Electronic Journal of Differential Equations, Vol. 2015 (2015), No. 68, pp. 1-12.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

OSCILLATION OF ARBITRARY-ORDER DERIVATIVES OF
SOLUTIONS TO LINEAR DIFFERENTIAL EQUATIONS TAKING
SMALL FUNCTIONS IN THE UNIT DISC

PAN GONG, LI-PENG XIAO

ABSTRACT. In this article, we study the relationship between solutions and
their derivatives of the differential equation

"+ AR+ B(R)f = F(2),
where A(z), B(z), F(z) are meromorphic functions of finite iterated p-order in

the unit disc. We obtain some oscillation theorems for f(9)(z) — o(z), where
f is a solution and ¢(z) is a small function.

1. INTRODUCTION AND RESULTS

Throughout this paper, we assume that the reader is familiar with the funda-
mental results and the standard notations of the Nevanlinna’s value distribution
theory on the complex plane and in the unit disc A = {z € C : |z| < 1} (see
[11, 12 [15 16, 19]). In addition, we need to give some definitions and discus-
sions. Firstly, let us give two definitions about the degree of small growth order of
functions in A as polynomials on the complex plane C. There are many types of
definitions of small growth order of functions in A (see [9, [10]).

Definition 1.1 ([9, 10]). Let f be a meromorphic function in A | and

D(f) = 1imsupw =b.

r—1- 108 1

If b < oo, then we say that f is of finite b degree (or is non-admissible). If b =
oo , then we say that f is of infinite degree (or is admissible), both defined by
characteristic function T'(r, f).

Definition 1.2 ([9, 10]). Let f be an analytic function in A , and
log™ M(r, f)

1
1—r

Dy (f) = limsup

=a (ora=o0).
r—1— 10g

Then we say that f is a function of finite a degree (or of infinite degree) defined by
maximum modulus function M(r, f) = max.—, [ f(2)|.
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For F C [0,1), the upper and lower densities of F' are defined by

_ _ m(FN[0,r)) . m(FN[0,r))
densp F' = limsup ————————=, dens, F' = liminf ——————=~
ro1- m([0,7)) = r—1-  m([0,7))

respectively, where m(G) = [, 12 for G C [0,1).

Now we give the definition of iterated order and growth index to classify generally
the functions of fast growth in A as those in C, see [3| [I4] [I5]. Let us define induc-
tively, for 7 € [0,1),exp; r = €” and exp,,; 7 = exp(exp, r),p € N. We also define
for all 7 sufficiently large in (0, 1), log; r = logr and log, ,, 7 = log(log, 7),p € N.
Moreover, we denote by exp,r = r,logyr = r,exp_; r =log, r,log_; r = exp; .

Definition 1.3 ([4]). The iterated p-order of a meromorphic function f in A is
defined by

. log, T(r, f)

pp(f) =limsup —2——= (p>1).

r—1- 1 1—r

For an analytic function f in A , we also define

logt.  M(r,
08p+1 1(7" f) (»>1).

1—r

P p(f) = limsup
r—1- 1Og

Remark 1.4. It follows by Tsuji [L9] that if f is an analytic function in A, then

p1(f) < para(f) < po(f) + 1.
However it follows by [I5l Proposition 2.2.2] that

PM,p(f) = Pp(f) (p=>2).

Definition 1.5 ([4]). The growth index of the iterated order of a meromorphic
function f in A is defined by

0, if f is non-admissible;
i(f) = ¢min{p € N, p,(f) < oo}, if f is admissible;
00, if pp(f) =0 forallpe N.
For an analytic function f in A, we also define
0, if f is non-admissible;
iv(f) = ¢ min{p € N, parp(f) < oo}, if f is admissible;
00, if pprp(f) = oo for all p € N.

Definition 1.6 ([5,[6]). Let f be a meromorphic function in A. Then the iterated
p-exponent of convergence of the sequence of zeros of f(z) is defined by

log,; N(r, %)

)

Ap(f)=limslup g L
r—1- T—r

where N(r, %) is the integrated counting function of zeros of f(z) in {z € C: |z| <

r}. Similarly, the iterated p-exponent of convergence of the sequence of distinct
zeros of f(z) is defined by

_ log; N(r, %)

Ap(f) = limsup

1 I
ro1-  log
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where N (r, %) is the integrated counting function of distinct zeros of f(z) in {z €
C:|z| <r}.

