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STABILIZATION OF EULER-BERNOULLI BEAM EQUATIONS
WITH VARIABLE COEFFICIENTS UNDER DELAYED
BOUNDARY OUTPUT FEEDBACK

KUN-YI YANG, JING-JING LI, JIE ZHANG

ABSTRACT. In this article, we study the stabilization of an Euler-Bernoulli
beam equation with variable coefficients where boundary observation is sub-
ject to a time delay. To resolve the mathematical complexity of variable co-
efficients, we design an observer-predictor based on the well-posed open-loop
system: the state of system is estimated with available observation and then
predicted without observation. We show that the closed-loop system is sta-
ble exponentially under estimated state feedback by a numerical simulation
illustrating our results.

1. INTRODUCTION

The phenomenon of time delay is commonly observed in modern engineering
and scientific research [3}/4}[56,(7/9,[21L/19]. Much attention has been devoted to
the stability of control systems with time delay. Nevertheless, even a small delay
may break the system’s stability [3}/4}5,/6,/7,/10]. It is indicated in [§] that for
distributed parameter control systems, time delay in observation and control can
cause complications. Stimulated by the work in [14], we solve the stabilization
problem with delayed observation and boundary control, for the one-dimensional
Euler-Bernoulli beam equation [16].

In this article, we focus on the boundary stabilization of an Euler-Bernoulli beam
equation with variable coefficients where boundary observation contains a fixed
time delay. This is a generalization of the similar work such as [16] for the beam
equation with constant coefficients. It is obvious that variable coefficients present
more mathematical challenges, making the stabilization problems of the system
much more complicated since it is difficult to construct the Lyapunov functions
and estimate the eigenvalues and eigenfunctions by asymptotic analysis.

Consider the following nonuniform Euler-Bernoulli beam equation with linear
boundary feedback control:
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p@)we(x,t) + (EI(@2)weg(x,t))2ze =0, 0<ax <1, t>0,
w(0,t) = wy(0,t) = wee(1,8) =0, ¢t >0,
(EI(z)wee)x(1,t) = u(t), t=0, (1.1)
yt) = we(l,t —71), t>T,
w(z,0) = wo(x),w(z,0) =wi(z), 0<z<1,
where x stands for the position and t the time, w is the state, u is the boundary
controller input, (wo,w1)7 is the initial value, 7 > 0 is a known constant time delay,
and y is the delayed observation(or output) which suffers from a given time delay 7.
EI(x)(> 0) € C?0,1] is the flexural rigidity of the beam, and p(z)(> 0) € C0,1]
is the mass density at x.
The system above is considered in the energy state space

H = Hg(0,1) x L*(0,1), Hg(0,1) = {f € H*(0,1) : f(0) = f'(0) = 0}
The energy of the system is

1

Bolt) = /0 B, (,1) + pla)wd (e, ) do.

As noted in [4] (where EI(x) = p(z) = 1), even a small amount of time delay in
the stabilizing boundary output feedback schemes destabilizes the system. There-
fore, it is important to design stabilizing controllers that are robust to time delay
for systems described in .

The next section shows the well-posedness of the considered open-loop system.
In section 3, we design the observer and predictor for the system. The asymptotic
stability of the closed-loop system under the estimated state feedback control is
then studied in section 4. Section 5 illustrates the simulation results and concludes
the paper.

2. WELL-POSEDNESS OF THE OPEN-LOOP SYSTEM

We introduce a new variable z(z,t) = w(1,¢ — 7). Then the system (1.1))
becomes

p(x)wy(z,t) + (BI(@)Wee (2,6))es =0, 0<ax <1, t>0,

w(0,t) = we(0,1) = wee(1,8) =0, >0,

(EI(z)wae)a(1,t) = u(t), t=>0,
Tzi(x,t) + 20 (2,8) =0, O0<a<1,t>0,
2(0,t) = we(1,t), t>0,
w(z,0) = wo(x),w(z,0) =wi(z), 0<z<1,
2(x,0) = 20(x), 0<x<1,
y(t) = 2(1,1), t=>,
where zg is the initial value of the variable z.

