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EXISTENCE AND MULTIPLICITY OF SOLUTIONS TO
OPERATOR EQUATIONS INVOLVING DUALITY MAPPINGS
ON SOBOLEV SPACES WITH VARIABLE EXPONENTS

PAVEL MATEI

ABSTRACT. The aim of this article is to study the existence and multiplicity of
solutions to operator equations involving duality mappings on Sobolev spaces
with variable exponents. Our main tools are the well known Mountain Pass
Theorem and its Zs-symmetric version.

1. INTRODUCTION

Our starting point for this article is the references [I3] [12], where the existence
of the weak solution for Dirichlet’s problem with p-Laplacian (when p is a con-
stant 1 < p < co) was obtained using (among other methods) the Mountain Pass
Theorem. It is well known that the p-Laplacian is in fact the duality mapping
on VVO1 P() corresponding to the gauge function ¢(t) = t*P=1. In [7] some results
from [I2] are generalized considering operator equations with an arbitrary dual-
ity mapping on a real reflexive and smooth Banach space, compactly imbedded in
L(S2), where 1 < ¢ < oo and 2 € RV, N > 2. is a bounded domain with smooth
boundary. In [6] the authors consider more general elliptic equations than those
with p-Laplacian and prove the existence of nontrivial weak solutions of mountain
type in an Orlicz-Sobolev space. Later, by using variational and topological meth-
ods, operator equations involving duality mappings on Orlicz-Sobolev spaces are
studied in [16]. In [I5] the multiplicity of solutions of operator equations involving
duality mappings on a real reflexive and smooth Banach space, having the Kadec-
Klee property, compactly imbedded in a real Banach space has studied by using
the Zs-symmetric version of the Mountain Pass Theorem. Equations of this type
in Orlicz-Sobolev spaces are considered as applications.

In recent years there has been a great interest in the field of operator equa-
tions involving various forms of the p(:)-Laplacian. The p(-)-Laplacian is the

operator —Ap) : Wol’p(')(ﬂ) — (T/Vol’p(')(Q))*7 Apyu = div(|VuPO=2Vu) for
u € VVO1 P (')(Q). Many properties of the classical p-Laplacian may be recuperated

except that of being a duality mapping on WO1 P0) (©). So, in this article, we will use
a natural version of the p(-)-Laplacian which is appropriate from the standpoint of
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duality mappings (see [I7] or [2I], Section 9.3]): if ¢ is a gauge function, the (¢, p(+))-
Laplacian is the operator —A(, ,(.)) : Wy PO Q) — (WP ), —App( )t =
Jou for u € Wol’p(') (92), where J,, is the duality mapping on Wol’p(')(Q)7 correspond-
ing to the gauge function .

In particular, if p(x) is constant and ¢(t) :=tP~1, ¢ > 0, then A, ,(.)) coincides
with A, (see Remark below).

The plan of this article is as follows. The main abstract result obtained in Section
is concerned with the existence of critical points of functional defined on
a real reflexive and smooth Banach space. The Mountain Pass Theorem and its
Zo-symmetric version (see, e.g. Rabinowitz [23]) are the basic ingredients which
are used.

Section [3] gathers various definitions and basic properties related to Lebesgue and
Sobolev spaces with variable exponents, needed through the paper. The standard
reference for the basic properties of variable exponent spaces is [19]. Additionally,
the reader may also consult [8, [I8]. Note that these spaces occur naturally in
connection with various applications such as the modelling of electrorheological
fluids [24].

Let Q be a domain in RY, i.e. a bounded and connected open subset of R
whose boundary 02 is Lipschitz-continuous, the set {2 being locally on the same
side of 02. Consider the space

UFO — {u c WLP()(Q) cu=0on FO cl = 89},

where dI' — meas g > 0, with p(-) € C(R2) and p(z) > 1 for all z € Q. For details
see [4, Section 2].

The main result of this article given in Section [4] and concerns the existence and
multiplicity results for operator equation

Jou = Ngu, (1.1)

where J,, is a duality mapping on Ur, corresponding to the gauge function . Ny
is the Nemytskij operator generated by a Carathéodory function g satisfying an
appropriate growth condition ensuring that N, may be viewed as acting from Up,
into its dual. In [I0], the author used a topological method to prove the existence
of the weak solution in Wol’p(') (92) for the problem J,u = Ngyu. In [5], the existence
of suitable solutions in Ur, to equation is proven by three different methods
based, respectively, on reflexivity and smoothness of the space Ur,, the Schauder
fixed point theorem, and the Leray-Schauder degree.

All vector and function spaces considered in this paper are real. Given a normed
vector space X, the notation X* denotes its dual space and (-, -) x x~ designates the
associated duality pairing. Often, we shall omit the spaces in duality and, simply
write (-,-). Strong and weak convergence are denoted by — and —, respectively.

2. AN ABSTRACT RESULT

The main result of this article is obtained via the following theorem.