Definition 1.7 ([7]). The growth index of the iterated convergence exponent of
the sequence of zeros of f(z) in A is defined by

0, if N(r, ) = O(log t%7);
ix(f) = { min{p € N,\,(f) < oo}, if some p € N with A\,(f) < oo;
00, if A,(f) = oo for all p € N.

Similarly, the growth index of the iterated convergence exponent of the sequence of
distinct zeros of f(z) in A is defined by

0 it N(r, 1) = Oflog 1)
ix(f) = { min{p € N, A\, (f) < oo}, if some p € N with A\, (f) < oo;
00, if \p(f) = oo for all p € N.

Definition 1.8 ([I1]). For a € C = C U {cc}, the deficiency of f is defined by

. N(r, +25)
d(a, f)=1- llgslljp Taf),

provided f has unbounded characteristic.

The complex oscillation theory of solutions of linear differential equations in the
complex plane C was started by Bank and Laine in 1982. After their well known
work, many important results have been obtained on the growth and the complex
oscillation theory of solutions of linear differential equation in C. It arises naturally
an interesting subject of complex oscillation theory of differential equations in the
unit disc, which is more difficult to study than that in the complex plane, and there
exist some results (see [I} 2, 4, [5] 6] [7), @, 10} 12| 13} 16l 18] 21]). Recently, Latreuch
and Belaidi studied the oscillation problem of solutions and their derivatives of
second-order non-homogeneous linear differential equation

"+ AR+ B(2)f = F(2), (L.1)

where A(z), B(z) # 0 and F(z) # 0 are meromorphic functions of finite iterated
p-order in A. For some related papers in the complex plane on the usual order see,
[20]. Before we state their results we need to define the following:

A;(2) :Ajl(z)_m, (j=1,2,3,...) (1.2)
Bj_ (2 :
Bi(e) = 420 - A& T+ Ba) (=123 (9
B._i(z .
Fy(z) = Fl_(2) _Fj_l(z)ijIEz), (G =1,2,3,...) (1.4)

where Ag(z) = A(z), Bo(z) = B(z) and Fy(z) = F(z). Latreuch and Belaidi
obtained the following results.

Theorem 1.9 ([I7]). Let A(z), B(z) #0 and F(z) # 0 be meromorphic functions
of finite iterated p-order in A such that B;(z) # 0 and F;(z) #0 (j =1,2,3...).
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If f is a meromorphic solution in A of (L.1) with p,(f) = oo and pp+1(f) = p,
then f satisfies

Aot (FD) = At (F D) = ppia(f) =p  (G=0,1,2,...).
Theorem 1.10 ([I7]). Let A(z), B(z) # 0 and F(z) # 0 be meromorphic functions
in A with finite iterated p-order such that B;(z) #0 and Fj(2) #0 (j =1,2,3...).
If f is a meromorphic solution in A of (1.1)) with
pp(f) > max{pp(A), pp(B), pp(F)},
then B 4 4
)‘P(f(J)) :)‘P(f(j)) :pp(f) (j207172"")'
Theorem 1.11 ([I7]). Let A(z), B(z) # 0 and F(z) £ 0 be analytic functions in
A with finite iterated p-order such that 3 = p,(B) > max{p,(A), pp,(F)}. Then all
nontrivial solutions of (1.1) satisfy
pp(B) < Xp+1<f(j)) = )‘p+1(f(j)> = pp+1(f) < pmp(B) (7=0,1,2,...)

with at most one possible exceptional solution fo such that

pp+1(fo) < pp(B).
Theorem 1.12 ([I7]). Let A(z), B(z) # 0 and F(z) # 0 be meromorphic functions
in A with finite iterated p-order such that o,(B) > max{o,(A),op(F)}. If f is a
meromorphic solution in A of (L.1)) with p,(f) = oo and ppr1(f) = p, then f
satisfies

Mpi1(F) = X1 (F) = ppia(f) =p (7 =0,1,2,...),

where | (. f)

. og, mAT,

op(f) = limsup 11’71.
r—1- 0g 1—r

In this article, we continue to study the oscillation problem of solutions and their
derivatives of second order non-homogeneous linear differential equation of .
Let ¢(z) be a meromorphic function in A with finite iterated p-order p,(¢) < occ.
We need to define the notation

Dj :Fj—((p”—FAj(pl—i-ngO), (]ZO,LQ,) (15)
where A;(z), Bj(z), Fj(#) are defined in (|1.2))—(1.4]). We obtain the following results.

