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MULTIPLE POSITIVE SOLUTIONS FOR ELLIPTIC PROBLEM
WITH CONCAVE AND CONVEX NONLINEARITIES

JIAYIN LIU, LIN ZHAO, PEIHAO ZHAO

ABSTRACT. In this article, we consider the existence of multiple solutions to
the elliptic problem
—Au = du? +u® 4+ puP  in Q,

u>0 in Q,

u=0 on 99,
where @ C RY (N > 3) is a bounded domain with smooth boundary 9,
0<g<l<s<2*—1<p,2*:= %, A and p are nonnegative parameters.
By using variational methods, truncation and Moser iteration techniques, we

show that if the parameters A and p are small enough, then the problem has
at least two positive solutions.

1. INTRODUCTION AND MAIN RESULTS

In this article we study the existence of nontrivial solutions for the elliptic prob-
lem
—Au = du? +u® + puP  in Q,

uw>0 in Q, (1.1)
uw=0 on 09,
where @ C RY(N > 3) is a bounded smooth domain, A\ and g are nonnegative
parameters, 0 < ¢ < 1,1 <s<2*—-1,p>2*—1,2" = %, i.e. the nonlinearity

is a combination of a sublinear term, a subcritical term and a critical or supercritical
term. From the perspective of the concavity and convexity of a function, problem
has one concave term, two convex terms.

We want to remark that if the subcritical term «*(1 < s < 2* — 1) does not
appear in our problem (|1.1)), i.e.

—Au = Au? 4+ pu?  in Q,
uw>0 in (1.2)
u=0 on 0,

2000 Mathematics Subject Classification. 35J20, 35J25, 35J60.

Key words and phrases. Variational methods; supercritical exponent; mountain pass theorem,
Moser iteration technique.

(©2015 Texas State University - San Marcos.

Submitted November 27, 2014. Published March 31, 2015.

1



2 J. LIU, L. ZHAO, P. ZHAO EJDE-2015/78

by the linear transformation v = ,uﬁ u, problem (|1.2)) is equivalent to

—Av= X!+ in Q,
v>0 in €, (1.3)
v=0 on JN

with A = AMH- This concave-convex problem was first considered by Ambrosetti,
Brezis and Cerami [2], they discover that there exists A > 0 such that for 0 < A < A,
problem has a solution if p > 1, and has a second solution if 1 < p <
(N +2)/(N —2). For supercritical case, i.e. p > (N +2)/(N —2), the authors poses
an open problem: When 2 is a ball in R, does problem have two solutions
for A > 0 small enough? After this seminal work, many works have been devoted
to problems with concave-convex nonlinearities, see for example |1}/4}7}/11,[12,[14].
Especially in the literature [14], using a concept of radial singular solution, Zhao
and Zhong prove that if X > 0 is small enough and p > 2* — 1, then problem
has exactly one solution. In particular, this means that problem cannot have
a second solution if p > (N +2)/(N — 2), and gives a negative answer to that open
problem. In other words, has exactly one solution for A and g small enough.
Now, we are interested in what will happen with adding a subcritical term u® in
. In this paper, we show that the appearance of the subcritical term u* in
destroys the uniqueness result. More precisely, we prove the following main results.

Theorem 1.1. Let Q C RY be a bounded smooth domain. Assume(0 < q <1< s <
2* — 1 <p, then (1.1) has at least two positive solutions if A and p are sufficiently
small.

Our approach is variational, based on the critical point theory and we use trun-
cation methods and Moser iteration technique to deal with the critical case and
supercritical case in a unified approach.

Before we proceed, we recall that to use the Mountain Pass Theorem [3}|9}/10]
the Palais-Smale (PS) condition is needed. A C! functional J on a Banach space
X is said to satisfy the (PS) condition at ¢ € R if every sequence u,, C X satisfying

J(up) — c and || J'(uy)||x» — 0 as n — oo

admits a strongly convergent subsequence. We say that J satisfies the (PS) condi-
tion if J satisfies the (PS) condition at any ¢ € R. This compactness type condition,
which compensates for the lack of local compactness in the underlying space X be-
ing in general infinite dimensional, leads to the following well known Mountain Pass
Theorem.

Lemma 1.2. Let X be a Banach space and J € C'(X,R) satisfying the (PS)
condition. Suppose J(0) =0 and

(J1) there are constants p, o > 0 such that J|ap, > o, and
(J2) there is an e € X \ B, such that J(e) < 0.