Theorem 2.1. Let X be a real reflexive and smooth Banach space, compactly

imbedded in the real Banach space V with the compact injection X < V. Let
H € CY(X,R) be a functional given by

H(u) = U(u) — G(iu), u€ X, (2.1)
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where:
(i) ¥: X — R satisfies:
(i.1) at any u € X,

U(u) = @(flullx), (2.2)
with ,
D(t) := / o(r)dr  for any t >0, (2.3)
0
w: Ry — Ry being a gauge function which satisfies
" te(t)
1= su < 00. 24
v t>%’ a0 24

(i.2) ' = J, satisfies condition (S)2 (see (2.8)));
(ii) G : V — R satisfies:

)
(ii.0) G(0v) =0;
(ii
(ii

ii.1) G e Cl(V, R)
ii.2) there is a constant 0 > ©* such that, for any u € V,
(G'(u),uyy, v+ —0G(u) > C = const.; (2.5)
(iii) there exists co > 0 such that for any u € X, with ||u||x < co, one has
Hw) > el — ealliCu) 2, (2.6)

where i stands for the compact injection of X in V while 0 < p < q and ¢; > 0,
co > 0;

(iv) for any finite dimensional subspace X1 C X, there exist real constants dg > 0,
dy, dy >0, ds, s >0 and r < s (generally depending on X1 ) such that

H(u) < dulully — dallull% + ds, (2.7)

for any u € X1 with ||ul|x > do.
Then, the functional H possesses a critical value. Moreover, if the functional H is
even, then H has un unbounded sequence of critical values.

Before proving of Theorem we list some of the results to be used.

A function ¢ : Ry — R, is said to be a gauge function if ¢ is continuous, strictly
increasing, ¢(0) =0 and ¢(t) — oo as t — 0.

Firstly, we recall that a real Banach space X is said to be smooth if it has the
following property: for any z € X, x # 0, there exists a unique u*(x) € X* such
that (u*(z),z) = ||z||x and ||u*(x)||x~ = 1. It is well known (see, for instance,
Diestel [9], Zeidler [25]) that the smoothness of X is equivalent to the Géteaux
differentiability of the norm. Consequently, if (X, | - ||x) is smooth, then, for any
x € X, x # 0, the only element u*(x) € X* with the properties (v*(z),z) = ||z|x
and |Ju*(z)||x- = 1is u*(x) = || - ||'x(z) (where || - |I'y(x) denotes the Gateaux
gradient of the || - || x-norm at x).

Secondly, if X is a real Banach space, the operator T': X — X* is said to satisfy
condition (S)q if

(S)2: xp, —x,and Tz, — Tz imply x,, — x as n — 0. (2.8)
An operator T is said to satisfy condition (S)4 if

(S)ty: xp — x and limsup(Tx,, z, —x) <0 imply x,, — = as n — 0.
n—oo
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It is known that if T satisfies condition (S)4, then T satisfies condition (5)2 (see
Zeidler [25] p. 583]).

Let X be a real Banach space and let H € C'(X,R) be a functional. We say
that H satisfies the Palais-Smale condition on X ((PS)-condition, for short) if any
sequence (u,) C X with (H(uy,)) bounded and H'(u,) — 0 as n — 00, possesses
a convergent subsequence. By (PS)-sequence for H we understand a sequence
(un) C X which satisfies (H(uy,)) is bounded and H'(u,) — 0 as n — oo.

The main tools used in proving Theorem are the well known Mountain Pass
Theorem and its Zs-symmetric version.

Theorem 2.2 ([23] Theorem 2.2]). Let X be a real Banach space and let H belong
to C1(X,R) satisfying the (PS)-condition. Suppose that H(0) = 0 and that the
following conditions hold:

(G1) There exist p >0 and r > 0 such that H(u) > r for ||uH =p;

(G2) There exists e € X with |le|]| > p such that H(e) <0

Let
['={yeC([0,1; X) : 7(0) = 0,~(1) = e},
c= inf max H (v(t))- (2.9)

Then, H possesses a critical value ¢ > r.

Theorem 2.3 ([23, Theorem 9.12]). Let X be an infinite dimensional real Banach

space and let H € C*(X,R) be even, satisfying the (PS)-condition, and H(0) = 0.
Assume (G1) and

(G2’) for each finite dimensional subspace X1 of X the set {u € Xy | H(u) > 0}
s bounded.

Then H possesses an unbounded sequence of critical values.
Now, we show that under the assumptions of Theorem [2.1] the functional H has
a mountain pass geometry. More precisely:

Proposition 2.4. Let X be a real Banach space, imbedded in the real Banach space

V', with the injection X V. Let H e CYHX,R) be given with H(0) = 0. Suppose
that H satisfies the hypotheses (iii) and (iv) in Theorem , Then, the functional
H satisfies the conditions (G1), (G2), and (G2’) in Theorems|2.4 and [2.3

Proof. Indeed, let C' be such that||i(u)||y < Cllu|x, for any u € X. According to
[15, Theorem 1, p. 422], from (12.6) it follows that (G1) is satisfied with

0 < p < min (Co, (25202)1/(11717)) (2.10)

and r = ¢1pP /2.

Next we show that (G2) is also satisfied. Let X3 be a finite dimensional subspace
of X and let eg € X; with |leg]|x > do. Since for any A > 1, one has ||Aeo||x > do,
it follows from that,

H()\eo) S d1)\r||60‘|;( - dg/\s||€0H§( + d3. (2.11)

Since, in general s > r, from we deduce that H(\eg) — —o0 as A — oo.
Consequently, there exists a A\g such that, for A > Ao, H(Aeg) < 0. Let e := Aeg
with A > max(1, Ao, p/||€o| x), p being given by (2.10). Clearly with such a choice
one has |le]|x > p and H(e) < 0.
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Finally, according to [I5, Theorem 1, p. 422], from (2.7) it follows that (G2’) is
fulfilled. The proof is complete. ([

To prove that the functional H satisfies the (PS)-condition, the following result
will be useful.