Theorem 1.13. Let ¢(z) be a meromorphic function in A with p,(¢) < co. Let
A(z), B(z) # 0 and F(z) # 0 be meromorphic functions of finite iterated p-order
in A such that Bj(z) #0 and D;j(z) #0 (j =0,1,2,...).
(a) If f is a meromorphic solution in A of with pp(f) = 0o and pp+1(f) =
p < oo, then f satisfies
Aot (FD =) = X1 (fY =) = ppia(f) =p (G=0,1,2,...).
(b) If f is a meromorphic solution in A of (L.1)) with

max{pp(A), pp(B), pp(F), pp(p)} < pp(f) < o0,
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then B A _
(D =) =X (fD =) =pp(f) (=0,1,2,...).

Next, we give some sufficient conditions on the coefficients which guarantee
Bj(z) #0 and D;j(2) #0 (j = 1,2,...), and we obtain

Theorem 1.14. Let ¢(z) be an analytic function in A with p,(p) < co and be not
a solution of (L1)). Let A(z), B(z) # 0 and F(z) # 0 be analytic functions in A
with finite iterated p-order such that B = pp(B) > max{p,(A4), pp(F), pp(¥)} and
pup(A) < pryp(B). Then all nontrivial solutions of satisfy

pp(B) < Xp-&-l(f(j) —p) = /\p+1(f(j) =) =pps1(f) <pmp(B) (1=0,1,2,...)
with at most one possible exceptional solution fo such that
pp+1(fo) < pp(B).

Theorem 1.15. Let ¢(z) be a meromorphic function in A with p,(p) < co and be
not a solution of (L1)). Let A(z), B(z) # 0 and F(z) # 0 be meromorphic functions
in A with finite iterated p-order such that p,(B) > max{p,(A), pp(F), pp(p)} and
0(co,B) > 0. If f is a meromorphic solution in A of with pp(f) = oo and
pp+1(f) = p, then f satisfies

Xp(f(])—gﬂ):)\p(f(])—(p):pp(f):OO (j:O,l,Q,...),
11 (fD = 0) = 01 (fY ) = ppi () =p (1=0,1,2,...).

2. PRELIMINARY LAMMAS

Lemma 2.1 ([2]). Let f(2) be a meromorphic function in the unit disc for which
i(f)=p>1and pp(f) =B < 00 and let k € N. Then for any e > 0,

(e 17) = 0oma (1))

r

for all v outside a set Ey C [0,1) with fEl r < 0.

1—r

Lemma 2.2 ([6]). Let Ag, Ay,...,Ax—1, F £ 0 be meromorphic functions in A ,
and let f be a meromorphic solution of the differential equation

O+ A1 () fF D 4+ Ag(2)f = F(2) (2.1)
such that i(f) = p(0 < p < 00). If either
max{i(4;) (j=0,1,....,k—1),i(F)}<p
ma’X{pp(Aj) (‘720717714371)7/)1’(}?)} <pp(f)a
then
ix(f) = ix(f) = i(f) = p,
M (F) = X(f) = pp(f)-

Lemma 2.3 ([I7]). Let Ao, A1, ..., Ak—1, F # 0 be finite iterated p-order meromor-
phic functions in the unit disc A. If f is a meromorphic solution with p,(f) = oo

and pp41(f) = p < 00 of equation , then
Xp(f) =M (f) = pp(f) = 0,
Xpﬂ(f) = Mp+1(f) = pp+1(f) = p.
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Lemma 2.4. Let p, Ag, A1, ..., Ax_1, F Z 0 be finite iterated p-order meromorphic
functions in the unit disc A such that

F—o® — A oD — oo — A1’ — Agp £ 0.

