (teomonu ([ Eas)) 7 <o

0
By the same arguments as for Theorems and we know that there exists
w' € O satisfying w € w’ and dist(w’, 9Q) < Jp such that for x € Q\ &’

MI(z)/2 > Xa(z)M1Qi(co, z) + o(z). (5.16)
It follows by (5.15)) and (5.16|) that @) is a supersolution of (1.1 in Q\ w’.
Define

my := sup b(x)g (Qp(/ocowl(x) @d8)>; 2= xiéli/(al(C())/2)Q2(CO7$)§

TEW’ S

(5.15)

)(@@)) = s (d(@)) (coer (2) 2 (R(cogr ()

mg := sup a(z)Qi(co,x); my := sup o(z).
TEW’ TEW

As in the proof of Theorem when ¢ € [0,1), we can take

M > max {4/(c301), 1/a1(co), mi/ma, (2m3max{0, \}/m2) 1/(1_q), 2my/ma }

such that @y is a supersolution of (L.1J).
When ¢ € [1,2], let

M > max {4/(c301), 1/a1(co), m1/ma, 2ma/ma} and A < M~ %my/2ms.

A simple calculation shows that )y is a supersolution of (1.1)).
On the other hand, by choosing a small m > 0, we show that

uy = mag(co)z/)(/ocow(z) @ds)

is a subsolution of (I.1)) with ¢ € (0, 2].
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Hence, by [15, Lemma 3], problem (|L.1)) possesses a classical solution u) satisfying

QASU)\SE)\ in Q7

i.e.,
cop1(w) .
u,\(m)z¢(/ LS)), x €.
0 S
As in the proof of Theorem we obtain that (1.24) holds. O
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