We consider the system in the energy state space H = H x L2(0,1), with the

state variable (w(-,t),w;(-,t), 2(+,t))T for which the inner product induced norm is
defined as following;:

Bu(t) = ¢ (1), we( 1), 20, 0) 72
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1

= 5/0 [BI(z)w?,(x,t) + plx)w?(z,t) + 22(x,1)]dz.

The input space and the output space are the same U =Y = C.

Theorem 2.1. System ([2.1)) is well-posed: For any (wo,w1,z0)T € H and u €
L2 (0,00), there exists a unique solution of ([2.1) such that (w(-,t),w:(-,t), z(-,1))T

loc

belongs to C(0,00;H); and for any T > 0, there exist a constant Ct > 0 such that
. T
[(w (-, T),we - 1), 2, T 1 +/0 ly(1)2dt

T
< Cr[lwo,wr, )"+ [ u(o)Pae]
0

Proof. Firstly, we represent the system

p@)w(x,t) + (EI(x)weg(x,t))se =0, 0<z<1,t>0,

w(0,t) = wz(0,t) = wye(1,8) =0, ¢>0,
(2.2)
(BI(7)wgee ) (1,t) = u(t), t>0,
yw(t) = wt(lat)a t> Oa
as a second-order system in H,
wy(+,t) + Aw(,t) + Bu(t) =0, 0<z<1,t>0, 53
yw(t):B*wt(',t)a tZO, ( ’ )
where A is a self-adjoint operator in H and B is the input operator:
1
Af = —(EI(z)f")",
—S(EI@)") §
Vf € D(A) = {f € H'0,1)n HE(0,1): /(1) = (BIf"Y (1) =0}, Y
B=4§(z—-1).

Here §(-) denote the Dirac distribution. It was shown in [13] that system (2.3)
and (2.4) is well-posed in the sense of Salamon [2|: for any u € L2 _(0,00) and

loc
(wo,w1)T € H, there exists a unique solution (w(-,t),w:(-,t))T € C(0,00;H) to
(2.3) and for any T' > 0, there exists a constant D > 0 such that

HW@ﬂmﬂﬂWﬂ%+AlmﬁWﬁ

< Dr o, )+ [ e

Then the following inequality can be shown similarly as those in [17]:
T
(e ) (7)) e+ [ (0P

< Cr

T
II(wo,wl,zo)TlliJr/O |U(t)|2dt] ;

for a constant Cr > 0. The details are omitted. O
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Theorem [2.1] illustrates that, for any initial value in the state space, the output
belongs to L2 (7,00) as long as the input u belongs to L2 (0,00). This fact is

loc
particularly necessary to the solvability of observer shown in the next section (

[13,[14]).

3. OBSERVER AND PREDICTOR DESIGN
For any fixed time delay 7 > 0, and when ¢ > 7, we propose a two-step method
to estimate the state of (1.1)) by designing the observer and predictor systems.

Step 1. From the known observation signal {y(s+7) : s € [0,t — 7],t > 7}, we
construct an observer system to estimate the state {w(x,s) : s € [0,t — 7],t > 7}
which satisfies

p(r)wss(z,8) + (BI(2)Wee(2,8))2e =0, 0<2<1,0<s<t—7,t>T,
w(0,8) = wy(0,8) = wez(1,8) =0, 0<s<t—71, t>T,
(EI(2)wgy)z(1,8) =u(s), 0<s<t—r,t>T,
y(s+7) =ws(l,s), 0<s<t—r7,t>T

(3.1)

