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MULTIPLE POSITIVE SOLUTIONS FOR SINGULAR
SEMIPOSITONE NONLINEAR INTEGRAL BOUNDARY-VALUE

PROBLEMS ON INFINITE INTERVALS

YING WANG

Abstract. In this article, we study the existence of multiple positive solutions
for singular semipositone boundary-value problem (BVP) with integral bound-

ary conditions on infinite intervals. By using the properties of the Green’s

function and the Guo-Krasnosel’skii fixed point theorem, we obtain the exis-
tence of multiple positive solutions under conditions concerning the nonlinear

functions. The method in this article can be used for a large number of prob-

lems. We illustrate the validity of our results with an example in the last
section.

1. Introduction

In the Cahn-Hillard theory used in hydrodynamics for studying the behavior of
nonhomogeneous fluids, the following system of partial differential equation was
derived:

ρt + div(ρv) = 0,
dv

dt
+∇(µ(ρ)− γ∆ρ) = 0,

with density ρ and velocity v of the fluid, µ is its chemical potential, γ is a constant.
In the simplest model, this system can be reduced into the boundary value problem
for the ordinary differential equation of the second order [9, 11],

(tku′)′ = 4λ2tk(u+ 1)u(u− ξ), u′(0) = 0, u(∞) = ξ,

where k ∈ N, ξ ∈ (0, 1), λ ∈ (0,+∞) is a parameter. The function u(t) ≡ ξ
is a solution of this problem and it corresponds to the case of homogeneous fluid
(without bubbles). The solution itself has a great physical significance and the
numerical treatment was done in [9, 11].

In this article, we study the generalized problem

(p(t)x′(t))′ + f(t, x(t)) = 0, t ∈ (0,+∞),

α1x(0)− β1 lim
t→0+

p(t)x′(t) =
∫ ∞

0

g(t)x(t)dt,

α2 lim
t→+∞

x(t) + β2 lim
t→+∞

p(t)x′(t) =
∫ ∞

0

h(t)x(t)dt,

(1.1)
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where λ > 0 is a parameter, α1, α2 ≥ 0, β1, β2 > 0, g, h ∈ L[0,+∞), with∫∞
0
g(t)dt < +∞,

∫∞
0
h(t)dt < +∞, p ∈ C[0,+∞) ∩ C1(0,+∞) with p > 0

on (0,+∞),
∫∞
0

1
p(s)ds < +∞, ρ = α2β1 + α1β2 + α1α2B(0,∞) > 0 in which

B(t, s) =
∫ s
t

1
p(v)dv, f : (0,+∞) × (0,+∞) → (−∞,+∞) is a continuous function

and f(t, u) may be singular at t = 0 and u = 0.
The study of BVP on infinite intervals was initiated in the early 1950s. Since

then, great efforts have been devoted to nonlinear BVP due to their theoretical
challenge and great application potential. Many results on the existence of (pos-
itive) solutions for BVP on infinite intervals have been obtained, and for more
details the reader is referred to [1,2,3,4,5,6,7,8,10,12,13,15,16] and the references
therein. Chen and Zhang [5], obtained some sufficient and necessary conditions for
the existence of positive solutions for

x′′(t)) + f(t, x(t)) = 0, t ∈ (0,+∞),

x(0) = r ≥ 0, lim
t→+∞

x(t) = const.,

or x(0) = r ≥ 0, lim
t→+∞

x′(t) = l ≥ 0,

where f : (0,+∞) × [0,+∞) → [0,+∞) is a continuous function, f(t, 1) 6≡ 0. Liu
et al [12] established the existence of positive solutions for the following equation
on infinite intervals by applying the fixed point theorem of cone map

(p(t)x′(t))′ +m(t)f(t, x(t)) = 0, t ∈ (0,+∞),

α1x(0)− β1 lim
t→0+

p(t)x′(t) = 0,

α2 lim
t→+∞

x(t) + β2 lim
t→+∞

p(t)x′(t) = 0,

in which f : [0,+∞)× [0,+∞)→ [0,+∞) is a continuous function, m : (0,+∞)→
[0,+∞) is a Lebesgue integrable function and may be singular at t = 0.

Motivated by the above works, we shall study the existence of multiple positive
solutions for (1.1). We should address here that our work presented in this paper
has various new features. Firstly, the boundary conditions are more general; that
is, (1.1) includes two-point, three-point and multi-point boundary value problems
as special cases. Secondly, we study the BVP on infinite intervals, which expands
the domain of definition of t from finite interval to infinite interval, since we can not
use the Ascoli-Arzela theorem in [0,+∞), some modification of the compactness
criterion in [0,+∞) (see Lemma 2.5) can help to resolve this problem. Thirdly, the
nonlinear term f in (1.1) is more complicated, we require f has singularity on t = 0
and u = 0, in addition, we do not need require f be positive, but the solution we
obtain in (1.1) is a positive solution, where x ∈ C[0,+∞) is said to be a positive
solution of (1.1) if and only if x satisfies (1.1) and x(t) > 0 for any t ∈ [0,+∞).

2. Preliminaries

For convenience of notation, we let

a(t) = β1 + α1B(0, t), b(t) = β2 + α2B(t,∞),

a(∞) = lim
t→+∞

a(t) = β1 + α1B(0,∞) < +∞, a(0) = lim
t→0

a(t) = β1,

b(∞) = lim
t→+∞

b(t) = β2, b(0) = lim
t→0

b(t) = β2 + α2B(0,∞) < +∞,
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∆ =
∣∣∣∣ρ− ∫∞0 g(t)b(t)dt

∫∞
0
g(t)a(t)dt∫∞

0
h(t)b(t)dt ρ−

∫∞
0
h(t)a(t)dt

∣∣∣∣ .
It is obvious that a(t) is increasing and b(t) is decreasing on [0,+∞). Define

G(t, s) =
1
ρ

{
a(s)b(t), 0 ≤ s ≤ t < +∞,
a(t)b(s), 0 ≤ t ≤ s < +∞.

(2.1)

Denote τ(t) = a(t)b(t), then for any 0 ≤ t, s < +∞, we obtain

0 ≤ G(t, s) ≤ G(s, s) ≤ b(0)a(s)
ρ

, 0 ≤ G(t, s) ≤ τ(t)
ρ
,

G(s) = lim
t→+∞

G(t, s) =
β2a(s)
ρ

≤ G(s, s) < +∞.
(2.2)

Lemma 2.1. Suppose θ = 1/(a(∞)b(0)), then G(t, s) ≥ θτ(t)G(s, s), 0 ≤ t, s <
+∞.

Proof. From (2.2) and the properties of a(t), b(t), for 0 ≤ t, s < +∞, we have

G(t, s)
G(s, s)

=


b(t)
b(s) , s ≤ t,
a(t)
a(s) , t ≤ s,

=


a(t)b(t)
a(t)b(s) , s ≤ t,
a(t)b(t)
a(s)b(t) , t ≤ s,

≥ τ(t)
a(∞)b(0)

.

Therefore, G(t, s) ≥ θτ(t)G(s, s) for 0 ≤ t, s < +∞. �

In this article, we assume the following conditions:
(H1) ∆ > 0, ρ−

∫∞
0
g(t)b(t)dt > 0, ρ−

∫∞
0
h(t)a(t)dt > 0.

(H2) f : (0,+∞)× (0,+∞)→ (−∞,+∞) is a continuous function and

−ψ(t) ≤ f(t, u) ≤ φ(t)(g(u) + h(u)), (t, u) ∈ (0,+∞)× (0,+∞),

where ψ, φ : (0,+∞) → [0,+∞) is continuous and singular at t = 0,
ψ(t), φ(t) 6≡ 0 on [0,+∞), g : (0,+∞) → [0,+∞) is continuous and non-
increasing, h : [0,+∞) → [0,+∞) is continuous, g and h are bounded in
any bounded set of [0,+∞).

(H3) 0 <
∫∞
0
ψ(s)ds < +∞, 0 <

∫∞
0
G(s, s)(ψ(s) + φ(s))ds < +∞.