If f is a meromorphic solution with p,(f) = oo and pp+1(f) = p < 0o of equation

, then
Mol =9) =X (f =) = pp(f) = o0,
Apt1(f = 9) = X1 (f =) = ppra(f) = p.
Proof. Suppose that g = f — ¢, we obtain f = g + ¢, then from we have
gF A1 Y b Ay + Agg = F — o) — Ao A — Agep.

Since pp(f — ¢) = o0 and ppi1(f — ¢) = p < o0, then by using Lemma we
obtain

M (f =) = A(f — ) = pp(f) = o0,
XP+1(f =) = Xpr1(f — @) = pps1(f) = p.
O

Lemma 2.5 ([0]). Let p € N, and assume that the coefficients Ao, ..., Ax—1 and
F # 0 are analytic in A and pp(A4;) < pp(Ag) for all j = 1,...,k — 1. Let
ap =max{pap(A4;) 7 =0,...,k—1}. If parp+1(F) < pp(Ao), then all solutions
f of @) satisfy

pp(A0) < Xps1(f) = Ap1(f) = parpr(f) < anr,

with at most one exception fo satisfying parp+1(fo) < pp(Ao).

By a similar reasoning as Lemma [2.4] and by using Lemma [2.5] we can obtain
the following lemma.

Lemma 2.6. Let p € N, ¢ be finite iterated p-order analytic functions in the
unit disc A and assume that the coefficients A, ..., Ax_1 ,F #0 and F — o) —

A1 — o — A1) — Agp # 0 are analytic in A and py(A;) < pp(Ao) for all
j=1,...,k—1. Let apy = max{pprp(A;) : j = 0,....k—1). If prspr1(F —p*) —
Ap_19FD — = Ay — Agp) < pp(A), then all solutions f of 1) satisfy

pp(A0) < Aps1(f = 0) = Mpr1 (f = ©) = prpia (f) < amr,
with at most one exception fo satisfying parp+1(fo) < pp(Ao).
Lemma 2.7. Let ¢, Ag,...,Ax_1, ' Z 0 be meromorphic functions in the unit
disc A such that F — ") — Ay 1D — .. — A1/ — Agp # 0, and let f be a
meromorphic solution of the differential equation of (2.1), such that i(f) = p(0 <
p < 00). If either
max{i(4;) : (j =0,1,...,k —1),i(F), i(p)} <p
or
max{py(4;) : (j =0,1,....k = 1), pp(F), pp()} < pp(f),
then
ix(f =) =ix(f —9) =i(f) =p,
Mp(f = @) = Ap(f =) = pp(f)-
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The proof of the above lemma follows a similar reasoning as in Lemmas [2.4] and
2.2
3. PROOFS OF THEOREMS

Proof of Theorem[I.13 (a) For the proof, we use the principle of mathematical
induction. Since Dy = F — (¢” + A¢’ + By) # 0, then by using Lemma we
have

M(f =) =M (f = @) = pp(f) = 0,
Api1(f = @) = Xpia(f = 9) = ppia(f) = p-
Since B(z) # 0, dividing both sides of by B, we obtain

1., A, F
il i = _. 1
e (3.1
Differentiating both sides of (3.1]), we have
1 1., A Al Fy
~ £(3) - R W4 2 I (.
il +((B)+B)f +((B)+1>f (5)" (3.2)
Multiplying (3.2)) by B, we obtain
O+ ALf" + Bif =Py, (3:3)
where
B’ B’ B’

o 2 A A2 __ 2
Ai=A-Z, Bi=A'-AZ 4B FR=F-F.