Then a Luenberger observer naturally can be constructed for the system (3.1)),
p(x)Wss(x, 8) + (EI(2)Wep(x,8))2e =0, 0<z<1l,0<s<t—T1,t>T,
w(0,8) = Wy (0,8) = Wye(l,8) =0, 0<s<t—71,t>T,
(EI(2)Wys)x(1,8) = u(s) + k1[wWs(1,8) —y(s+7)], 0<s<t—71,t>7k >0,
w(x,0) = wo(x), Ws(x,0) =wi(x), 0<x<1,

(3.2)
where (@p,w1)7 is an arbitrary assigned initial state of the observer.
For (3.2) to be an observer for (3.1]), we have to show its convergence. To do
this, we set
e(x,s) =w(z,s) —w(z,s), 0<s<t—r7,t>T. (3.3)
Then by (3.1) and (3.2), ¢ satisfies
p(x)ess(x,8) + (BI(2)epe(x,8))ee =0, 0<z<1, 0<s<t—r,t>T,
€(0,8) =€2(0,8) =€42(1,8) =0, 0<s<t—71,t>T,
(BI(z)ers)(1,8) = k1es(1,8), 0<s<t—71,t>7, ki >0, (3.4)
e(x,0) = Wp(z) —wo(z), 0< <1,
€s($70):ﬂ]\1(x)_wl($)a OSJ?Sl

The system above can be written as

d (~75) (.’5)
@ (;(’s)> =B (;(,S)) ’ (35)
where
B(f, g)T _ (g’ *ﬁ(EI(QC)f”(l‘))H)T,
D(B) = {(f.9) € (H*(0,1) N HE(0,1)) x Hp(0,1) : (3:6)

F'(1) =0, (ELf")' (1) = kig(1) },

and B generates an exponentially stable Cy-semigroup on H satisfying:

B < Me=*, Vs >0, (3.7)
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for some positive constants M,w. Hence, for any (wq,w;)” € H and (@, @1)T € H,
there exists a unique solution to (3.4)) such that

I(eCr8), €50, 8) T Il < Me™|[(@o — wo, @1 — w1)" |1, (3-8)
for all s € [0, — 7] and all £ > 7.
Step 2. Predict {(w(z,s), ws(z,s))T,s € (t —7,t],t > 7} by
{(W(x,s), Ws(x,8)) 7,5 € [0,t —7],t > 7}

This is done by solving (1.1)) with estimated initial value (w(x,t —7), @s(x,t —7))T
obtained from (3.2):

p(2)Wss(, 8,8) + (EI(X)Wep (2,8, t))ee =0, O0<z<lt—T<s<t, t>T,
(0,8,8) = Wyy(l,8,t) =0, t—7<s<t t>r,

w(0,s,1) = Wy
(EI(z)Wyy)z(1, 8,t) = uls), t—7<s<t t>r,
Wz, t —1,t) = W(x,t — 7),Ws(x,t — 7,t) = Ws(x,t — 7),
0<z<l,t—7<s<t, t>T.
(3.9)
We finally get the estimated state variable by
w(zx,t) = w(z,t,t), Yt>rT, (3.10)

which is assured by Theorem below.
Theorem 3.1. For allt > 7, we have

H(w("t) - wt('7t)7wt('7t) - wt("t))TllH < Me_W(t_T)H(ﬁ)\O — wo, Wy — wl)THHa
(3.11)
where (o, w1)T is the initial state of observer (3.2)), (wo,w1)” is the initial state
of original system , M,w are constants in (3.7))

Proof. Let
e(x,s,t) = w(x,s,t) —w(x,s), t—7<s<t t>Tr. (3.12)
Then e(z, s,t) satisfies

(@) s (@, 5,8) + (BI@)era(2,5,8)) 0 = O,
O<zr<lt—7T<s<t t>T;
e(0,8,t) = e,(0,8,t) = €22(1, 8,t) = (EI(x)egs)z(1,8,t) =0,
t—17<s<t t>T;
e(x,t —7,t) =e(x, t —7),e5(x,t —7,t) = es(x,t — 7),
0<z<l,t—7<s<t, t>T;