Lemma 2.2. Suppose (H1) holds,
∫∞
0

1
p(s)ds < +∞, ρ > 0, then the BVP

(p(t)ω′(t))′ + ψ(t) = 0, t ∈ (0,+∞),

α1ω(0)− β1 lim
t→0+

p(t)ω′(t) =
∫ ∞

0

g(t)ω(t)dt,

α2 lim
t→+∞

ω(t) + β2 lim
t→+∞

p(t)ω′(t) =
∫ ∞

0

h(t)ω(t)dt

has a unique solution for any ψ ∈ L(0,+∞). Moreover, this unique solution can be
expressed in the form

ω(t) =
(∫ ∞

0

G(t, s)ψ(s)ds+A(ψ)a(t) +B(ψ)b(t)
)
, (2.3)

where G(t, s) is defined by (2.1) and

A(ψ) =
1
∆

∣∣∣∣ ∫∞0 g(t)
∫∞
0
G(t, s)ψ(s) ds dt ρ−

∫∞
0
g(t)b(t)dt

−
∫∞
0
h(t)

∫∞
0
G(t, s)ψ(s) ds dt

∫∞
0
h(t)b(t)dt

∣∣∣∣ ,
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B(ψ) =
1
∆

∣∣∣∣ ∫∞0 h(t)
∫∞
0
G(t, s)ψ(s) ds dt ρ−

∫∞
0
h(t)a(t)dt

−
∫∞
0
g(t)

∫∞
0
G(t, s)ψ(s) ds dt

∫∞
0
g(t)a(t)dt

∣∣∣∣ .
The proof of the above lemma is similar to [13], so we omit it. Let

A =
1
∆

∣∣∣∣ ∫∞0 g(t)τ(t)dt ρ−
∫∞
0
g(t)b(t)dt

−
∫∞
0
h(t)τ(t)dt

∫∞
0
h(t)b(t)dt

∣∣∣∣ ,
B =

1
∆

∣∣∣∣ ∫∞0 h(t)τ(t)dt ρ−
∫∞
0
h(t)a(t)dt

−
∫∞
0
g(t)τ(t)dt

∫∞
0
g(t)a(t)dt

∣∣∣∣ .
We choose a constant d, such that d ≥ a(∞)b(0) +Aa(∞) +Bb(0), and denote

ζ(t) =
τ(t) +Aa(t) +Bb(t)

d
, (2.4)

then dθ ≥ 1, 0 < ζ(t) ≤ 1.

Lemma 2.3. The solution defined by (2.3) satisfies ω(t) ≤ ηζ(t), where η =
d
ρ

∫∞
0
ψ(s)ds.

Proof. Since ω(t) is the unique solution of (2.3). By (2.2)-(2.4), we have

ω(t) ≤
(∫ ∞

0

τ(t)ψ(s)
ρ

ds+Aa(t)
∫ ∞

0

ψ(s)
ρ

ds+Bb(t)
∫ ∞

0

ψ(s)
ρ

ds
)

≤ (τ(t) +Aa(t) +Bb(t))
∫ ∞

0

ψ(s)
ρ

ds

=
dζ(t)
ρ

∫ ∞
0

ψ(s)ds = ηζ(t).

�

To study (1.1) we use the space

X =
{
x ∈ C[0,+∞) : lim

t→+∞
x(t) exists

}
. (2.5)

Clearly (X, ‖ ·‖) is a Banach space with the norm ‖x‖ = supt∈[0,+∞) |x(t)|, see [16].
Let

K =
{
x ∈ X : x(t) ≥ γζ(t)

2
‖x‖, t ∈ [0,+∞)

}
,

where 0 < γ = min{1, β1
a(∞) ,

β2
b(0)} ≤ 1, ζ(t) is defined by (2.4). It is easy to see that

K is a cone in X.
Next we consider the singular nonlinear boundary value problem

(p(t)x′(t))′ + (f(t, [x(t)− ω(t)]∗) + ψ(t)) = 0, t ∈ (0,+∞),

α1x(0)− β1 lim
t→0+

p(t)x′(t) =
∫ ∞

0

g(t)x(t)dt,

α2 lim
t→+∞

x(t) + β2 lim
t→+∞

p(t)x′(t) =
∫ ∞

0

h(t)x(t)dt,

(2.6)

where ω(t) is defined in Lemma 2.2, [z(t)]∗ = max{z(t), 0}.

Lemma 2.4. If x is a solution of (2.6) with x(t) > ω(t) for any t ∈ [0,+∞), then
x(t)− ω(t) is a positive solution of (1.1).
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Proof. If x is a positive solution of (2.6) such that x(t) > ω(t) for any t ∈ [0,+∞),
then from (2.6) and the definition of [z(t)]∗, we have

(p(t)x′(t))′ + (f(t, x(t)− ω(t)) + ψ(t)) = 0, t ∈ (0,+∞),

α1x(0)− β1 lim
t→0+

p(t)x′(t) =
∫ ∞

0

g(t)x(t)dt,

α2 lim
t→+∞

x(t) + β2 lim
t→+∞

p(t)x′(t) =
∫ ∞

0

h(t)x(t)dt.

(2.7)

Let u(t) = x(t) − ω(t), t ∈ [0,+∞), then (p(t)x′(t))′ = (p(t)u′(t))′ + (p(t)ω′(t))′.
Thus, (2.7) becomes

(p(t)u′(t))′ + f(t, u(t)) = 0, t ∈ (0,+∞),

α1u(0)− β1 lim
t→0+

p(t)u′(t) =
∫ ∞

0

g(t)x(t)dt,

α2 lim
t→+∞

u(t) + β2 lim
t→+∞

p(t)u′(t) =
∫ ∞

0

h(t)x(t)dt.

Then u(t) = x(t)− ω(t) is a positive solution of (1.1). �

To overcome the singularity, we consider the approximate problem

(p(t)x′(t))′ +
(
f
(
t, [x(t)− ω(t)]∗ +

1
n

)
+ ψ(t)

)
= 0, t ∈ (0,+∞),

α1x(0)− β1 lim
t→0+

p(t)x′(t) =
∫ ∞

0

g(t)x(t)dt,

α2 lim
t→+∞

x(t) + β2 lim
t→+∞

p(t)x′(t) =
∫ ∞

0

h(t)x(t)dt,

(2.8)

where n is a positive integer. Under the assumptions (H1)–(H3), for any n ∈ N,
where N is a natural number set, we define a nonlinear integral operator Tn : K → X
by

(Tnx)(t) =
∫ ∞

0

G(t, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

+A(fn + ψ)a(t) +B(fn + ψ)b(t), t ∈ [0,+∞),
(2.9)

where

A(fn + ψ) =
1
∆

∣∣∣∣∣∣
R∞
0 g(t)

R∞
0 G(t,s)

(
f
(
s,[x(s)−ω(s)]∗+ 1

n

)
+ψ(s)

)
ds dt ρ−

R∞
0 g(t)b(t)dt

−
R∞
0 h(t)

R∞
0 G(t,s)

(
f
(
s,[x(s)−ω(s)]∗+ 1

n

)
+ψ(s)

)
ds dt

R∞
0 h(t)b(t)dt

∣∣∣∣∣∣ ,
B(fn + ψ) =

1
∆

∣∣∣∣∣∣
R∞
0 h(t)

R∞
0 G(t,s)

(
f
(
s,[x(s)−ω(s)]∗+ 1

n

)
+ψ(s)

)
ds dt ρ−

R∞
0 h(t)a(t)dt

−
R∞
0 g(t)

R∞
0 G(t,s)

(
f
(
s,[x(s)−ω(s)]∗+ 1

n

)
+ψ(s)

)
ds dt

R∞
0 g(t)a(t)dt

∣∣∣∣∣∣ .
Obviously, the existence of solutions to (2.8) is equivalent to the existence of solu-
tions in K for operator equation Tnx = x defined by (2.9).

We list the following lemmas which are needed in our arguments.

Lemma 2.5 ( [4]). Let X be defined by (2.5) and M ⊂ X. Then M is relatively
compact in X if the following conditions hold:

(1) M is uniformly bounded in X;
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(2) the functions from M are equicontinuous on any compact subinterval of
[0,+∞);

(3) the functions from M are equiconvergent, that is, for any given ε > 0, there
exists a T = T (ε) > 0 such that |x(t)−x(+∞)| < ε, for any t > T, x ∈M .

Lemma 2.6 ( [7]). Let P be a positive cone in Banach space E, Ω1, Ω2 are bounded
open sets in E, θ ∈ Ω1, Ω1 ⊂ Ω2, A : P ∩ Ω2\Ω1 → P is a completely continuous
operator. If the following conditions are satisfied:

‖Ax‖ ≤ ‖x‖, ∀x ∈ P ∩ ∂Ω1, ‖Ax‖ ≥ ‖x‖, ∀x ∈ P ∩ ∂Ω2,

or
‖Ax‖ ≥ ‖x‖, ∀x ∈ P ∩ ∂Ω1, ‖Ax‖ ≤ ‖x‖, ∀x ∈ P ∩ ∂Ω2,

then A has at least one fixed point in P ∩ (Ω2\Ω1).

3. Main results

Lemma 3.1. Assume that (H1)–(H3) hold. Then Tn : K → K is a completely
continuous operator for any fixed n ∈ N.