Since Ay, By and F; are meromorphic functions with finite iterated p-order, and
Dy = F — (¢" + A1¢’ + B1yp) # 0, then using Lemma[2.4] we obtain

Xp(f,*SD) =M (f" =) = pp(f) = o0,
A1 (f' =) = Apsr(f' = 9) = ppr1(f) = p.
Since Bj(z) # 0, dividing now both sides of (3.3]) by B;, we obtain

1 A F:
=3 L A 4
gl =g (3-4)
Differentiating both sides of equation (3.4) and multiplying by Bi, we obtain
O+ A fO 4+ By f" = Py, (3:5)

where Ay, By, F5 are meromorphic functions defined in (1.2)-(1.4). Since Dy =
Fy — (¢ 4+ As¢’ + Bayp) # 0, by using Lemma [2.4] again, we obtain

Xp(f” —p) = )‘p(f” —¢) = pp(f) = o0,
Aot (f" = @) = X1 (" = 9) = ppir(f) = p.
Suppose now that
(™ = 0) = X (P =) = pp(f) = o0, (3.6)
M1 (fP =) =21 (fF — o) = ppia(f) =p (3.7)

for all kK =0,1,2,...,7 — 1, and we prove that (3.6) and (3.7) are true for k = j.
By the same procedure as before, we can obtain

FU+2) JrAjf(m) +ij(j) =Fj, (3.8)
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where A;, B; and F; are meromorphic functions defined in (L.2)-(1.4). Since D, =
Fj; — (¢" + Aj¢' + Bjp) # 0, by using Lemma [2.4] we obtain
Mo (f9 = @) = Mp(F9 = ) = py(f) = oo,
o1 (F9 = @) = M1 (f9) = 9) = ppia () = p.
(b) Since Do = F'—(¢"+Ap’+ Byp) # 0, and max{p,(4), pp(B), pp(F), pp() } <
pp(f) < oo, then by using Lemma we have
Ao(f = 0) = Ap(f = 0) = pp(f)-

By (a), we have @) and max{p,(41), pp(B1), pp(F1), ()} < py(f) < . Since
D; # 0, then by using Lemma [2.7] we obtain

M (f =) =X(f' — @) = pp(f)-

By (a), we have (B3) and max{py(4s), py(Ba)s pp(F2)s ()} < py(f) < oo. Since
Dy # 0, then by using Lemma [2.7] we obtain

Xp(fN —p)= )‘p(f// — ) = pp(f)
Suppose now that
(" =) = 2 (fY — ) = py(f) (3.9
for all £k =0,1,2,...,57 — 1, and we prove that is true for k = j. By (a) we

have (3.8) and max{p,(4;), pp(B;), pp(F}), pp(p)} < pp(f) < oo. Since D; # 0,
then by using Lemma [2.7] we obtain

Mo(fP =) = M (F9 = 0) = pp(f),
The proof is complete. O

~

Proof of Theorem[1.1] Since F' — (¢ + A’ + Bp) # 0, pypi1(F — (¢ + A’ +
By)) < pp(B). By Lemma all nontrivial solutions of ([L.1)) satisfy

pp(B) < Api1(f = @) = M1 (f — @) = pps1(f) < prrp(B)

with at most one possible exceptional solution fy such that p,+1(fo) < pp(B). By
using (1.2 and Lemma we have for any € > 0,

m(r, A;) <m(r,Aj—1) + O(expp72 (

)Bﬁ) (6 = pp(Bj-1))

1—r
outside a set By C [0,1) with fEl 1d_rr < oo, for all j = 1,2,3,..., which we can
write as
1
m(r, Aj) <m(r,A)+ O(exppd (1 — T)B+8). (3.10)
On the other hand, from (1.3)), we have
A B’
Bi=A;_ (=L =)y B,
i=4n(F - 50) B
A B A B’
— A, ( 7—1 _ ]—1) A ( j—2 _ j—2> B
j—1 A, B + Aj-2 A, B + bj2 (3.11)
7j—1
A B,
=) A (E-ZE)+B
’“(Ak Bk) +
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Now we prove that B; # 0 for all j =1,2,3,.... For that we suppose there exists
j € N such that B; = 0. By (3.10) and (3.11) we have

T(r,B) =m(r,B) < Zm(r, Ag) + O(eprfz (1 ir)ﬁﬂ)