Proposition 2.5 ([I4, Corollary 1]). Let X be a real reflexive Banach space, com-
pactly imbedded in the real Banach space V and H € C1(X,R) be such that

H'(u) = Su — Nu,

where S : X — X* is monotone, hemicontinuous, satisfies condition (S)s and
N : V — V* is demicontinuous. Assume that any Palais-Smale sequence for H is
bounded. Then H satisfies the (PS)-condition.

To apply Proposition we recall that, if X is a real smooth Banach space and
¢ : Ry — Ry is a gauge function, the duality mapping on X corresponding to ¢ is
the mapping J, : X — X* defined by

J0=0, Joz = p(lalx)ll - [y (e). iz 0.

The following result is standard in the theory of monotone operators (see, e.g.
Browder [3], Zeidler [25]).

Proposition 2.6. Let X be a real reflexive and smooth Banach space. Then, any
duality mapping J, : X — X* is:

(a) monotone ((Jou — Jov,u—v) >0, u,v € X);

(b) demicontinuous (x, — & = Jox, = Jyx).

Since, generally, demicontinuity implies hemicontinuity, it follows that any dual-
ity mapping J,, : X — X* is hemicontinuous ((J,(u+ Av), w) — (Jou,w) as A\, 0
for all u,v,w € X). Consequently, from Proposition we obtain the following
result.

Corollary 2.7. Let X be a real reflexive Banach space, compactly imbedded in the
real Banach space V and H € C*(X,R) such that
H'(u) = Jou — Nu,

where J, is a duality mapping corresponding to the gauge function ¢, satisfying
condition (S)2 and N : V. — V* is demicontinuous. Assume that any Palais-Smale
sequence for H is bounded. Then H satisfies the (PS)-condition.

Taking into account [I4, Corollary 2, p. 897], we obtain

Corollary 2.8. Let X be a real reflexive and smooth Banach space, _compactly
imbedded in the real Banach space V with the compact injection X < V. Let
H € CY(X,R) be a functional given by

H(u) =9(u) — G(iv), ueclX,
where:

(i.1) at anyu € X, U(u) = ®(||u||x) with © given by (2.3)), where ¢ : Ry — R4
is a gauge function which satisfies (2.4));
(i.2) W' satisfies condition (S)a;
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(i) G:V =R isC' onV and satisfies: there is a constant 6 > ¢* such that,
at any u € 'V,
(G'(u),uyy,y+ —0G(u) > C = const.;
Then, the functional H satisfies the (PS)-condition.

Proof. The hypotheses of Corollary are fulfilled with N = G’. Indeed, by
Asplund’s Theorem [2], ¥/ = J, and, by hypothesis (i.2) J, satisfies condition
(S)2. The demicontinuity of G’ is assumed by (ii.2). According to [14] Corollary 2,
p. 897] we obtain that any (PS) sequence for H is bounded. O

Proof of Theorem[2.1 The assumptions of Theorem entail the fulfillment of
those of Corollary therefore the functional H satisfies the (PS)-condition. Ac-
cording to Proposition the functional H satisfies the conditions (G1), (G2),
and (G2’) from Theore and Applying these theorems, the conclusions of
Theorem 2.1 follow. O

3. LEBESGUE AND SOBOLEV SPACES WITH VARIABLE EXPONENT

The Lebesgue measure in RY is denoted dz. No distinction will be made between
dz-measurable functions and their equivalence classes modulo the relation of dz-
almost everywhere equality. The notation D(£2) denotes the space of functions that
are infinitely differentiable in €2 and whose support is a compact subset of €.

The usual Lebesgue and Sobolev spaces, i.e., with constant exponent p > 1, are
denoted LP(£2) and WP (Q).

Given a function p(-) € L>°(2) that satisfies

1 <p :=essinfreqp(z) < p" = esssup,cqp(),
the Lebesgue space LP()(Q) with variable exponent p(-) is defined as

LP(-)(Q) = {v:Q — R;v is dz-measurable and pg (. / [v(x |p(m)dx < oo},

where pg .y (v) is called the conver modular of v.

Theorem 3.1. Let Q be a domain in RY.
(a) Let p(-) € L>°(Q) be such that p~ > 1. Equipped with the norm

v e 1PO@) = ologe = inffr > 0; [ 15D peias <1y,

the space LP)(Q) is a separable Banach space. If p~ > 1, the space LP()(Q) is
uniformly convex, hence reflexive.
(b) Let p1(-) € L>®(2) and p2(-) € L>=(2) be such that p; > 1 and p; > 1. Then

LP2(')(Q) N Lp1(~)(Q)

if and only if
p1(x) < pa(x)  for almost all x € Q.
(c) For any u € LPO)(Q) with p(-) € L>®(Q) satisfying p~ > 1 and v € LV (),

1 1
[ teyelas < (== + 5= uloso o - (31)

Remark 3.2 ([I8, p. 430]). If p(x) is constant, then the space LP)(Q) coincides
with the classical Lebesgue space LP()) and the norms on these spaces are equal.
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The next theorem sums up the relations between the norm || - [[p,,.) and the
convex modular pg (). Its proof can be found in [I§].