Then J possesses a critical value ¢ > «. Moreover, ¢ can be characterized as

c=inf max J(u),
g€l ueg([0,1])

where I' = {g € C([0,1], X) : g(0) =0, g(1) = e}.
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In this article, the norm in L"(2) (1 < r < o0) is ||ull, = ([, |u|’“dx)1/r

the norm in Hg () is [Jul| = ( [, |Vu|2dx)1/2. Here X’ denotes the dual space of
X. § is the best Sobolev embedding constant

Jo [Vu|?da
ue HA (2)\{0} (IQ "LL 2% dx)2/2* .

This article is organized as follows. In section 2, we consider a truncated problem
(2.1) and obtain two solutions by using variational methods. In section 3, we finish
the proof of Theorem by demonstrating that solutions of are actually
solutions of the original problem , this reduces to an L™ estimate.

, and

S = (1.4)

2. TRUNCATED PROBLEM

One of the main difficulty to prove the existence solutions of problem (I.1)) by
using variational methods is that J(u) does not satisfying the (PS) condition for
large energy level for p = {42 and J(u) is not well defined on H}(Q2) for p > {42

N-2-
Following the idea in [6}[8L|9/13], we first investigate the truncated problem
—Au=Au? +u® + pgr(u) in Q,
u>0 in (, (2.1)

u=0 on 01,

where K > 0 is a real number, whose value will be fixed later, gx (u) is given by

w, ol < K,
_ 2.2
gxc (1) {KP_"+1U"_1, u| > K, 22)

where p > 2* — 1, 2 <r:=s+1 < 2%, then

Greu) = [ ety s s s
Klu) = 9K = .
0 (531 — 7)) KPT A+ LK, | > K,
and
1
lgx (w)| < KPP |G (u)] < ;K”*’“Hu’“- (2.4)

The associated functional in H{ () is

1
JK(u)=§/Q|vu|2dx
\

1
— = | uitldx — /us+1dx— /G u)dz.

Remark 2.1. The original problem (1.1)) is critical and supercritical, after trun-
cation, it becomes subcritical and the functional Jx (u) € C* is well defined, this
fact allows us to use the usual minimax methods.

We have the following multiplicity theorem for problem (2.1J).

Theorem 2.2. There exist two positive constants Ag and po such that for all A\,
with 0 < X\ < Ag and 0 < p < g, problem (2.1) has at least two positive solutions.
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Proof. Let e denote the solution of
—Ae=1 in (),
e=0 on 09,
then e € C§° () is nonnegative, and |e|lo < C for some positive constant C' > 0.
Since0 < g<l<s<2*—1l,and 2 <7 =s+4+1<2* we can find \yg > 0 and
o > 0 such that for all 0 < A < Ag and 0 < p < pg, there exits M = M (A, pu) > 0
satisfying
M = AMle]|%, + Me|le]|5, + pKP M el 51
As a consequence, the function Me satisfies
—A(Me) = (~Ae)M = M > AMle||&, + M°|le]|5, + pEP ™M™ le][55
> ANMe)T+ (Me)® + ugx (Me),
and hence it is a supersolution of (2.1]). Moreover, any £ is a subsolution of (2.1)),
provided
—Aepr) = Mepr < Aep1)? + (ep1)® + gk (ep1),
which is satisfied for all € > 0 small enough and all A > 0, x > 0. Taking ¢ possibly

smaller, we also have
ep1 < Me

If follows that has a solution ep; < u; < Me whenever A < A\g and u < pyp.
Actually, u; is a local minimum of Jx in the C'-topology, hence a local minimum
for J in the H}(Q)-topology, see [2] for details.

Next, we look for a second solution of by Mountain Pass Theorem, since
uy is a local minimum in the Hg (£2)-topology, we only need to show that the (PS)
condition is satisfied and Jk (tu) — —oo, as t — +o0.

Claim 1. The functional Jg (u) satisfies (PS). for any ¢ € R. To see this, take
¢ € R and assume that {u, } is a Palais-Smale sequence at level ¢, namely such that

Jx (uy) — ¢ and Jy (un) — 0(in Hg(Q)),
Consequently we obtain, by Sobolev embedding theorem, together with (2.2]) and

23).