Proof. (1) we show Tn : K → X is well defined. For x ∈ K, there exists r > 0 such
that |x(t)| ≤ r, for t ∈ [0,+∞), also |[x(t)−ω(t)]∗| ≤ |x(t)| ≤ r, t ∈ [0,+∞). From
(H2) and the definition of g and h, we have

Sr,n := sup
{
g(u) + h(u) :

1
n
≤ u ≤ r + 1

}
< +∞.

Thus, by (H2) and (H3), for any t ∈ [0,+∞), we have∫ ∞
0

G(t, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

≤
∫ ∞

0

G(s, s)
(
φ(s)

(
g
(
[x(s)− ω(s)]∗ +

1
n

)
+ h
(
[x(s)− ω(s)]∗ +

1
n

))
+ ψ(s)

)
ds

≤
∫ ∞

0

G(s, s)(φ(s)Sr,n + ψ(s))ds

≤ (Sr,n + 1)
∫ ∞

0

G(s, s)(φ(s) + ψ(s))ds < +∞.

(3.1)

By (H2) and (H3), for any t ∈ [0,+∞), we also have

A((fn + ψ))a(t)

=
a(t)
∆

∣∣∣∣∣∣
R∞
0 g(t)

R∞
0 G(t,s)

(
f
(
s,[x(s)−λω(s)]∗+ 1

n

)
+ψ(s)

)
ds dt ρ−

R∞
0 g(t)b(t)dt

−
R∞
0 h(t)

R∞
0 G(t,s)

(
f
(
s,[x(s)−λω(s)]∗+ 1

n

)
+ψ(s)

)
ds dt

R∞
0 h(t)b(t)dt

∣∣∣∣∣∣
≤ a(∞)

∆

∣∣∣ R∞
0 g(t)(Sr,n+1)

R∞
0 G(s,s)(φ(s)+ψ(s)) ds dt ρ−

R∞
0 g(t)b(t)dt

−
R∞
0 h(t)(Sr,n+1)

R∞
0 G(s,s)(φ(s)+ψ(s)) ds dt

R∞
0 h(t)b(t)dt

∣∣∣
=
a(∞)

∆

∣∣∣ R∞
0 g(t)dt ρ−

R∞
0 g(t)b(t)dt

−
R∞
0 h(t)dt

R∞
0 h(t)b(t)dt

∣∣∣ (Sr,n + 1)
∫ ∞

0

G(s, s)(φ(s) + ψ(s))ds

= Aa(∞)(Sr,n + 1)
∫ ∞

0

G(s, s)(φ(s) + ψ(s))ds < +∞,

(3.2)
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where
A =

1
∆

∣∣∣ R∞
0 g(t)dt ρ−

R∞
0 g(t)b(t)dt

−
R∞
0 h(t)dt

R∞
0 h(t)b(t)dt

∣∣∣ . (3.3)

In the same way, for any t ∈ [0,+∞), we obtain

B((fn + ψ))b(t) ≤ Bb(0)(Sr,n + 1)
∫ ∞

0

G(s, s)(φ(s) + ψ(s))ds < +∞, (3.4)

where

B =
1
∆

∣∣∣∣ ∫∞0 h(t)dt ρ−
∫∞
0
h(t)a(t)dt

−
∫∞
0
g(t)dt

∫∞
0
g(t)a(t)dt

∣∣∣∣ . (3.5)

Hence, by (3.1), (3.2) and (3.4), we can see that

(Tnx)(t) =
∫ ∞

0

G(t, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

+A(fn + ψ)a(t) +B(fn + ψ)b(t)

≤ (1 +Aa(∞) +Bb(0))(Sr,n + 1)
∫ ∞

0

G(s, s)(φ(s) + ψ(s))ds

< +∞, t ∈ [0,+∞).

(3.6)

Then, from (3.6), Tnx is well defined for any x ∈ K.
On the other hand, for any t, tj ∈ [0,+∞), tj → t, by the continuity of G(t, s),

we obtain
G(tj , s)

(
f
(
s, [x(s)− λω(s)]∗ +

1
n

)
+ ψ(s)

)
→ G(t, s)

(
f
(
s, [x(s)− λω(s)]∗ +

1
n

)
+ ψ(s)

)
,

(3.7)

for s ∈ [0,+∞) as j → +∞. By (2.2), we have∫ ∞
0

G(tj , s)
(
f
(
s, [x(s)− λω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

≤ (Sr,n + 1)
∫ ∞

0

G(s, s)(φ(s) + ψ(s))ds < +∞,∫ ∞
0

G(t, s)
(
f
(
s, [x(s)− λω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

≤ (Sr,n + 1)
∫ ∞

0

G(s, s)(φ(s) + ψ(s))ds < +∞.

(3.8)

So, by (H3), (3.7), (3.8) and the Lebesgue dominated convergence theorem, we have

lim
tj→t

∫ ∞
0

G(tj , s)
(
f
(
s, [x(s)− λω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

=
∫ ∞

0

lim
tj→t

G(tj , s)
(
f
(
s, [x(s)− λω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

=
∫ ∞

0

G(t, s)
(
f
(
s, [x(s)− λω(s)]∗ +

1
n

)
+ ψ(s)

)
ds.

Consequently, together with the continuity of a(t) and b(t), we have

|Tnx(tj)− Tnx(t)|

=
∣∣∣ ∫ ∞

0

G(tj , s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds
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+A(fn + ψ)a(tj) +B(fn + ψ)b(tj)

−
∫ ∞

0

G(t, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

−A(fn + ψ)a(t)−B(fn + ψ)b(t)
∣∣∣

≤
∣∣∣ ∫ ∞

0

(G(tj , s)−G(t, s))
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds
∣∣∣

+A(fn + ψ))|a(tj)− a(t)|+B(fn + ψ))|b(tj)− b(t)|
→ 0, as j → +∞.

Therefore, Tnx ∈ C[0,+∞). In what follows, for any tj ∈ [0,+∞), tj → +∞, by
(2.2), we have

G(tj , s)
(
f
(
s, [x(s)− λω(s)]∗ +

1
n

)
+ ψ(s)

)
→ G(s)

(
f
(
s, [x(s)− λω(s)]∗ +

1
n

)
+ ψ(s)

)
,

for s ∈ [0,+∞) as j → +∞. Then by the Lebesgue dominated convergence theorem
and the property of a(t), b(t), we also have

lim
j→+∞

(Tnx)(tj) =
∫ ∞

0

G(s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

+A(fn + ψ)a(∞) +B(fn + ψ)β2 < +∞.

So, for any x ∈ K, we obtain Tnx ∈ X, which implies that Tn maps K to X.
(2) we show Tn(K) ⊆ K. For any x ∈ K, from the definition of ‖ · ‖ and (2.2),

we have

‖Tnx‖ ≤
∫ ∞

0

G(s, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

+A(fn + ψ)a(∞) +B(fn + ψ)b(0).
(3.9)

By Lemma 2.1, (2.4) and the monotonicity of a(t), b(t), we obtain

(Tnx)(t)

≥ θτ(t)
∫ ∞

0

G(s, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

+A(fn + ψ)a(t) +B(fn + ψ)b(t)

≥ θτ(t)
2

∫ ∞
0

G(s, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

+A(fn + ψ)a(t) +B(fn + ψ)b(t)

=
1
2

(
θτ(t)

∫ ∞
0

G(s, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

+A(fn + ψ)a(t) +B(fn + ψ)b(t)
)

+
1
2

(A(fn + ψ)a(t) +B(fn + ψ)b(t))

≥ θ

2
(τ(t) +Aa(t) +Bb(t))

∫ ∞
0

G(s, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

+
1
2

(A(fn + ψ)a(t) +B(fn + ψ)b(t))
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=
θdζ(t)

2

∫ ∞
0

G(s, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

+
1
2

(A(fn + ψ)a(t) +B(fn + ψ)b(t))

≥ ζ(t)
2

∫ ∞
0

G(s, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

+
1
2
ζ(t) (A(fn + ψ)a(t) +B(fn + ψ)b(t))

=
ζ(t)

2

(∫ ∞
0

G(s, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

+A(fn + ψ)a(t) +B(fn + ψ)b(t)
)

≥ ζ(t)
2

(∫ ∞
0

G(s, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

+
β1

a(∞)
A(fn + ψ)a(∞) +

β2

b(0)
B(fn + ψ)b(0)

)
≥ γζ(t)

2

(∫ ∞
0

G(s, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

+A(fn + ψ)a(∞) +B(fn + ψ)b(0)
)

(3.10)

Combining (3.9) and (3.10), we have (Tnx)(t) ≥ γζ(t)
2 ‖Tnx‖, for any t ∈ [0,+∞).