Theorem 3.3. Let p(-) € L®(Q) be such that p~ > 1 and let u € LP)(Q). The
following properties hold:

(a) Ifu#0, then ||lullop.) = a if and only if pop)(a™tu) = 1.
(b) |lullopy <1 (resp. =1 or > 1) if and only if pgpy(u) < 1 (resp. =1, or
>1).

(©) Nullopy > 1 implies [[ullf . < popcy () < [lull57 -
(@) Nullopy < 1 implies [ullf < popey() < Il -
The Sobolev space W1P()(Q) with variable exponent p(-) is defined as
WhPO(Q) := {v € LPO(Q) : dw € LPV(Q),1 < i < N},

where, for each 1 < i < N, 0; denotes the distributional derivative operator with
respect to the i-th variable.

Theorem 3.4. Let Q be a domain in RY.
(a) Let p(-) € L>(Q) be such that p~ > 1. Equipped with the norm

v € WHPO(Q) = J[vllpey = vllope) + i 1050 llo,p()s

the space W1P()(Q) is a separable Banach space. If p~ > 1, the space W P)(Q)
is reflexive.
(b) Let p1(-) € L>(Q) with p; > 1 and pa(-) € L=(Q) with p; > 1 be such that

p1(x) < pa(x) for almost all x € Q.

Then
Wl,pz(-)(Q) AN Wl,p1(')(Q).
c) Let p(-) € Q) be suc that p— > 1. ivenanyxei, et
L C() b h th 1. G Q, 1

p(x) = ]\fN—p(;Zc) if p(x) < N, and p*(z):=o0 if p(x) > N, (3.2)
and let q(-) € C(Q) be a function that satisfies
1 <q(z) <p*(x) for each z € Q. (3.3)

Then the following compact injection holds:
WLP(')(Q) IS L‘I(')(Q)’

so that, in particular, WHP0)(Q) € LPO)(Q).
(d) The function defined by

ve W PO(Q) - v

0,p() T VY]]

1,p(-),V = [|v 0,p(-)>

is a norm on WP (Q), equivalent with the norm || - ||1 (..
The following theorem concerns the definition of the space Up, ([, Theorem 6]).

Theorem 3.5. Let Q be a domain in RN, N > 2, let T be a dI'-measurable subset
of I' = 0Q that satisfies dI' — meas I'g > 0, let p(-) € C(Q2) be such that p(z) > 1
for all x € Q and let

Ur, = {ue (W?O(Q), |-

l1,p(),v) : tru =0 on I'o}.
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Then:
(a) The space Ur, is closed in (Wl’p(')( s |l Ml1p),w)5 hence (Ury, || - [l1,p0),v) s
a separable reflexive Banach space.
(b) The map

u € Un, = |lullope),v = lVulllop (3.4)
is a norm on Ur, equivalent with the norm || - [l (), v

(c) The norm |lullopy,v is Fréchet-differentiable at any nonzero u € Ur, and the
Fréchet-differential of this norm at any nonzero u € Up, is given for any h € Up,

by

u(z) [P u(x T
o, plr) 2 Huu’;gz (2).90@)) g,
7 _ 0,p v
<H ||O,p(~),V(u>7h‘> - fﬂp ‘”VTlgfm‘p(m)d ’

0,p(+),V

where Qg ,, := {x € Q; |Vu(z)| = 0}.
By Theorem (¢) and Theorem (a)—(b) we derive the following result.

Lemma 3.6. Let p(-) € C(Q) be such that p~ > 1. Given any x € Q, let p* be given
by (3.2) and let q(-) € C(Q) be a function that satisfies (3.3). Then the following
compact inclusion holds:

(Uros - lhpe),v) € (LI - llo,a()-

Remark 3.7. If ¢* < ¢, then LI0)(Q) — L¥ (Q), therefore Ur, is compactly
imbedded in L¥" ().

The above remark will be useful in the upcoming section.

Proposition 3.8 ([II, Proposition 4]). Let X be a real reflexive Banach space,
compactly embedded in the real Banach space Z. Denote by i the compact injection
of X into Z and, for any r € [1,00), define

e Dl
S o A

is the best constant cz in the writing of the imbed-

Then, A1, is attained and Al_’:,/r
ding of X into Z:

litu)llz < czllullx, for allu e X.
Taking into account Remark we obtain the following result.

Corollary 3.9. Let Q be a domain in RY (N > 2), let p € C(Q) and q € C(Q) be
two functions such that p~ > 1, ¢~ > 1 and (3.3)) holds. For p* < q~ define

a5
Ty e Up, \{0}), (3.5)
()

where i is the compact injection i : Up, — L# (Q). Then A1,p= 18 attained and
)\1 1/<P

)\1790* = inf {

is the best constant c in the imbedding of Ur, in L¥ (), namely,

li(u)ll e () < cllullopcyv  for allu € Ur,.
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4. MAIN RESULT

In this section we study the existence and multiplicity of weak solutions for the
boundary value problem

Jou = g(x,u) in Q, (4.1)
u=0 on Iy C 09Q,

in the following framework:
e Jo: (Urg ||l llop(),w) = (Urgs || - lop(y,w) " is the duality mapping on
Ury, || - lo.p(),v) subordinated to the gauge function ¢: such that J,0 =0, and
0 (), 4
Vu(z) [P ~2(v Vh
fQ\QO . ( )I ()] (Vu(z),Vh(z)) 4,

flullP)5 N
0,p(-),V

\V“(ﬂﬁ)\p(x d ’
Jo p() ey —de
at any nonzero u € Ur,, for any h € U, (here Qg ,, := {z € Q: |Vu(z)| = 0}).
e g: 0 xR —Risa Carathéodory function.