1
(Ut ffunll) = Tre (un) = = T (n)un

1
) [ () [
+u/Q {Silg;((un)un—GK(un)}dm (2.6)
2 (% a Sil)/ﬂ|Vun|2dx— (quLl a sil)/gugﬁ_ldx
> (5= )l = (g~ )5 ™

where Sy, is the Sobolev constant, and we have also used the fact that and
imply gx (t)t > (s+1)Gk(t) for all t € R. It follows from (note 1 < g+1 < 2),
{un} is bounded in HE (). Then we can assume that, up to a subsequence, there
exists u € H}(Q) such that

u, —u in Hg(Q),
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up(x) — u(z) for almost every x € Q,
U, — u in L*(Q).

As a consequence,
/ (ud — u?)(up — u)dz — 0, / (us — u®) (uy, —u)dz — 0,
Q Q

/ l9k (un) — g (w)] (up, —u)dx — 0 as n — oo.
Q
We conclude by computing

o(1) = (Jx (un) = Ji (u)) (un

:/|V(u u)|?dz — )\/ (ud —u?)(up — u)de
Q

- / (u, — ) (tn — w)dlz — g / [0 (tn) — 956 ()] (1t — )l
Q Q
— un — ul® + (1),

which shows that u, — u in H}(2). This proves Claim 1.

Claim 2. Jg(tu) — —o0, as t — +oo. For every u € Hi(2) \ {0} and ¢t > 0 we
have

2 o +1 ot +1
JK — ul dx—i/us dz — /G tu)dx
(o0 = Sl - 225 [ —/ n [ Geten)
q+1 ts-‘,—l
—|| % — / utde — /us+1dx
q+1 s+1 Jq
Iut:DJrl

rp—r+1
— / wPtidg — u/ u"dx.
P+ 1 Ju<ky r {[tul>K}

/ uPTldr — 0 ast — 400,
{|tu|<K}

Since

and 1 < ¢+1<2<s+1=r <2 it follows that J(tu) — —o0 as t — +o0. This
proves Claim 2.

Since Claims 1 and 2 hold, by the mountain pass theorem there exists a uy €
H}(9Q) such that Jg(u2) = cpr, where
ey = inf max Jg(w(t)) and W ={w e C([0,1]) : w(0) = uy, Jx(w(1)) < 0}.

wEW t€[0,1]

We may assume that us is positive. Indeed, we can extend the nonlinearity to zero
if u < 0, with this extension, the maximum principle implies that every nontrivial
solutions of ([2.1)) is positive. O

Lemma 2.3. The solutions for problem (2.1) obtained by Theorem are bounded
in H}(Q), i.e.

fuill <7, i=1,2.
where v > 0 is independent of p.

Proof. Let cj; be the mountain pass level for Jx obtained in previous section,

CM Z JK(ul) = JK(’U@) JK(Uz)uz

s+1
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(b ) [rmnba - (2 2 [aas

+M/Q[ ! gK(“i)”i_GK(Ui)}dx

s+1
1 1 A A
> (f— )/ |V, |?dz — (—— )/uf“dm
2 541/ Jq g+1 s+1/ Jg
1 1 A A
> (- 2 = (525 = =2 ) S el
> (5= syl = (g = 5op) 56
Since 1 < ¢+ 1 < 2, we infer that ||u;|| <~ which is independent of pu. O

Remark 2.4. Actually, u; and us also solve problem , to show this, we only
need to prove ||u;[| () < K, i = 1,2. One should note that cys is decreasing with
respect to K, so, v is also decreasing with respect to K, this fact is important in
the following L>°()) estimate (see inequality in next section).

3. PROOF OF MAIN RESULT

To prove Theorem [1.1} we only need to show that solutions of (2.1)) are actually
bounded by some K. Our approach is a variant of Moser iteration technique inspired
by [54[6L/8}/13].