Therefore, Tn(K) ⊆ K.
(3) for any positive integers n, k ∈ N, we define an operator Tn,k : K → X by

(Tn,kx)(t) =
∫ ∞

1/k

G(t, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

+Ak(fn + ψ)a(t) +Bk(fn + ψ)b(t), t ∈ [0,+∞),
(3.11)

where

Ak(fn + ψ)

=
1
∆

∣∣∣∣∣∣
R∞
0 g(t)

R∞
1/k G(t,s)

(
f
(
s,[x(s)−ω(s)]∗+ 1

n

)
+ψ(s)

)
ds dt ρ−

R∞
0 g(t)b(t)dt

−
R∞
0 h(t)

R∞
1/k G(t,s)

(
f
(
s,[x(s)−ω(s)]∗+ 1

n

)
+ψ(s)

)
ds dt

R∞
0 h(t)b(t)dt

∣∣∣∣∣∣ ,
Bk(fn + ψ)

=
1
∆

∣∣∣∣∣∣
R∞
0 h(t)

R∞
1/k G(t,s)

(
f
(
s,[x(s)−ω(s)]∗+ 1

n

)
+ψ(s)

)
ds dt ρ−

R∞
0 h(t)a(t)dt

−
R∞
0 g(t)

R∞
1/k G(t,s)

(
f
(
s,[x(s)−ω(s)]∗+ 1

n

)
+ψ(s)

)
ds dt

R∞
0 g(t)a(t)dt

∣∣∣∣∣∣ .
Using the similar method as the discussion in (1) and (2), we obtain Tn,k : K → X
is well defined and Tn,k(K) ⊆ K. In what follows, we will prove that Tn,k : K → K
is completely continuous, for each k ≥ 1.

(i) we show Tn,k : K → K is continuous for any natural numbers n, k. Let
xυ, x ∈ K are such that ‖xυ − x‖ → 0 as υ → +∞. By (3.11) and (H3), we know∣∣∣ ∫ ∞

1/k

G(t, s)
(
f
(
s, [xυ(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds
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−
∫ ∞

1/k

G(t, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds
∣∣∣

≤
∫ ∞

1/k

G(s, s)
(
f
(
s, [xυ(s)− ω(s)]∗ +

1
n

)
+ f

(
s, [x(s)− ω(s)]∗ +

1
n

)
+ 2ψ(s)

)
ds

≤
∫ ∞

1/k

G(s, s)
(
φ(s)

(
g
(
[xυ(s)− ω(s)]∗ +

1
n

)
+ h
(
[xυ(s)− ω(s)]∗ +

1
n

))
+ φ(s)

(
g

(
[x(s)− ω(s)]∗ +

1
n

)
+ h
(
[x(s)− ω(s)]∗ +

1
n

))
+ 2ψ(s)

)
ds

≤ 2(Sr′,n + 1)
∫ ∞

0

G(s, s)(φ(s) + ψ(s))ds < +∞, t ∈ [0,+∞) (3.12)

where Sr′,n := sup{g(u) + h(u) : 1
n ≤ u ≤ r′ + 1} < +∞ (by (H2)), r′ is a real

number such that r′ ≥ maxυ∈N{‖x‖, ‖xυ‖}. Denote

Ak,υ(fn + ψ)

=
1
∆

∣∣∣∣∣∣
R∞
0 g(t)

R∞
1/k G(t,s)

(
f
(
s,[xυ(s)−ω(s)]∗+ 1

n

)
+ψ(s)

)
ds dt ρ−

R∞
0 g(t)b(t)dt

−
R∞
0 h(t)

R∞
1/k G(t,s)

(
f
(
s,[xυ(s)−ω(s)]∗+ 1

n

)
+ψ(s)

)
ds dt

R∞
0 h(t)b(t)dt

∣∣∣∣∣∣ ,
Bk,υ(fn + ψ)

=
1
∆

∣∣∣∣∣∣
R∞
0 h(t)

R∞
1/k G(t,s)

(
f
(
s,[xυ(s)−ω(s)]∗+ 1

n

)
+ψ(s)

)
ds dt ρ−

R∞
0 h(t)a(t)dt

−
R∞
0 g(t)

R∞
1/k G(t,s)

(
f
(
s,[xυ(s)−ω(s)]∗+ 1

n

)
+ψ(s)

)
ds dt

R∞
0 g(t)a(t)dt

∣∣∣∣∣∣ .
Through calculation, we obtain

|Ak,υ(fn + ψ)−Ak(fn + ψ)|a(t)

≤ a(∞)
∆

∣∣∣∣ ∫∞0 g(t)dt ρ−
∫∞
0
g(t)b(t)dt

−
∫∞
0
h(t)dt

∫∞
0
h(t)b(t)dt

∣∣∣∣
×
∫ ∞

1/k

G(s, s)
(
f
(
s, [xυ(s)− ω(s)]∗ +

1
n

)
+ f

(
s, [x(s)− ω(s)]∗ +

1
n

)
+ 2ψ(s)

)
ds

≤ A
∫ ∞

1/k

G(s, s)
(
φ(s)

(
g
(
[xυ(s)− ω(s)]∗ +

1
n

)
+ h
(
[xυ(s)− ω(s)]∗ +

1
n

))
+ ψ(s)

+ φ(s)
(
g
(
[x(s)− ω(s)]∗ +

1
n

)
+ h
(
[x(s)− ω(s)]∗ +

1
n

))
+ ψ(s)

)
ds

≤ 2Aa(∞)(Sr′,n + 1)
∫ ∞

0

G(s, s)(φ(s) + ψ(s))ds < +∞, t ∈ [0,+∞).

(3.13)
In the same way, we obtain

|Bk,υ(fn + ψ)−Bk(fn + ψ)|b(t)

≤ 2Bb(0)(Sr′,n + 1)
∫ ∞

0

G(s, s)(φ(s) + ψ(s))ds < +∞, t ∈ [0,+∞).
(3.14)

From (3.12)-(3.14), for any ε > 0, by (H3), there exists a sufficiently large A0

(A0 > 1/k), such that

max{1, a(∞)A, b(0)B}(Sr′,n + 1)
∫ ∞
A0

G(s, s)(φ(s) + ψ(s))ds <
ε

12
. (3.15)
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On the other hand, by the continuity of f
(
s, u+ 1

n

)
on [1/k,A0] × [0, r′], for the

above ε > 0, there exists a δ > 0 such that for any s ∈ [1/k,A0] and u, υ ∈ [0, r′],
when |u− υ| =

∣∣(u+ 1
n

)
−
(
υ + 1

n

)∣∣ < δ, we have∣∣f(s, u+
1
n

)
− f

(
s, υ +

1
n

)∣∣ < ε

6

(
max

{
1, a(∞)A, b(0)B

}∫ A0

1/k

G(s, s)ds
)−1

.

(3.16)
From ‖xυ − x‖ → 0 (n→ +∞) and the definition of the norm ‖ · ‖ in the space X,
for the above δ > 0, there exists a sufficiently large nature number V0, such that
when υ > V0, for all s ∈ [1/k,A0], we have∣∣([xυ(s)− ω(s)]∗ +

1
n

)
−
(
[x(s)− ω(s)]∗ +

1
n

)∣∣
≤
∣∣ |xυ(s)− ω(s)|+ xυ(s)− ω(s)

2
− |x(s)− ω(s)|+ x(s)− ω(s)

2

∣∣
=
∣∣ |xυ(s)− ω(s)| − |x(s)− ω(s)|

2
+
xυ(s)− x(s)

2

∣∣
≤ |xυ(s)− x(s)| ≤ ‖xυ − x‖ < δ.

(3.17)

Hence, by (3.15)–(3.17), when υ > V0, t ∈ [0,+∞), we have the inequality

|Ak,υ(fn + ψ)−Ak(fn + ψ)|a(t)

≤ |Ak,υ(fn + ψ)−Ak(fn + ψ)|a(∞)

=
a(∞)

∆

∣∣∣ ∣∣∣∣F1 ρ−
∫∞
0
g(t)b(t)dt

F2

∫∞
0
h(t)b(t)dt

∣∣∣∣− ∣∣∣∣H1 ρ−
∫∞
0
g(t)b(t)dt

H2

∫∞
0
h(t)b(t)dt

∣∣∣∣ ∣∣∣
≤ a(∞)A

∫ A0

1/k

G(s, s)
∣∣f(s, [xυ(s)− ω(s)]∗ +

1
n

)
− f

(
s, [x− ω(s)]∗ +

1
n

)∣∣ds
+ 2a(∞)A(Sr′,n + 1)

∫ ∞
A0

G(s, s)(φ(s) + ψ(s))ds ≤ ε

3
,

(3.18)
where

F1 =
∫ ∞

0

g(t)
(∫ A0

1/k

+
∫ ∞
A0

)
G(t, s)

(
f
(
s, [xυ(s)− λω(s)]∗ +

1
n

)
+ ψ(s)

)
ds dt,

F2 = −
∫ ∞

0

h(t)
(∫ A0

1/k

+
∫ ∞
A0

)
G(t, s)

(
f
(
s, [xυ(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds dt,

H1 =
∫ ∞

0

g(t)
(∫ A0

1/k

+
∫ ∞
A0

)
G(t, s)

(
f
(
s, [x− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds dt,

H2 = −
∫ ∞

0

h(t)
(∫ A0

1/k

+
∫ ∞
A0

)
G(t, s)

(
f
(
s, [x− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds dt.