(Jou, h) = p([|ullo.pc).v)

Remark 4.1. By Remark if p(x) is constant on Q, then ||ullg ) = |[ull Ly ()

and (@)
Vu(z)P®
/ P(@i' E, 3)| dz = p;
ol o

therefore,
Jona, [Vu(@)P~2 (Vu(e), Vh(z))dz

(Jou, h) = p(llullo p).v)
”U”Lp Q)

Moreover, if ¢(t) = tP~1, t > 0, we obtain that
oush) = [ [Fula)P2(Vula), Thia))das
N\,

that is,
(Jou, h) = (—Apu, h).
Consequently, in this case equation (4.1)) can be rewritten as
—Apu=g(xz,u) in Q.

By a (weak) solution to the problem (1)), we understand a solution to the
equation
Jou = Nyu, (4.3)
Ny being the Nemytskij operator generated by g.
Our goal is to prove the main result of this paper.

Theorem 4.2. Let Q be a domain in RN (N > 2), let p € C(Q) be a function such
that p~ > 1, and let p*(-) be given by . Let ¢ : Ry — Ry be a gauge function
which satisfies , where ® is given by . Let there be given a Carathéodory
function g : Q x R — R satisfying the hypotheses:

(H1) there exists a function q(-) € C(Q) that satisfies (3.3) such that
lg(z,s)| < Cl|s|qm/q/($) +a(z) for almost all x € Q and all s € R, (4.4)

where le) + ﬁ =1, a is a bounded function, a(x) > 0 for almost all
x € Q, and C1 is a constant, C1; > 0;
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(H2) there exist so > 0 and 6 > ¢* 1= sup, % such that

0 < 0G(x,s) < sg(z, s), (4.5)
for almost every x € Q and all s with |s| > so, where
G(z,s) = [y g(z,7)dT. (4.6)
Also assume that
(H3)
i (5 < S5 @)

uniformly with respect to almost all x € €1, where Ay ,~ is given by .
(H4) o* < q~.
Let Ny : LYO(Q) — LIO(Q), with (Nyu)(z) = g(x,u(z)) for almost all z € Q,
denote the Nemytskij operator generated by g.
Then under these assumptions, problem , (4.2) has a weak non-trivial solu-
tion in the space Ur, (endowed with the norm (3.4) ). Moreover, if g is odd in the

second argument: g(x,—s) = —g(x,s), s € R, then the problem (4.1), (4.2) has a
sequence of weak solutions.

To prove this theorem, we apply Theorem to the functional H : Ur, — R,
H(u) := ®(|[uflop),v) — G(w), (4.8)

where

G(u) ::/QG(a:,u(x))dx. (4.9)

Proposition 4.3. Under the hypotheses of Theorem [{.3 the functional H given
by (.8), is well-defined and C* on Ur,, with

H'(u) = Jp(u) — g(z, u)

Proof. The well-definedness of functional H is reduced to proving that for any
u € Ur,, [, G(z,u(x))dz makes sense. Indeed, by using (4.4) it follows that

Gla, s) < qc—ﬂswm T a(z)s]. (4.10)

Thus
z,u(x))dx g u(x q(‘r)der a(x)|u(x)|dx

Since, for any u € Ur,, we have u € L1)(Q) and a € LY)(Q), it follows that
Jo a(x)]u(z)|dz makes sense. Consequently [, G(z,u(x))dz < oc.

Now, we show that H € C! over Ur,. First, we will prove that ¥ : Up, — R,
(u) := ®(|lullip),v), is C' over Ur,. Indeed, according to [4, Theorem 6], ¥ is
continuously Fréchet differentiable at any nonzero w € Ur, and, for any h € Ur,
one has
[Vu@)IP )2 (Tu@) Tha)) g

p(z)—1

fQ\Qo,u p() lullg ny, v

(W' (u), h) = ¢(llullo,p).v) e ;
0,p(+) pr(m)Wu(x” ( )da:

p(z)

5= S

where Qg ,, := {z € Q;|Vu(z)| = 0}.
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If w = 0, then a direct calculus shows that ¥ is Gateaux differentiable at zero
and

(W'(0), ) = i 2 ([t] |10 ) = lim ([}

lo,p(-),w)897 tl|Allop(),v = 0.