(3.13)

which is a conservative system
H((—:(" 57t)7 53('3 S, t))T”H - H({:‘(gt - 7_)7 55('7 t— T))TH'H' (314>
Collecting (B8), (B-10) and (B14) gives (3-11). 0
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4. STABILIZATION BY THE ESTIMATED STATE FEEDBACK

Since the feedback u(t) = kowy(1,t) = kows(1,¢,t) (k2 > 0) stabilizes exponen-
tially the system (|1.1)), and we have the estimation w:(1,t) of w¢(1,t), it is natural
to design the estimated state feedback control law of the following:

o
(o) = {k‘gwt( 1) = ka@y(L 1), t>7, ks >0, 1)

0, telo,7].

The closed-loop system becomes a system of partial differential equations (4.2))-(4.3))
via applying the control law above:

p@)w(x,t) + (EI(x)weg(x,1))se =0, 0<z<1,t>0,
w(0,t) = wy(0,) = wye(1,8) =0, ¢ >0,
(BI(#)was)e(1,1) = u"(t), t=0,
w(z,0) = wo(z), wi(z,0) =wi(z), 0<z <1,

and

p(2)Wss(x, 8) + (BI(2)Wen(2,8))ee =0, 0<z<1,0<s<t—1,t>T,
W(0,s) = Wy(0,8) = Wey(l,8) =0, 0<s<t—r, t>r,
(BI(2)Wgs)x(1,8) = u™(s) + k1[ws(1,8) —ws(1,s)], 0<s<t—7,t>7, k >0,
w(z,0) = wo(x), Ws(x,0)=wi(x), 0 <x <1,

and

p(X)Wss(,8,8) + (EI(X)Wes(2,8,t)es =0, 0<z <1, t—T<s<t, t>T,
@(0,5,t) = Wy (0,5,1) = Wae(1,8,t) =0, t—7<s<t t>T,
(BI(2)Wyy)z(1,8,t) =u™(s), t —T7<s<t, t>7,
W(x,t —7,t) =W(x,t —7),Ws(x,t —7,t) = We(x,t —7), 0<z<1 t>T.
4.
We consider the closed-loop system ([4.2))-([4.3) in the state space X = H>. (01?2
viously the system — is equivalent to the system — for t > 7:

p(x)wtt(xvt) + (El(x)wmr(xvt))zm =0, O<z<l, t>T,

w(0,t) = wy(0,¢) = wee(1,8) =0, t>7,
(4.4)
(ET(2)wgy )2 (1,t) = ko[we(1,8) + e5(1,¢,8)], t>T, ko >0,
w(x,0) = wo(z), w(z,0) =wi(z), 0<x<1,
and
px)ess(x,8) + (EI(x)ers(2,8))se =0, 0<z<1,0<s<t—7,t>T,
€(0,s5) =€,(0,8) = €4.(1,5) =0, 0<s<t—rT1,t>T,
(0,s) (0,s) (1,s) (4.5)

(BI(%)ese)(1,s) = k1es(1,s), 0<s<t—7,t>7, ki >0,
e(xz,0) = wo(x) —wo(z), es(x,0)=wi(x) —wi(x), 0<z<1,
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and
p(x)ess(x, 8,t) + (BI(x)ege (T, 8,1)) gz = 0,

O<zr<l,t—7<s<t t>T;
£(0,8,t) = e,(0,8,t) = €22(1, 8,t) = (EI(x)egz)2(1,8,t) =0,
t—17<s<t t>T;
ez, t —1,t) =e(x, t —71,t), es(x,t—71,t) =cs(x,t —7),
0<z<1, t>m;
where ¢(z, s) and €(z, s,t) are given by (3.3) and (3.12) respectively.
Theorem 4.1. Let t > 7, for any (wo,w1)? € H, (W, w1)T € H, there exists
a unique solution of systems (4.4)-(4.6) such that (w(-,t),w(-,t))T € C(r,00; H),
(e(-,8),e5(-, )T € C(0,t —T;H), (e(-,5,1),e5(, 8,1))T € C([t — 7,t] x [1,00); H) for
any (o — wo, W, —wy)T € D(B), where B is defined by (3.6), system ([4.4) decays
exponentially in the sense that
1w (1), we (-, 1))l