Proof of Theorem[I_1. For convenience, set u := u;, i = 1,2. Let u be a weak
solution of (2.1]). Hence, for any ¢ € HJ (),

/ VuVedr = )\/ ulpdz +/ u’pdx + u/ gk (u)eda. (3.1)
Q Q Q Q
For each L > 0, let us define the following functions

up(z) = {u(x), if u(z) <L,
L L, if u(z) > L,

zL, = ui(ﬁfl)u and wy, = uﬁ_lu, where 8 > 1 will be fixed later. Taking z; as a

test function in (3.1]), we obtain
/ VuVzpdx = )\/ ulzpde +/ u’zpdx + u/ gk (u)zrda. (3.2)
Q Q Q Q
The left hand side of the above equality is
/ VuVzyder = / VuV(ui(ﬁ_l)u)dx
Q Q
= /Q |Vu|2ui(g_1)dw+2(ﬁf 1)/Quui(ﬁ_1)_1VuVuLdm

:/ |vu|2ui(‘*—1>dx+2(5—1)/ V| 2u2 PV da
Q {0<u<L}
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Since 2(8 — 1) [1pe,zy [Vul?ui” Vdz > 0, it follows that
/|Vu|2ui(ﬁ_l)dx
Q
< / VuVzrdx
Q
:)\/ uqudx—i—/ uszde—i—u/ gk (u)zpdx (3.3)
Q Q Q
= )\/ uqui(ﬁfl)udx—i—/ usui(ﬁfl)ud:c —l—u/ gK(u)uQL(ﬁfl)ud:v
Q Q Q
< )\/QuqJ“luQL(’B*l)dx +/Qus+1u2L('671)dx —i—uK”_Hl/ﬂurui@*l)dx
where we have used (2.4)), (3.1) and (3.2)). By (1.4]), we obtain

N 2/2F
(i
Q

§5714|VwL|2dx:S*1/Q|V(u’§71u)\2dx

dx

= S—l/ (6 — Duu? 2 Vuy +uf ' Vul|?da
Q

< 25_1/ |(B — 1)uu€72VuL|2dx+/ \u’§71Vu|2dx
Q Q

(3.4)
=25""1 (B— 1)2u2L(B71)|Vu|2dx +/ ui(ﬁ71)|Vu|2dx
{o<u<L} Q
<257 (B-1)2+1] /Q w27 vl de
_ ﬂ - 1 2 1 2(6—1
=28 152[(7) + @} Qu; )| Vul?dz
< 457162/ ui(ﬂ_1)|Vu|2dx.
Q
Since ur, < u,0 < g < 1, we can use (3.3) and (3.4) to obtain
«\ 2/2" _ _
(/Q|wL|2 ) dr < 457132 [A/Qu‘”'lui(ﬁ l)dm—l—/gusﬂui(ﬁ Vi
+qu_r+1/ urui(ﬁfl)dx}
@ (3.5)

<45713° [A\Q|+)\/ u2u§<ﬁ*1)dx+/ w2y
Q Q
+/.LKP_T+1/ urui(ﬁfl)dx}
Q

Considering the Sobolev embedding H{ (Q)) — L? (Q), and ||ul| < v (see Lemma
, we have
« 1/2" 1/2
Sl/2</ |u|? dx) < (/ |Vu\2dx> <%,
Q Q

2 < ST (3.6)

then
f|u
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Let o* = 2 7+2 Since

urui(ﬁ—l) = u 202, us+1ui(ﬁ—1) = usly?
and v?u;, 26-1) = = w?, we now use the Holder inequality, (3.4), (3.5) and (3.6) to
conclude that, whenever wy, € L (), it holds

llwg||3- §4S*152[A|Q|+A/wﬁdx+/u8*1w§dx
Q

Q
+'LLKp7T+1/ r—2 2dl’i|
Q
< 45718 [NOL -+ NI 2. + a3 s 2.

+ kP gl 07

] (3.7)
<4878 NQ) + (NQIF + (571/2)

2
a*

n MKp—r+1(,yS—1/2)2*(1—u%))
<4571p? [2)\(1 F1Q) +47s

Jr,qu*TH(vS*l/ZJrl)T} 21

Set 8 := 2*/a*, then wy, € L* (). From (3.7) we have
lwil|3- < B2Cxpuac max{l, [lwell3-} (3-8)

where C ,, ¢ = 487! [2A(1 F1Q) ST 4 p KT (572 1)2*} , which
is independent of u, 8, a* and L. From (3.8 and the definition of wy,, we obtain

e 2/2* e 20"
(/ o P dn) < B max{l,(/ W da) )
Q Q
. 2/a*
< 62637#71( max{l, (/ ube d:c) }
Q