Moreover, u — WU'(u) is continuous at zero. Indeed, from Theorem (b), we

obtain
Vu(@)P |Vl .
@) 4z > i (e ) = (4.11)
/sz lult) o p“(uu||o,p<.>,v)

On the other hand, by using Schwarz’s inequality for nonnegative bilinear symmetric
forms and inequality (3.1)), it follows that

p(w)—2
[ o T V)
N\ Qo,u || | 0,p(+),V

(z)—1
o Mullope).w (4.12)

|Vu| p(-)—1
< MI[[Vhlllo,p( (m) loprc

|Vu| p()—1
= M||hllo.p(,v | (m) lo ey

p/l, ). Since

) (( |Vul )p(‘)—l)ip ( |Vul )71
PO\ Tullop(y,v PO\ ullopeyw/ —

by Theorem (b) we have

[Vu| p()-1 B
H<||u| )" Mop =1

0,p(-),V
therefore, from (4.12)) we obtain
‘ - |Vu(z) [P =2 Vu(z) - Vh(z)

x)—1
A\ Qo,u ||quy(P())vv

From (4.11)) and (4.12) we infer that

M
(W' (), h)| < p= (llullo.pe).v) - [IA]

where M = p* - (p%

dz| < M||h|op0),w

0,p(+),V >

for any nonzero v € Ur, and for any h € Ur,. Thus
, M
Il < 2= (lellope)v) =0 as flullop)v = 05

therefore U is C'. To conclude that H is C', the C'-property of the functional G
given by , has to be proven.

As far as the Cl-regularity of G is concerned, for a later use, we shall prove more:
G is C' on L) (Q) and

(G (), h) = [o9(z,u(z))h(z)dz,u,h € LI(Q). (4.13)
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Indeed, let u, h € L) (Q). According to [20, p. 178] and by using Hélder’s type
inequality (3.1),
G(u+h) = G(u) = (G'(u), h)|

)
|/Q[g(ff7u(fﬂ) +0(x)h(x))h(x) — g(z, u(z))h(z)]dz|
< Mllg(z,u(z) + 0(z)h(z)) — g(z, u(x))llo,q )1k
where 0 < 6(z) < 1. Consequently,
G(u+h) — G(u) = (G'(u), h)]
[[7llo,q()
Suppose ||h[|g,q(.) — 0. Taking into account the continuity of Nemytskij operators

[18, Theorem 1.16], it follows that G is Fréchet differentiable on L()(Q) and G is

given by .

Moreover, the operator G’ : L) (Q) — (L90)(Q))* given by is continuous
[18, Theorem 1.16].

Now, since Ur, is continuously imbedded in L)(Q) and G is C* on LI0)(Q), it
follows that G is C! on Ur,.- O

0,q(+)»

< M|g(z, u(x) + 6(x)h(x)) = g(z, u(@))llo.g()-

Proposition 4.4. Let ¢ € C+(Q) and g : 2 x R — R be a Carathéodory function
which satisfies the growth condition and the hypothesis (H2) modified as fol-
lows: there exist so > 0 and 6 > 0 such that holds for almost all x € Q) and all
s with |s| > sg, where G is given by [@.9). Then, the functional G : L) () — R
given by satisfies the inequality .

Proof. One has
(G'(u),u) = 0G(u) = /Q[Q(LU(I))U(JC) — 0G(x, u(x))]dz.

_ Now, we shall give an estimation for the right term of this equality. Define
Q={zeQ:|u(x)| > sp}. Taking into account (4.5, one has

/[g(m,u(m))u(m) — 0G(x,u(zx))]dz > 0. (4.14)

Q

Also, considering (4.10|), one has
[ Glaau)is] < [ felut@) +]u(w)aa)s
o\Q on\Q
< csg+ vol(Q) + so/ a(z)dr = K,
Q

where ¢ :=C1/q™.
On the other hand, from (4.4)), it follows that

\A\QQ(I,U(w))U(x)dx! < /Q\Q[CIU(x)I"(I) + |u(z)a(z)lde

< csg+ vol(Q) + so/ a(r)dz = K.
Q

Thus
| / [9(e, u(@))u(z) — 6G(z, u(x))dz| < C, (4.15)
o\Q
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with C := K(1 + 6). From and ([4.15)), we infer that
/ [9(z, u(z))u(z) — 0G(x, u(z))|dx > —C,
Q
that is (2.5)). O

Using the same arguments as in [I6, Remark 7.2, p. 26], we obtain the following
result.

Lemma 4.5. Let ¢ : R — Ry be a gauge function which satisfies (2.4)), where ®
is given by (2.3). Then, for all w € Ur, with ||ullo p.),v < 1 one has

B(|lullop0.v) > SDllullg) o (4.16)

Also for all u € Ur, with ||ullop),v > 1 one has
& (ulopr,9) < O ullE o

Proof of Theorem[{.3. We use Theorem with X = Up, and V = Li0)(Q).
Indeed, X is reflexive (Theorem (a)) and smooth (Theorem [3.5] (c)). Also, by
Theorem (a) and Theorem c) (Urg, | - llo,p(-y,v) is compactly embedded in
(LYO(Q), || - lo,4¢))- According to [5, Theorem 4.6 a)], ¥ satisfies condition (.S)s.
Obviously G(0) = 0 and taking into account Propositions [4.3] and it follows
that G is C! and that the hypothesis (ii) of Theorem is fulfilled.
Let us prove that hypothesis (iii) of Theorem is fulfilled. For the first term

in (4.8), we have (4.16) for all u € Ur, with [lu|gpc),v < 1.
Arguing as in [12] p. 239], from (H3) we deduce that there exists