< Moe =) || (wg, w1) T |2

(4.6)

. (4.7)
LoCMMoe™™ (gt | .
S (T e e ) IB (0,20, 0) e

Proof. For any (wo,w1)T € H, (@, w1)T € H, since B defined by (3.6) gen-
erates an exponentially stable Cp—semigroup on H, there is a unique solution

(e(-,8),e5(-,5))T € C(0,t — 7;H) to (4.5) such that (3.8) holds.

Now, for any given time ¢ > 7, write (4.6]) as

i 5('737t) _ 5('73,t)
ds <55(-,s,t)> =A (55(~,s,t)) ’ (4.8)
where A is defined by
A(1.9)" = (9.~ (BI@) "))
D(A) = {(f,9)" € (H*(0,1) N HE(0,1)) x HE(0,1) : f'(1) = (ELf")'(1) = 0}.
(4.9)

Then A is skew-adjoint in H and hence generates a conservative Cy-semigroup
on H. For any (e(-,t—7),e5(-,t —7))T € H that is determined by (4.5]), there exists
a unique solution to (4.6]) such that

H(E(W 37t)7 ES(-, 5, t))T”H = H(E('7t - T)7 55('7 t— T))THH7 (4'10)
forall s € [t—7,t]. So, (e(-, s,t),e5(+, s,t)) € C([t—,t] x [T, 0); H). Moreover, since
A is skew-adjoint with compact resolvent, the solution of can be, in terms of
s, represented as

x,5,t) T on(@) | N s (s On(@)
(65 (2.5 t) Zan ( " (2) +nZ:Obn(t)e V() (4.11)
where (& ng(x),qﬁ(z)) is a sequence of all w-linearly independent approximated
normalized orthogonal eigenfunctions of A corresponding to eigenvalues £\ satisfies:

()x 2EII(1') 111 x EI”(I'> 2 T p(ac) ) =
P + gy @@+ iy ¢ @+ gy 0@ =0, (4.12)

¢(0) = ¢'(0) = ¢ (1) = ¢"'(1) = 0.
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Set h = fo g}g )/4dr and A, = (%/h?, then from the reference [12], when n

is large enough the solutions of the equations above can be represented as

1 1 . 1
7 5)7r(1+z)+(9(g),

on(z) = e~ s a(m)dr /207 — 1) [sin ((n + %)7m> — cos ((n + %)TI'Z)

ﬂn = (n+

+67(n+%)ﬂ'z + (_1)n€7(n+%)7r(17z):| —&-O(%),
5—2 Z )_ 1 ( p(l‘) )1/2 -3¢ a(T)dT\/§(1+ )[ (( + 1) (4'13)
o (x) = 72\ B1) e i) | cos ((n+ 5)mz

]. 1 1
— sin ((n + 5)772) + 67(n+§)7rz + (_1)n67(n+§)77(172):|

+(’)(%).

From (ETI),

o0

es(Lt,t) = [an(t)er’ + bu(t)e "¢ (1). (4.14)

n=0

For (4.6) we have

lnan(t)ex”(t*ﬂ

() (e Erdener)

! 1 ! 1/ 1
/0 EI(@)ess(z,t — )8! ()dz — x/0 (.t = 7)(EI()0) (2)da]

[- /01<E1<x>sm<m,t—T>>z¢;<x>dx+jn [ ot =160 ]

—

;w Al sl

(EI(2)enn) (1t — 7)én(1) + /0 (BI(2)e s (. — 7)) aaton()dz
—%/ asm(:c,t—T)EI(xWZ(x)dx]