Using the same method as (3.18), when υ > V0, t ∈ [0,+∞), we obtain

|Bk,υ(fn + ψ)−Bk(fn + ψ)|b(t) ≤ ε

3
. (3.19)

Then, by (3.18), (3.19) and the above discussion, when υ > V0, t ∈ [0,+∞), we
obtain

|(Tn,kxυ)(t)− (Tn,kx)(t)|
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=
∣∣∣ ∫ ∞

1/k

G(t, s)
(
f
(
s, [xυ(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

+Ak,υ(fn + ψ)a(t) +Bk,υ(fn + ψ)b(t)

−
∫ ∞

1/k

G(t, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

−Ak(fn + ψ)a(t)−Bk(fn + ψ)b(t)
∣∣∣

≤
∫ A0

1/k

G(s, s)
∣∣f(s, [xυ(s)− ω(s)]∗ +

1
n

)
− f

(
s, [x(s)− ω(s)]∗ +

1
n

)∣∣ds
+ |Ak,υ(fn + ψ)−Ak(fn + ψ)|a(∞) + |Bk,υ(fn + ψ)−Bk(fn + ψ)|b(0)

+
∫ ∞
A0

G(s, s)
(
f
(
s, [xυ(s)− ω(s)]∗ +

1
n

)
+ f

(
s, [x(s)− ω(s)]∗ +

1
n

)
+ 2ψ(s)

)
ds

≤ 5ε
6

+ 2(Sr′,n + 1)
∫ ∞

0

G(s, s)(φ(s) + ψ(s))ds < ε.

This implies that the operator Tn,k : K → K is continuous for any natural numbers
n, k.

(ii) we show Tn,k : K → K is a compact operator for natural numbers n, k. First
of all, let M be any bounded subset of K. Then there exists a constant R > 0
such that ‖x‖ ≤ R for any x ∈ M . By (3.11), (H2) and (H3), for any x ∈ M ,
t ∈ [0,+∞), we have

∣∣ ∫ ∞
1/k

G(t, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds
∣∣

≤
∫ ∞

1/k

G(s, s)
(
φ(s)

(
g
(
[x(s)− ω(s)]∗ +

1
n

)
+ h
(
[x(s)− ω(s)]∗ +

1
n

))
+ ψ(s)

)
ds

≤
∫ ∞

1/k

G(s, s)(φ(s)SR,n + ψ(s))ds

≤ (SR,n + 1)
∫ ∞

0

G(s, s)(φ(s) + ψ(s))ds < +∞,

(3.20)
where SR,n := sup{g(u) + h(u) : 1

n ≤ u ≤ R + 1}. By proof similar to (3.2), (3.4),
for any x ∈M , t ∈ [0,+∞), we have

Ak(fn + ψ)a(t) ≤ Aa(∞)(SR,n + 1)
∫ ∞

0

G(s, s)(φ(s) + ψ(s))ds < +∞,

Bk(fn + ψ)b(t) ≤ Bb(0)(SR,n + 1)
∫ ∞

0

G(s, s)(φ(s) + ψ(s))ds < +∞.
(3.21)

Then, from (3.20), (3.21), for any x ∈M , t ∈ [0,+∞), we have

|(Tnx)(t)|

≤ (1 +Aa(∞) +Bb(0))(SR,n + 1)
∫ ∞

0

G(s, s)(φ(s) + ψ(s))ds < +∞.

Therefore, Tn,kM is bounded in K.
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Next, given a > 0, for any x ∈M and t, t′ ∈ [0, a], by (3.11), we obtain∣∣∣ ∫ ∞
1/k

G(t, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

−
∫ ∞

1/k

G(t′, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds
∣∣∣

≤
∫ ∞

1/k

|G(t, s) +G(t′, s)|
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

≤ 2(SR,n + 1)
∫ ∞

1/k

G(s, s)(φ(s) + ψ(s))ds < +∞,

and so, for any ε′ > 0, we can find a sufficiently large H0 (H0 >
1
k ) such that

(SR,n + 1)
∫ ∞
H0

G(s, s)(φ(s) + ψ(s))ds <
ε′

12
.

By the uniformly continuity of G(t, s) on [0, a]× [ 1
k , H0], for the above ε′ > 0, there

exists δ′ > 0 such that for any t, t′ ∈ [0, a], s ∈ [ 1
k , H0] and |t− t′| < δ′, we have

|G(t, s)−G(t′, s)| < ε′

6

(
(SR,n + 1)

∫ H0

1/k

(φ(s) + ψ(s))ds
)−1

.

Therefore, for any x ∈M , t, t′ ∈ [0, a], |t− t′| < δ′, we obtain∣∣∣ ∫ ∞
1/k

G(t, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

−
∫ ∞

1/k

G(t′, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds
∣∣∣

≤
∫ H0

1/k

|G(t, s)−G(t′, s)|
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

+
∫ ∞
H0

|G(t, s)−G(t′, s)|
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

≤ ε′

6
+ 2(SR,n + 1)

∫ ∞
1/k

G(s, s)(φ(s) + ψ(s))ds <
ε′

3
.

(3.22)

Also by the uniformly continuity of a(t), b(t) on [0, a], for the above ε′ > 0, there
exists δ′′ > 0 such that for any t, t′ ∈ [0, a] and |t− t′| < δ′′, we have

|a(t)− a(t′)| < ε′

3

(
A(SR,n + 1)

∫ ∞
0

G(s, s)(φ(s) + ψ(s))ds
)−1

,

|b(t)− b(t′)| < ε′

3

(
B(SR,n + 1)

∫ ∞
0

G(s, s)(φ(s) + ψ(s))ds
)−1

.

(3.23)

By (3.22), (3.23), for the above ε′ > 0, let δ0 = min{δ′, δ′′}, then for any t, t′ ∈ [0, a]
with |t− t′| < δ0, and for any x ∈M , we have

|Tn,kx(t)− Tn,kx(t′)|

=
∣∣∣ ∫ ∞

1/k

G(t, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

+Ak(fn + ψ)a(t) +Bk(fn + ψ)b(t)
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−
∫ ∞

1/k

G(t′, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

−Ak(fn + ψ)a(t′)−Bk(fn + ψ)b(t′)
∣∣∣

≤
∫ ∞

1/k

|G(t, s)−G(t′, s)|
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

+A(SR,n + 1)
∫ ∞

0

G(s, s)(φ(s) + ψ(s))ds|a(t)− a(t′)|

+B(SR,n + 1)
∫ ∞

0

G(s, s)(φ(s) + ψ(s))ds|b(t)− b(t′)| < ε′.

So, {Tn,kx : x ∈ M} is equicontinuous on [0, a]. Since a > 0 is arbitrary, {Tn,kx :
x ∈M} is locally equicontinuous on [0,+∞).

At last, let Tn,kx(+∞) = limt→+∞ Tn,kx(t), by a simple calculation, we can see
that limt→+∞ Tn,kx(t) < +∞, so we obtain

|Tn,kx(t)− Tn,kx(+∞)|

≤
∣∣∣ ∫ ∞

1/k

(G(t, s)−G(s))
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds
∣∣∣

+Ak(fn + ψ)|a(t)− a(∞)|+Bk(fn + ψ)|b(t)− b(∞)|.

By the similar method as (3.22), for any ε > 0, there exists N ′ such that, when
t > N ′, it is true that

∣∣ ∫ ∞
1/k

(G(t, s)−G(s))
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds
∣∣ < ε

3
.

Together with the continuity of a(t), b(t) on [0,+∞), we obtain that for the above
ε > 0, there exists N ′ such that, when t > N ′, we have |Tn,kx(t)−Tn,kx(+∞)| < ε.
Hence, {Tn,kx : x ∈ M} is equiconvergent at +∞, which implies that {Tn,kx : x ∈
M} is relatively compact (by Lemma 2.5).

Thus, together with the continuity of Tn,k which we discuss in (2), we obtain
that the operator Tn,k : K → K is completely continuous for natural numbers n, k.