< jm(r, 4) + O (exp, s (

1 )5+6> (3.12)
1—7r
1\ B+e
= T(T,A)+O<6pr72 (17_7“) ),
which implies the contradiction p,(B) < pp(A). Hence B; #0forall j =1,2,3,....
We prove that D; # 0 for all j =1,2,3,.... For that we suppose there exists j € N
such that D; = 0. We have F; — (¢" + A;¢’ + B;p) = 0 from (L.5]), which implies

Fj:@(g+Aj‘g+Bj) [?+Ai+ZA (i g;)-f—B}

Here we suppose that ¢(z) # 0, otherwise by Theorem there is nothing to
prove. Therefore,

j—1
B:?-[‘fpﬂJrAj‘ng;Z:OA (j—;—%)}. (3.13)

On the other hand, from ([1.4)),

1
1—r

m(r, Fy) < m(r, F) + O(e)(pp,2 ( )'6*5). (j=1,2,3,...) (3.14)

By (3.10), (8.13), (3.14) and Lemma 2.1 we have

T(r,B) =m(r,B) < m(r, é) +m(r, F)+ (j+ 1)m(r, A)

+ O(exppfz (1 i T)ﬂ1+5>7

(3.15)

where (1 is some non-negative constant, which implies the contradiction p,(B) <
max{pp(A), pp(F), pp(¢)}. Hence D; # 0 for all j = 1,2,3,.... Since B; # 0
D;#0 (j =1,2,3,...), then by Theorem and Lemma [2.6| we have

pp(B) < Xpi1 (f9) = ) = Api1 (f9) — ) = ppi1(f) < pup(B) (7 =0,1,2,...)

with at most one possible exceptional solution fy such that p,+1(fo) < pp(B). O

Proof of Theorem[I.15. We need only to prove that B; # 0 and D; # 0 for all
Jj=1,2,3,.... Then by Theorem [I.13] we can obtain Theorem [I.15] Consider the
assumption (oo, B) = § > 0. Then for r — 1~ we have

T(r,B) < =m(r, B). (3.16)

(SN )
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Now we prove that B; # 0 for all j =1,2,3,.... For that we suppose there exists
j € N such that B; = 0. By (3.10), (3.11]) and (3.16) we obtain

J

1

T(r,B) < —m(r,B) <

— 2 1 B+e
S i)+ 20 (o, (7))

. 2
jm(r, A) + 50(expp,2 (

SR

< 1 )ﬁ+6) (3.17)

1—r

2 1
< g]T(T, A) + EO(epr—Q (1 o T)6+6)a
which implies the contradiction p,(B) < p,(A). Hence B; # Oforall j =1,2,3,....
We prove that D; # 0 for all j =1,2,3,.... For that we suppose there exists j € N
such that D; = 0. If ¢(z) # 0, then by (3.10), (3.13), (3.14)), (3.16) and Lemma
2.1] we have

T(r,B)

N N O N

IA

m(r, B)

Y+m(r,F)+ (j+1)m(r,A)+ O ( exp,_o (L)me)} ’

1—r
(3.18)
which implies the contradiction p,(B) < max{p,(A4), pp(F),pp(e)}. If ©(2) = 0,
Then from (1.4)), (1.5)), we have

/
Fl_,

3
—
3

IN

Bj (%)
—F_ =, 3.19
J 1Bj_1(z) ( )
which implies F;_1(z) = ¢B;_1(z), where ¢ is some constant. By (3.11)) and (3.19),

we have

1 2, (A, B
“Fjo1 =) Ap(5E-ZE)+B 3.20
P ];) k(Ak Bk) * ( )
On the other hand, from (|1.4),
1
m(r, Fj_1) < m(r, F) +o(epr_2 (5 _T)‘“a). (3.21)
By (3.16), (3-20), (3.21) and Lemma 2.1 we have
2
T(T, B) < gm(ra B)
932 2 1 .5
+e
< 5 kZ:Om(r, Ag) + gm(r, Fj_1)+ O(expp_2 (1 — 7n) ) (3.22)
2 . P 1 pie
< (= DI A) + ST0.F) + O expy s (=) ).
which implies the contradiction p,(B) < max{p,(A), pp,(F)}. Hence D; # 0 for all
j=1,2,3,.... By Theorem [I[.13] we obtain Theorem [I.15] O
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