1
[~ et =7)u () + [ (BI@)era(ot = 7)) (o)de

?\H

i [ oot = BI@ ]

=

{ ~Eies(1,t — ) (1) + /Ol(Ef(x)gm(x,t - [e—i J5 andr /o — 1)

% (sin ((n+ %)ﬂz) — cos ((n+ %)wz) Lot me (71)n6*(n+%)ﬂ(lfz))}dx
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1
2 1
- / Esza (T, — T)\/El(x)\/p(x)e_i Jo e /301 4 i) [cos ((n+ §)WZ)
0

1 1
—sin ((n + 5)7‘(’2’) e ()T (—1)"67("+%)’T(1*’z)} dz + O(=) }

n

By the expression of ¢, (z), there exists a constant ¢g > 0 such that

[¢n (1) < co. (4.15)
Notice that

s (1, — 7)| = 55w(xt—7'dx| |//em (y,t — 7)dydz|

T s—

1/2 1 1/2
0

/
< L[ [ mrwe >dx] .

where m = min<z<1){EI(z)}. Then
Lan (t)] < |T1n|{cok1|€s(1’t )+ 8[/01 p(2)(EI(2)e0s (z,t — T))_?de] i
X </01 ﬁdm) i + 8[/01 EI(x)e?,,(z,t — T)d.’I}} i /01 p(x)dx}
coky 1 1/2 1
< |/\1n|[(;7]j+8</0 ﬁdm) +8/0 p(x)dm}
$ IB((t —7),e5(,t — )T |2
(4.17)
Similarly,
Lnby (t)e (=7
— ( ’ T) _%an( )
(D) (b
1 HU—=T _qun()
=5 ((507) ’A( 2"() >>H
=550 7D) (o B
1 1
:%[/O BI(2)eps (2.t — Tln [ st = DB ))"dx}
- % [ — Ol(EI(;c)EM(x,t —7))ddn(x) + % /01 Eswa (Tt — T)El(x)qﬁ;:(x)dac}
1
%[ (BI(2)ens)o(1 )+ /O (BI(2)e0a (it — 7))au b (2)da
+ i /01 Esaa (T, — }
- Ai{ — Eies(1,t — ) (1) + /O (BI(x)en(@,t — T))as [e FJS atmar /30, 1)
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: 1 1 —(n+3)mz n,—(n+i)r(l—z)
X (sm ((n+§)7rz) —cos ((n + 5)712) +e )T 4 (—1)"e 2 )}dm
1
B 1
+ / Esza (T, — T)\/El(x)\/p(ac)e_i Jo amdr/3(1 4 i) [cos (n+ 5)772)
0

_sin ((n + %)TFZ) 4 6—(71-&-%)#2 + (_1)ne—(n+%)ﬂ'(l—z)}dx + O(%) }

Then
1 1/2

ln b
| <o

{cok1|as ,t—7)| + 8{/01 p(x)(El(x)egps(z,t — T))ixd.’li}

/Olp(lx)dx>l/2+8[/0 El(z),, (. )dm} 2 /01 p(;z:)dx}

c ! 1/2 1
< /\1n|[(;:1+8(/0 ﬁdm) +8/0 p(x)dw]

< B(e(,t —7),es(,t =) It
(4.18)

Collecting (4.14)), (4.17), (4.18), and the expression of A, gives
les(Lt,1)] < CIB(e(,t —7),e5(t = 7)) [l (4.19)

for some constant C' > 0 independent of t. Now by (3.8) and Cy—semigroup theory,
we have

||B(5(7 t— T)v 55('3 t— T))H'H < MeiwuiT)HB(E('v 0)3 ES(" O))T”'H (420)
for any t € |1, +00), where M, w are given by (3.7). We finally get
les(1,t,1)] < CMe =7 ||B((-,0), £4(-,0)) T ||5. (4.21)
Furthermore, the equation (4.4) can be written as
d (w(-,t) w(-,t)
— ’ = ’ Boes(1,t,t 4.22
dt <wt(-,t)> Ao (wt(~,t) + Boes(1,1,1) (4.22)
where
1
A , T _ - EI(x ////T7
olfr9)" = (9 p(m)( (@) f)")