(4) we show Tn : K → K is a completely continuous operator. For any t ∈
[0,+∞) and x ∈ S = {x ∈ K : ‖x‖ ≤ 1}, by (2.9) and (3.11), we have

∫ 1/k

0

G(t, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

≤
∫ 1/k

0

G(s, s)
(
φ(s)

(
g
(
[x(s)− ω(s)]∗ +

1
n

)
+ h
(
[x(s)− ω(s)]∗ +

1
n

))
+ ψ(s)

)
ds

≤
∫ 1

k

0

G(s, s)(φ(s)S1,n + ψ(s))ds→ 0, k → +∞,

(3.24)
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where S1,n := sup{g(u) +h(u) : 1
n ≤ u ≤ 2} < +∞. And then, for any t ∈ [0,+∞),

x ∈ S, we obtain

|A(fn + ψ)−Ak(fn + ψ)|a(t)

≤ a(∞)
∆

∣∣∣∣ ∫∞0 g(t)dt ρ−
∫∞
0
g(t)b(t)dt

−
∫∞
0
h(t)dt

∫∞
0
h(t)b(t)dt

∣∣∣∣
×
∫ 1/k

0

G(s, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ f

(
s, [x(s)− ω(s)]∗ +

1
n

)
+ 2ψ(s)

)
ds

≤ 2A(S1,n + 1)a(∞)
∫ 1

k

0

G(s, s)(φ(s) + ψ(s))ds→ 0, k → +∞.

(3.25)
Using the similar method, for any t ∈ [0,+∞), x ∈ S, we have

|B(fn + ψ)−Bk(fn + ψ)|b(t)

≤ 2B(S1,n + 1)b(0)
∫ 1

k

0

G(s, s)(φ(s) + ψ(s))ds→ 0, k → +∞.
(3.26)

Inequalities (3.24)–(3.26) imply that

‖Tn − Tn,k‖ = sup
x∈S
‖Tnx− Tn,kx‖ → 0, k → +∞.

Therefore, by Tn,k : K → K is a completely continuous operator, we obtain that
Tn : K → K is a completely continuous operator. �

Theorem 3.2. Assume that (H1)–(H3) hold. In addition, suppose that the follow-
ing condition are satisfied:

(H4) There exists a constant r1 ≥ max{4, L1, L2, 4ηγ−1}, such that

h(r1) = sup
u∈[0,r1+1]

h(u) ≤ r1
L2
,

where

L1 = 2
(
1 +Aa(∞) +Bb(0)

) ∫ ∞
0

G(s, s)
(
φ(s)g(γζ(s)) + ψ(s)

)
ds,

L2 = 2
(
1 +Aa(∞) +Bb(0)

) ∫ ∞
0

G(s, s)φ(s)ds,

η is defined by Lemma 2.3, A and B are defined by (3.3) and (3.5).
(H5) There exists a constant r2 > r1 and [z1, z2] ⊂ (0,+∞), such that

f(t, u) ≥ r2
l
, (t, u) ∈ [z1, z2]× [δr2, r2 + 1],

where

l = θa(z1)b(z2)
∫ z2

z1

G(s, s)ds,

0 < δ =
γ

4d
(a(z1)b(z2) +Aa(z1) +Bb(z2)) < 1,

θ is defined by Lemma 2.1, d, A, B are defined by (2.4).
(H6) limu→+∞

h(u)
u = 0.

Then (1.1) has at least two positive solutions.
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Proof. Let Br1 = {x ∈ X : ‖x‖ < r1}. For any x ∈ K ∩ ∂Br1 , t ∈ [0,+∞), by the
definition of ‖ · ‖ and Lemma 2.3, we have

[x(t)− ω(t)]∗ ≤ x(t) ≤ ‖x‖ ≤ r1,

x(t)− ω(t) ≥ x(t)− ηζ(t) ≥ x(t)− 2ηx(t)
γ‖x‖

≥ x(t)
2

≥ γζ(t)‖x‖
4

≥ γζ(t)r1
4

≥ γζ(t).

So, for any x ∈ K ∩ ∂Br1 , t ∈ [0,+∞), by (H4), we have

|(Tnx)(t)|

=
∫ ∞

0

G(t, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds+A(fn + ψ)a(t)

+B(fn + ψ)b(t)

≤
∫ ∞

0

G(s, s)
(
φ(s)

(
g
(
[x(s)− ω(s)]∗ +

1
n

)
+ h
(
[x(s)− ω(s)]∗ +

1
n

))
+ ψ(s)

)
ds

+A(fn + ψ)a(∞) +B(fn + ψ)b(0)

≤
(
1 +Aa(∞) +Bb(0)

) ∫ ∞
0

G(s, s)
(
φ(s)

(
g
(
γζ(s)

)
+ h(r1)

)
+ ψ(s)

)
ds

=
(
1 +Aa(∞) +Bb(0)

) ∫ ∞
0

G(s, s)φ(s)
(
g
(
γζ(s)

)
+ ψ(s)

)
ds

+
(
1 +Aa(∞) +Bb(0)

) ∫ ∞
0

G(s, s)φ(s)h(r1)ds ≤ r1.

Thus,
‖Tnx‖ ≤ ‖x‖, for any x ∈ K ∩ ∂Br1 . (3.27)

On the other hand, let Br2 = {x ∈ X : ‖x‖ < r2}. For any x ∈ K ∩ ∂Br2 ,
t ∈ [0,+∞), since r2 > r1 > 4ηγ−1, we have

x(t)− ω(t) ≥ x(t)− ηζ(t) ≥ x(t)− 2ηx(t)
γ‖x‖

≥ x(t)
2
≥ γζ(t)‖x‖

4
≥ γζ(t)r2

4
.

So, for any x ∈ K ∩ ∂Br2 , t ∈ [z1, z2], by (2.4), we have

δr2 =
γ

4d
(a(z1)b(z2) +Aa(z1) +Bb(z2)) r2

≤ γ

4d
(τ(t) + a(z1)b(z2) +Aa(z1) +Bb(z2)) r2

≤ γζ(t)r2
4

≤ x(t)− ω(t) ≤ x(t) ≤ r2.

(3.28)

By (H5) and (3.28), for any x ∈ K ∩ ∂Br2 , we have

|(Tnx)(t)| =
∫ ∞

0

G(t, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

+A(fn + ψ)a(t) +B(fn + ψ)b(t)

≥
∫ z2

z1

θτ(t)G(s, s)f
(
s, [x(s)− ω(s)]∗ +

1
n

)
ds

≥
∫ z2

z1

θa(t)b(t)G(s, s)
r2
l
ds
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≥ r2θa(z1)b(z2)
l

∫ z2

z1

G(s, s)ds > r2.

Thus,

‖Tnx‖ ≥ ‖x‖, for any x ∈ K ∩ ∂Br2 . (3.29)

On the basis of (H6) and the continuity of h(u) on [0,+∞), we have

lim
u→+∞

h(u)
u

= 0.

For

c = max
{

1,
(

4(1 +Aa(∞) +Bb(0))
∫ ∞

0

G(s, s)(φ(s) + ψ(s))ds
)−1}

,

there exists N > 0, such that when x ≥ N , for any 0 ≤ y ≤ x, we have h(y) ≤ cx.
Select

r3 ≥ max
{
r2, N, 2(1 +Aa(∞) +Bb(0))

∫ ∞
0

G(s, s)φ(s)g (γζ(s)) ds
}
.

Let Br3 = {x ∈ X : ‖x‖ < r3}, for any x ∈ K ∩ ∂Br3 , t ∈ [0,+∞), we have

[x(t)− ω(t)]∗ ≤ x(t) ≤ ‖x‖ ≤ r3,

x(t)− ω(t) ≥ x(t)− ηζ(t) ≥ x(t)− 2ηx(t)
γr3

≥ x(t)
2
≥ γζ(t)r3

4
≥ γζ(t).

Hence, for any x ∈ K ∩ ∂Br3 , t ∈ [0,+∞), we obtain

|(Tnx)(t)|

=
∫ ∞

0

G(t, s)
(
f
(
s, [x(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

+A(fn + ψ)a(t) +B(fn + ψ)b(t)

≤
∫ ∞

0

G(s, s)
(
φ(s)

(
g
(
[x(s)− ω(s)]∗ +

1
n

)
+ h
(
[x(s)− ω(s)]∗ +

1
n

))
+ ψ(s)

)
ds

+A(fn + ψ)a(∞) +B(fn + ψ)b(0)

≤
(
1 +Aa(∞) +Bb(0)

) ∫ ∞
0

G(s, s)
(
φ(s)

(
g (γζ(s)) + c(r3 + 1)

)
+ ψ(s)

)
ds

≤
(
1 +Aa(∞) +Bb(0)

) ∫ ∞
0

G(s, s)φ(s)g (γζ(s)) ds

+ c
(
1 +Aa(∞) +Bb(0)

)
(r3 + 2)

∫ ∞
0

G(s, s)(φ(s) + ψ(s))ds ≤ r3.