0<p<(p"®(1)/2)A1,0+ (4.17)
and s > 0 such that
G(x,s) < (u/e*)|s|?”, forz e Q,0<|s| <s. (4.18)

Now, let us consider |s| € [s,00). The function |s|?(*)=! being increasing as
function of |s|, we have
|s]2(®@),

sl < @

Since the function a in (4.4)) is assumed to be bounded, it follows from (4.10) that
|G(z,5)| < c5-517), for|s| > s,
where c3 := C1/q™ + ||la]joo/s? 1.
Now, we denote Q = {x € Q : |u(x)| > s}. Then, for every u € L) (Q), we have
/G(m,u(x))dx < 03/ Ju(x) 1@ dz. (4.19)
Q Q
But Ur, is continuously imbedded in L) (Q) (Lemma , therefore there exists
a positive constant ¢ such that

[ullo,g) < cllul

0p(),v forall u e Ur,.

Consequently, for all u € Up, with [lullg ), v < 1/c it follows that [lullgq.) < 1.
Therefore, taking into account (4.19) and Theorem |3.3| (d), we obtain

/QG(m,u(x))dx < 03||u|\(‘§;](_)7 (4.20)
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for all u € Ur, with [lullg v < 1/c
On the other hand, from (4.18]), for u € Ur,, we deduce

12 * i *
Gl u@)de < 2 [ [u(@) do = Lol g (4.21)
o0 ©* Jo o* L#™(Q)

Since p* < ¢~ , then Ur, is compactly imbedded in L¥" (1) (Remark. Taking
into account (4.21)), (4.17)), and the definition (3.5)) of A1 ,+, for v € Ur,, we obtain

0 " (1), et
G(z,u(z))dr < ul|® < —|lu||? ) 4.22
[ Gt < 0 < PP e 02)
Then, from Lemma [4.5] ([£.22)), (4:20)), we obtain
. o(1) . _
H(w) > (1)l ) ¢ — sl o — sl
o(1)

== Illsp0,v = eslivllo g

for all w € Up, with ||ullop),v < min(1,1/c). Therefore, the hypothesis (iii) of
Theorem 2.1l is fulfilled.

Now, we shall verify the hypothesis (iv) of Theorem Let 6 and sg be as in
(H2). We shall deduce that one has

G(z,s) > ~(x)|s|?, for almost all z € Q and |s| > so, (4.23)
where the function v will be specified below. Indeed, it follows from [12, p. 236]
that
G(x,5) > (G(x,50)/55)s’, for almost all x € Q and s > s¢. (4.24)
On the other hand, for almost all x € 2 and 7 < —s, from , we have G(z, s) >
0 for almost all z € Q and |s| > sg, and
0 _ g(z,7)
T~ Gz, 7)
By integrating from s < —sg to —sq, it follows that
s o G(z,—s0)

20>
sl = G(x,5) '

[
\Y

which implies
G(z,s) > (G(z,—s0)/s5)|s|%, for almost all z € Q and s < —s¢. (4.25)
Setting

(G(z, fso)/sg), if s < —sp,

from (4.24) and (4.25)), we obtain (4.23)).

For v € Ur,, we define
Qs ={z e Q:|v@)] > s0}, Qe 1= NQ>.
From (4.23) it follows that

/QG(:U,U(:E))de/ 'y(:r)|v(x)|0dx+/ G(z,v(z))dz

> Q<

ORI

= [r@h@lar+ [ G o) - f @)

Q<
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Since
/Q (@) |(@) < [ ]lses8 vOL(Q),
<

we have

/G(x,v(m))dx > /7(x)|v(x)\adx + G(z,v(x))dz — k,
Q )

Q<
where k := ||7]|oos§ vol(Q2). On the other hand, it follows from (4.10] that

/ G(z,v(z))dz < ||a|lccSo + ¢4 max(sgﬂsgi)vol(ﬁ),
Q<
where ¢4 = ¢1/q~. Therefore
[ 6 vande = [ @lota)'de - k.
Q Q
where K := k + ||al| oS0 + €4 max(sg+,sg_)vol(ﬂ). Consequently,

H(v) < &([olloptv) - /Q (@) |o(x)| %z + K,

where K is a positive constant and 6 is given by (H)s. Taking into account Lemma
for [|v]|o,p(.),v > 1 we have

H(w) < )[0]£ ) o - /wa)w(xnedx + K. (4.26)

Now, the functional || - ||, : Ur, — R defined by

foll = ( [ ~@lota)faz) "

is a norm on Ur,. Let X; be a finite dimensional subspace of Ur,. Since the tow
norms || - ||lo,p(.),v and || - ||, are equivalent on the finite dimensional subspace X,
there is a constant ¢ = 6(X7) > 0 such that

1]l0,p), v < Ollvlly-

Therefore, from (4.26) it follows that

. 1
H(o) < 2ol ). — 5l

0
0.p(),v T 15

if v € X1, [|v]|o,p(),v > 1, that is the hypothesis (iv) is fulfilled.
Taking into account Theorem [23] it follows that the functional F possesses a
sequence of critical positive values. By Proposition [4.3] equation

Jou = g(x,u)
has a sequence of solutions in Ur, or, equivalently, the problem (4.1)), (4.2]) possesses
a sequence of weak solutions in Ur,. O