V(f.9)" € D(Ao) = {(f,9)" € (H*(0,1) N HE(0,1)) x HE(0,1) :
F'(1) = 0,(EIf")(1) = kag(1) },

Bo = (5(900— 1)) :

A direct computation shows that

BoAy ' (f,9)" = f(1), Y(f.9)" €H, (4.24)

which means ByAp ! is bounded.
For the energy Ey(t) of the system (4.4]), simple computations tells us that

Bo(t) = —kaw?(1,1), (4.25)

(4.23)

which shows that .
1@/ lwy (1,1)]2dt < Eg(0), (4.26)
0
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for any T > 0. This inequality together with illustrates that By is ad-
missible for e“t. Therefore, there exists a unique solution to such that
(w(-,t),we(-, )T € C(r,00;H). Since Ay generates an exponentially stable Cp-
semigroup, it follows from |24, Proposition 2.5] and that

t/2
I [ e e, (1,5, 5)dsl < Lolls(L Mz

_ LoCM

<~ IB(=(-, 0), 5 (-, 0)" I,

and

t t
[ e Boe (1, s, 5)ds||3 < H/ e =By (0 ¢ e4(1,5,5))ds|x
t/2 0 t/2

< Lolles(1, - )l z2(e/2,0)
_ IoCeTe ¥
- V2w

for some constant Ly > 0 that is independent of £5(1,¢,t), and

~Ju(t), 0<t<T,
(wQo)(t) = {U(t), t>T.

IB(e(-,0),e5(-0)) " lae, V¢ >0,

On the other hand, the solutions of the systems (4.22)) can be represented as
(U}(', t)? ’U)t(', t))T

t
= eAO(t’T)(w(-,T),wt(~,7'))T+/ et Be (1, 5, 5)ds

T

t/2 (4.27)
= ) (w(-, 1), wi (-, 7)) T + eAH/2T) / U2 Be (1,5, 5)ds

T

t
+67A°T/ e =) Boe (1, s, s)ds.
t/2

Since A generates an exponentially stable Cp-semigroup, there exists two positive
constants My, wp such that ||e”ot|| < Mye™“°*, which together with (£.27) and the
conservative property of the system (4.2 for u*(¢) = 0 lead to

[(w(-s ), we (- 4)) |
< Mye —wo(t= T)H( ( )awt('vT))THH
L()CMMoeon wot

4 OODHOT (8 4 orem ) [BLeC 0020, 0)
= My~ 0 (w(-,0), (-, 0))
4 SOEEE (4 o ) Be(,0), 24 0) e

V2w



12 K.-Y. YANG, J.-J. LI, J. ZHANG EJDE-2015/75

wili, )

wt(x hil

FIGURE 1. Displacement w(x,t) (top), and velocity w;(x,t)
(bottom) of the solution

5. SIMULATION RESULTS

In this section, using the finite difference method we present the numerical sim-
ulation for the closed-loop system —. Here we choose the space grid size
N = 30, time step dt = 0.0003 and time span [0,40]. Parameters and coefficients
respectively are chosen to be 7 = k1 = ko = 1,p(x) = 1+ 0.2sin(x), EI(z) =
1+ 0.2cos(z). For the initial values:

wo(z) =22, wi(z) =1,
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e(z,0) =22, e4(x,0) =1, Vael0,1],

the displacement w(z,t) and velocity wy(z,t) are plotted in Figure It shows
clearly that the system is very stable with small displacement under time-variable
coefficients. This simple simulation illustrates that the observer-predictor based
scheme is useful to make the unstable system exponentially stable for the Euler-
Bernoulli beam equation with variable coefficients.
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