Thus,

‖Tnx‖ ≤ ‖x‖, for any x ∈ K ∩ ∂Br3 . (3.30)

It follows from the above discussion, (3.27), (3.29), (3.30), Lemmas 2.6 and 3.1,
that for any n ∈ N, Tn has two fixed points x1n, x2n, such that r1 ≤ x1n ≤ r2 ≤
x2n ≤ r3.
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Let {x1n}∞n=1 be the sequence of solutions of (2.8), we know it is uniformly
bounded. From r1 ≤ x1n ≤ r2, we have

[x1n(t)− ω(t)]∗ ≤ x1n(t) ≤ ‖x1n‖ ≤ r2, t ∈ [0,+∞),

x1n(t)− ω(t) ≥ x1n(t)− ηζ(t) ≥ x1n(t)− 2ηx1n(t)
γr1

≥ x1n(t)
2
≥ γζ(t), t ∈ [0,+∞).

(3.31)

Next, given a′ > 0, we will prove that {x1n}∞n=1 is equicontinuous on [0, a′]. For
any ε′ > 0, by

∫∞
0
G(s, s)(φ(s)(g(γζ(s)) + h(r2) + ψ(s))ds < +∞, where h(r2) =

sup{h(u) : 0 ≤ u ≤ r2 + 1}, we can find a sufficiently large H0 > 0 such that∫ ∞
H0

G(s, s)(φ(s)(g(γζ(s)) + h(r2) + ψ(s))ds <
ε′

12
.

By the uniformly continuity of G(t, s) on [0, a′]× [0, H0], for the above ε′ > 0, there
exists δ

′
> 0, such that for any t, t′ ∈ [0, a], s ∈ [0, H0] and |t− t′| < δ

′
, we have

|G(t, s)−G(t′, s)| < ε′

6

(∫ H0

0

(φ(s)(g(γζ(s)) + h(r2)) + ψ(s))ds
)−1

.

Therefore, for any n ∈ N, t, t′ ∈ [0, a], s ∈ [0, H0] and |t− t′| < δ
′
, we obtain∣∣∣ ∫ ∞

0

G(t, s)
(
f
(
s, [x1n(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

−
∫ ∞

0

G(t′, s)
(
f
(
s, [x1n(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds
∣∣∣

≤
∫ H0

0

|G(t, s)−G(t′, s)|
(
f
(
s, [x1n(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

+
∫ ∞
H0

|G(t, s)−G(t′, s)|
(
f
(
s, [x1n(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

≤
∫ H0

0

|G(t, s)−G(t′, s)|
(
φ(s)(g(ζ(s)) + h(r2)) + ψ(s)

)
ds

+
∫ ∞
H0

|G(t, s)−G(t′, s)|(φ(s)(g(γζ(s)) + h(r2)) + ψ(s))ds

≤ ε′

6
+ 2

∫ ∞
0

G(s, s)
(
φ(s)(g(ζ(s)) + h(r2)) + ψ(s)

)
ds <

ε′

3
.

(3.32)

For

A1n(fn + ψ)

=
1
∆

∣∣∣∣∣∣
R∞
0 g(t)

R∞
0 G(t,s)

(
f
(
s,[x1n(s)−ω(s)]∗+ 1

n

)
+ψ(s)

)
ds dt ρ−

R∞
0 g(t)b(t)dt

−
R∞
0 h(t)

R∞
0 G(t,s)

(
f
(
s,[x1n(s)−ω(s)]∗+ 1

n

)
+ψ(s)

)
ds dt

R∞
0 h(t)b(t)dt

∣∣∣∣∣∣ ,
B1n(fn + ψ)

=
1
∆

∣∣∣∣∣∣
R∞
0 h(t)

R∞
0 G(t,s)

(
f
(
s,[x1n(s)−ω(s)]∗+ 1

n

)
+ψ(s)

)
ds dt ρ−

R∞
0 h(t)a(t)dt

−
R∞
0 g(t)

R∞
0 G(t,s)

(
f
(
s,[x1n(s)−ω(s)]∗+ 1

n

)
+ψ(s)

)
ds dt

R∞
0 g(t)a(t)dt

∣∣∣∣∣∣ ,
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through calculation, we obtain

An(fn + ψ) ≤ A
∫ ∞

0

G(s, s)(φ(s)(g(γζ(s)) + h(r2)) + ψ(s))ds < +∞,

Bn(fn + ψ) ≤ B
∫ ∞

0

G(s, s)(φ(s)(g(γζ(s)) + h(r2)) + ψ(s))ds < +∞,

where A and B are defined as (3.3) and (3.5). So by the uniformly continuity of
a(t), b(t) on [0, a′], for the above ε′ > 0, there exists δ

′′
> 0 such that, for any

t, t′ ∈ [0, a′] and |t− t′| < δ
′′
, we have

|a(t)− a(t′)| < ε′

3

(
A

∫ ∞
0

G(s, s)(φ(s)(g(γζ(s)) + h(r2)) + ψ(s))ds
)−1

,

|b(t)− b(t′)| < ε′

3

(
B

∫ ∞
0

G(s, s)(φ(s)(g(γζ(s)) + h(r2)) + ψ(s))ds
)−1

.

(3.33)

Then, by (3.32), (3.33), for the above ε′ > 0, let δ0 = min{δ′, δ′′}, then for any
n ∈ N, t, t′ ∈ [0, a′] and |t− t′| < δ0, we have

|x1n(t)− x1n(t′)|

=
∣∣∣ ∫ ∞

0

G(t, s)
(
f
(
s, [x1n(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

+A1n(fn + ψ)a(t) +B1n(fn + ψ)b(t)

−
∫ ∞

0

G(t′, s)
(
f
(
s, [x1n(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

−A1n(fn + ψ)a(t′)−B1n(fn + ψ)b(t′)
∣∣∣

≤
∫ ∞

0

|G(t, s)−G(t′, s)|
(
f
(
s, [x1n(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds

+A

∫ ∞
0

G(s, s)(φ(s)(g(γζ(s)) + h(r2)) + ψ(s))ds|a(t)− a(t′)|

+B

∫ ∞
0

G(s, s)(φ(s)(g(γζ(s)) + h(r2)) + ψ(s))ds|b(t)− b(t′)| < ε′.

So, {x1n}∞n=1 is equicontinuous on [0, a′]. Since a′ > 0 is arbitrary, {x1n}∞n=1 is
locally equicontinuous on [0,+∞).

Let x1n(+∞) = limt→+∞ x1n(t). then by a simple calculation, we can see that
limt→+∞ x1n(t) < +∞, and so we obtain

|x1n(t)− x1n(+∞)|

≤
∣∣ ∫ ∞

0

(G(t, s)−G(s))
(
f
(
s, [x1n(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds
∣∣

+A1n(fn + ψ)|a(t)− a(∞)|+B1n(fn + ψ)|b(t)− b(∞)|.

By the similar method as for (3.32), we obtain that, for any ε0 > 0, there exists N
′

such that, when t > N
′
, it follows∣∣ ∫ ∞

0

(G(t, s)−G(s))
(
f
(
s, [x1n(s)− ω(s)]∗ +

1
n

)
+ ψ(s)

)
ds
∣∣ < ε0

3
.
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Together with the continuity of a(t), b(t) on [0,+∞), we obtain that for the above
ε0 > 0, there exists N

′
such that, when t > N

′
, we have |x1n(t) − x1n(+∞)| <

ε0. Hence, the functions from {x1n}∞n=1 are equiconvergent at +∞, which implies
that {x1n}∞n=1 is relatively compact (by Lemma 2.5). Therefore, the sequence
{x1n}∞n=1 has a subsequence being uniformly convergent on [0,+∞). Without loss
of generality, we still assume that {x1n}∞n=1 itself uniformly converges to x1 on
[0,+∞). Since {x1n}∞n=1 ∈ K, we have x1n ≥ 0. By (2.8), we have

x1n(t) = x1n(
1
2

) + x′1n(
1
2

)
(
t− 1

2
)
−
∫ t

1/2

ds

∫ s

1/2

p′(ς)x′1n(ς)
p(ς)

dς

−
∫ t

1/2

ds

∫ s

1/2

(
f
(
ς, [x1n(ς)− ω(ς)]∗ + 1

n

)
+ ψ(ς)

)
p(ς)

dς, t ∈ (0,+∞).