Taking into account Remark if p(xr) = p =const. and p(t) = "1, r > 1,
from Theorem 2] it follows:

Corollary 4.6. Let Q2 be a domain in RN (N >2), p € (1,00), and let p* be given

by
N
p* = P ifp<N and p*":=o0ifp> N,
N-—p
Let there be given a Carathéodory function g : Q2 x R — R satisfying the hypotheses:




16 P. MATEI EJDE-2015/73

(1) there exists a function q(-) € C(QQ) that satisfies
1 <q(x) <p* foreachxcQ
such that

lg(z, s)| < Cy]s|7®)/ 9 @) 4 a(x),  for almost all z € Q and all s € R,

where Tlx) + ﬁ =1, a is a bounded function, a(x) > 0 for almost all

z € Q, and Cy is a constant, C; > 0;
(2) there exist s > 0 and 6 > r such that (4.5) holds for almost every x € Q
and all s with |s| > so, where G is given by (4.6]).

Also assume that

3)

lim su 9(z,5) AL
50 P [s|7—2s 2

uniformly with respect to almost all x € Q, where A\, is given by (3.5).
4) r<q .
Let Ny : LIO(Q) — LIO(Q), with (Nyu)(z) = g(z,u(x)) for almost all x €
Q, denote the Nemytskij operator generated by g. Under these assumptions, the
problem
—div (|||Vu|||2;f'm|Vu|p*2Vu) =g(z,u) inQ, (4.27)
u=0 onTyC0Q, (4.28)

has a weak non-trivial solution in the space Ur,. Moreover, if g is odd in the second

argument: g(xz,—s) = —g(x,s), s € R, then problem (4.27), (4.28)) has a sequence
of weak solutions.

In particular, if » = p and g(x) = ¢ =const., we obtain a result similar to [12]
Theorem 18, p. 370]:

Corollary 4.7. Let Q be a domain in RN (N > 2), let p € R be such that p > 1,
and let p* be given by

N
pri= P ifp<N, and p*:=o00 ifp> N,
N—p

Let there be given a Carathéodory function g : Q@ xR — R satisfying the hypotheses:
(1) there exists q € (1,p*) such that

lg(z,8)| < C1]s|7 +a(x), for almost all x € Q and all s € R,

where % + L =1, a is a bounded function, a(x) > 0 for almost all x € 2,
and Cy is a constant, Cy > 0;

(2) there exist sp > 0 and 6 > p such that holds for almost every x €
and all s with |s| > so, where G is given by (4.6)).

Also assume that

3)

. g(fﬂ, S) )\1 D
lim su <
lsao P |s|p—2s 2
uniformly with respect to almost all x € ), where A\, is given by (3.5)).
) p<aq
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Let Ny : LY(Q) — L9 (Q), with (Nyu)(z) = g(z,u(x)) for almost all z € Q, denote
the Nemytskij operator generated by g. Under these assumptions, the problem

—div(|VulP72Vu) = g(x,u) in Q, (4.29)

u=0 onTyC O, (4.30)

has a weak non-trivial solution in the space Ur,. Moreover, if g is odd in the second

argument, then problem (4.29), (4.30) has a sequence of weak solutions.

Now, let us consider the gauge function ¢ : Ry — Ry, ¢(t) = ¢"tn(1 + t),
r > 1. From (2.3) we have

t" 1 [t o
O(t) = —In(l+1¢t) — - dr,t > 0.
(*) rn( +t) r/01+7 b=

According to [6 p. 54], ¢* = r + 1. We shall apply Theorem with ¢* =7+ 1.
From definition of ¢* it follows that

©*P(1) > p(1) =In2.
From Theorem [.2] we have the following result.

Theorem 4.8. Let Q be a domain in RN (N > 2), let p € C(Q) be a function such
that p~ > 1, and let p*(-) be given by (3.2). Let us consider the function

o:Ry =Ry, o) =t"tIn(l+¢t),r> 1. (4.31)

Let there be given a Carathéodory function g : 0 x R — R satisfying the hypotheses:
(1) there exists a function q(-) € C(Q) that satisfies (3.3) such that

lg(x, s)| < Cy]s|7@)/ 9 @) 4 a(z),  for almost all x € Q and all s € R,

where Tlm) + ﬁ =1, a is a bounded function, a(x) > 0 for almost all
z € Q, and Cy is a constant, C; > 0;

(2) there exist so > 0 and 6 > r + 1 such that
0 < 0G(z,s) < sg(x, s),
for almost every x € Q and all s with |s| > so, where
G(x,s) := fosg(x,T)dT.

Also assume that

®3)
In2
lim sup 9(z,5) n—)\l il
s—0 |87 1s 2 ’
uniformly with respect to almost all x € Q, where A1 41 is given by (4.21).
4 r+l<gq .

Let N, : LIO(Q) — LYO(Q), with (Nyu)(x) = g(x,u(x)) for almost all x € Q,
denote the Nemytskij operator generated by g. Under these assumptions, problem
(4.1), , where ¢ is given by (4.31), has a weak non-trivial solution in the space
Ur, (endowed with the norm (3.4). Moreover, if g is odd in the second argument,

then problem (4.1), (4.2)) has a sequence of weak solutions.
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