*

(/ uﬁTda}:)z/2 < BPCruk max{l, (/ uﬁa*dx)wa*},
Q Q

which is equivalent to

By Fatou’s Lemma,

lullg- < BYBCT 2 max{ L, [|ul|gas } (3.9)

Since 8 = % > 1 and u € L* (), the inequality (3.9) holds for this choice of .
Now, let us choose a sequence of positive numbers {3, }., in the following way:

Bo=PB, Bm=p" (3.10)
Noting that 5%2a* = $2*, we have

6m+1a* — ﬂerlOé* — ﬁmfl (52OL*) — ﬂmfl /82* — 6m2* — 67)12* (311)
In view of (3.10) and (3.11]), we can restate ( as

Bm—1 2Bm—_1
[ullg,ax < B 102,;"19 max{1, ||ullg, ,a-}-
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Define b, = max{1, ||u||g,,a+ }, then

log b, <

1
log Bpri—1 +
ﬂm—l gﬁ ! 2ﬂ7n—1

m—1
log ﬂl log Cr K 1
= Z 5 Z 3, +losbo (3.12)

log O,k + log by—1

g i 1 C
= Z ogﬁ 08 A”K Z -+ logmax{1, ||u

2+ }.
Notice that

e log 3¢ logC |
A, K
Z 5 + 5 £ ZEHCg—i—CZ,logC)\%K = C)
i=1 i=1

as m — 0o, with

CB_ZIOM, 202’:%61“ B> 1.
i=1

Taking the limit as m — oo in , and using (3.6]), we deduce that
o} < €0 max{1,~751/?},

We should pay attention that Cy depends on A, p, K, |2, S, and control the de-
pendence of Cy on |2, S and 7. Now, to prove our theorem, we need choose suitable
value of A, u, K carefully, such that

¢ max {1,75*1/2} = eCotCa108Onk max {1,512} < K. (3.13)

lulloe < € max{1, ||u

this is equivalent to
C’A i Kecﬁ max{l,fyS_l/Q} < K.
That is,

45711+ | @A+ 97715 F)
* C/
+pKPTH (3872 4 1) % max {1,787 Y?) < K.

Choose K > 0 to satisfy the inequality (note that A < \g)

K 1/C5 -1 s—1g—51
(ecﬁmax{lwg—l/z}) =457 (1+ Q)X+~ ST 7)) >0, (3.14)

and then fix pg such that

= 1 (omtizem)
poe = Kp=rtl(y§=1/2 4 1)2° [\ e max{1,vS5~1/2}

—ASTY(1 4+ 192X + 75*15*%)].

Let p* := min{po, ux }, we obtain (3.13) for p € [0, u*] and some K satisfying
(3.14]). This completes the proof. O

Since u; € L>(R), i = 1,2, using bootstrap technique, we obtain u; € C%(),
1 = 1,2 for some constant 0 < a < 1.
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Corollary 3.1. The solutions obtained in Theorem[2.3 are smooth; i.e., u; belongs
to C**(Q), i = 1,2 for some constant 0 < a < 1.

Remark 3.2. Our method could be generalized to obtain analogous results for
equations with more general perturbation h(z,w), i.e.
—Au = u? +u’ + ph(z,u) in Q,
uw>0 in Q, (3.15)
u=0 on 01,
where 0 < ¢ < 1 < s < 2 —1, h(z,t) > 0 for t > 0 and satisfies the growth
condition |h(z,t)| < Co (14 [t[P~1), p > 2* and Cj > 0 is a constant.
We have the following result similar to Theorem

Theorem 3.3. Problem (3.15) has at least two positive solutions for A and p small
enough.

Proof. In fact, the truncation of h(x,t) can be given by
(. 8) = {h(.x,t), - It < K,
min{h(z,t),Co(1 + KP~"t" 1)}, |t| > K,
where r € (2,2*). Then hy satisfies
|hr (2, )] < Co(1 4 KP~"[t|"h). (3.17)
The truncated problem associated to problem becomes
—Au = u? +u’ + phg(z,u) in Q,
u>0 inQ, (3.18)
uw=0 on 01,

By (3.16)-(3.18) and a technique similar to the one in Theorem we can prove
that the two solutions (one is a local minimum, the other is of Mountain Pass type)

for truncated problem ([3.18) satisfy |ju;|| < K, i = 1,2. In view of the definition of
hk, we know that u; and us are also solutions of the original problem (3.15). [
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