(3.34)
As {x′1n(1/2)}∞n=1 is bounded, without loss of generality, we may assume x′1n( 1

2 )→
c0 as n→ +∞. Then, by (3.34) and the Lebesgue dominated convergence theorem,
we have

x1(t) = x1(
1
2

) + c0
(
t− 1

2
)
−
∫ t

1/2

ds

∫ s

1/2

p′(ς)x′1(ς)
p(ς)

dς

− λ
∫ t

1/2

ds

∫ s

1/2

(
f
(
ς, [x1(ς)− ω(ς)]∗

)
+ ψ(ς)

)
p(ς)

dς, t ∈ (0,+∞).
(3.35)

By (3.35), a direct computation shows that

(p(t)x′1(t))′ +
(
f
(
t, [x1(t)− ω(t)]∗

)
+ ψ(t)

)
= 0, t ∈ (0,+∞).

On the other hand, let n→ +∞ in the following boundary conditions:

α1x1n(0)− β1 lim
t→0+

p(t)x′1n(t) =
∫ ∞

0

g(t)x1n(t)dt,

α2 lim
t→+∞

x1n(t) + β2 lim
t→+∞

p(t)x′1n(t) =
∫ ∞

0

h(t)x1n(t)dt.

Therefore, we deduce that x1 is a solution of (2.8). Let x1(t) = x1(t) − ω(t). By
(3.31) and the convergence of the sequence {x1n}∞n=1, we have x1(t) ≥ γζ(t) >
0, t ∈ [0,+∞). It then follows from Lemma 2.4 that x1 is a positive solution of
(1.1). By the same method, we obtain x2(t) ≥ γζ(t) > 0, t ∈ [0,+∞). The proof
is completed. �

Theorem 3.3. Assume that (H1)–(H3), (H5) hold. In addition, suppose that the
following conditions are satisfied:

(H7) There exists a constant R2 > r2, such that

h(R2) = sup
u∈[0,R2+1]

h(u) ≤ R2

L2
,

where r2 is defined by (H5), L2 is defined by (H4).
(H8) There exists [z3, z4] ⊂ (0,+∞), such that

lim
u→+∞

min
t∈[z3,z4]

f(t, u)
u

= +∞.

Then (1.1) has at least two positive solutions.

The proof of Theorem 3.3 is similar to that of Theorem 3.2, and so we omit it.
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Remark 3.4. In the proof of Theorems 3.2 and 3.3, we obtain the two positive
solutions of (1.1), under the condition that f(t, u) has singularity on t and on u. In
addition, the function f(t, u) is semipositive, which increases the difficulty in the
analysis.

Note that by Theorems 3.2 and 3.3, the positive solutions xi of (1.1) satisfy
xi(t) ≥ γζ(t) > 0, for any t ∈ [0,+∞), i = 1, 2.

4. Example

Consider the following boundary-value problem

((1 + t)2x′(t))′ + f(t, x(t)) = 0, t ∈ (0,+∞),

x(0)− lim
t→0+

(1 + t)2x′(t) =
∫ ∞

0

1
(1 + t)3

x(t)dt,

lim
t→+∞

x(t) + lim
t→+∞

(1 + t)2x′(t) =
∫ ∞

0

t

(1 + t)3
x(t)dt.

(4.1)

By calculations, we obtain: α1 = α2 = β1 = β2 = 1, p(t) = (1 + t)2, a(t) = 2− 1
1+t ,

b(t) = 1 + 1
1+t , ρ = 3,∫ ∞

0

g(t)dt =
∫ ∞

0

1
(1 + t)3

dt =
1
2
< +∞,∫ ∞

0

h(t)dt =
∫ ∞

0

t

(1 + t)3
dt =

1
2
< +∞,

ρ−
∫ ∞

0

g(t)b(t)dt =
13
6
> 0, ρ−

∫ ∞
0

h(t)a(t)dt =
13
6
> 0,

∆ =
∣∣∣∣ρ− ∫∞0 g(t)b(t)dt

∫∞
0
g(t)a(t)dt∫∞

0
h(t)b(t)dt ρ−

∫∞
0
h(t)a(t)dt

∣∣∣∣ =
∣∣∣∣ 136 2

3
1
3

13
6

∣∣∣∣ =
161
36

> 0.

So condition (H1) holds. Take

f(t, u) =
1

(1 + t)2



u
2 + 1

103u , u ≤ 1,
3u

16a−2 + 1
2 −

3
16a−2 + 1

103u , 1 ≤ u ≤ 8a,
2698u
b−8a + 2700− 2698b

b−8a + 1
103u , 8a ≤ u ≤ b,

(2700+
√

151)u
151−b +

√
151 + 5400

− 151(2700+
√

151)
151−b +

√
u− b+ 1

103u , b ≤ u ≤ 151,
√

151 + 5400 +
√
u− b+ 1

103u , u ≥ 151,

where a = 2.5, b = 22.5, we can suppose g(u) = 1
103u , ϕ(t) = φ(t) = 1

(1+t)2 ,

h(u) =



u
2 , u ≤ 1,

3u
16a−2 + 1

2 −
3

16a−2 , 1 ≤ u ≤ 8a,
2698u
b−8a + 2700− 2698b

b−8a , 8a ≤ u ≤ b,
(2700+

√
151)u

151−b +
√

151 + 5400

− 151(2700+
√

151)
151−b +

√
u− b, b ≤ u ≤ 151,

√
151 + 5400 +

√
u− b, u ≥ 151,
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Since ∫ ∞
0

ϕ(s)ds = 1,
∫ ∞

0

G(s, s)(ϕ(s) + φ(s))ds =
13
9
.

So conditions (H2) and (H3) hold. For

A =
1
∆

∣∣∣∣ ∫∞0 g(t)τ(t)dt ρ−
∫∞
0
g(t)b(t)dt

−
∫∞
0
h(t)τ(t)dt

∫∞
0
h(t)b(t)dt

∣∣∣∣ =
36
161

∣∣∣∣ 13
12

13
6

− 13
12

1
3

∣∣∣∣ =
195
322

,

B =
1
∆

∣∣∣∣ ∫∞0 h(t)τ(t)dt ρ−
∫∞
0
h(t)a(t)dt

−
∫∞
0
g(t)τ(t)dt

∫∞
0
g(t)a(t)dt

∣∣∣∣ =
36
161

∣∣∣∣ 13
12

13
6

− 13
12

2
3

∣∣∣∣ =
221
322

,

choose d = 7, then η = d
ρ

∫∞
0
ϕ(s)ds = 7/3, γ = 1/2, so 4ηγ−1 = 18.67. For

A =
1
∆

∣∣∣∣ ∫∞0 g(t)dt ρ−
∫∞
0
g(t)b(t)dt

−
∫∞
0
h(t)dt

∫∞
0
h(t)b(t)dt

∣∣∣∣ =
36
161

∣∣∣∣ 1
2

13
6

− 1
2

1
3

∣∣∣∣ =
45
161

,

B =
1
∆

∣∣∣∣ ∫∞0 h(t)dt ρ−
∫∞
0
h(t)a(t)dt

−
∫∞
0
g(t)dt

∫∞
0
g(t)a(t)dt

∣∣∣∣ =
36
161

∣∣∣∣ 1
2

13
6

− 1
2

2
3

∣∣∣∣ =
51
161

,

ζ(t) =
τ(t) +Aa(t) +Bb(t)

d
= 0.43 +

0.09
1 + t

− 0.11
(1 + t)2

,

we obtain

L1 = 2
(
1 +Aa(∞) +Bb(0)

) ∫ ∞
0

G(s, s)
(
φ(s)g(γζ(s)) + ψ(s)

)
ds

= 4.39
∫ ∞

0

G(s, s)
(
φ(s)g(γζ(s)) + ψ(s)

)
ds < 6.34,

L2 = 2
(
1 +Aa(∞) +Bb(0)

) ∫ ∞
0

G(s, s)φ(s)ds = 3.17 .

Choosing r1 = 19, we have

h(r1) = sup
u∈[0,20]

h(u) = 2 ≤ r1
L2

= 6.31.

Take r2 = 150 > r1, [z1, z2] = [1, 2] ⊂ (0,+∞), then

l = θa(z1)b(z2)
∫ z2

z1

G(s, s)ds = 0.85,

δ =
γ

4d
(a(z1)b(z2) +Aa(z1) +Bb(z2)) = 0.15,

f(t, u) ≥ 300 ≥ r2
l

=
150
0.85

= 176.48, (t, u) ∈ [1, 2]× [22.5, 151],

lim
u→+∞

h(u)
u

= lim
u→+∞

√
151 + 5400 +

√
u− b

u
= 0.

So all conditions of Theorem 3.2 are satisfied; Therefore, (1.1) has at least two
positive solutions.
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