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SOLVABILITY OF FRACTIONAL ANALOGUES OF THE
NEUMANN PROBLEM FOR A NONHOMOGENEOUS
BIHARMONIC EQUATION

BATIRKHAN KH. TURMETOV

ABSTRACT. In this article we study the solvability of some boundary value
problems for inhomogenous biharmobic equations. As a boundary operator
we consider the differentiation operator of fractional order in the Miller-Ross
sense. This problem is a generalization of the well known Neumann problems.

1. INTRODUCTION

Biharmonic equations appear in the study of mathematical models in several
real-life processes as, among others, radar imaging [3] or incompressible flows [IT].
Omitting a huge amount of works devoted to the study of this kind of equations,
we refer some of them regarding to their used methods. Difference schemes and
variational methods were used in the works [2] [I0]. By using numerical and itera-
tive methods, Dirichlet and Neumann boundary problems for biharmonic equations
were studied in the papers [7, [§]. There are some works, for example [12], where
a computational method, based on the use of Haar wavelets was used for solving
2D and 3D Poisson and biharmonic equations. We also point out the work made
in [9], where regularity of solutions for nonlinear biharmonic equations was inves-
tigated. In [4] and the dissertation [I3] various problems for complex biharmonic
and polyharmonic equations were investigated.

In this article we refer to the domain Q = {z € R™ : |z| < 1}, as the unit ball.
The dimension of the space is n > 3, and it is denoted 0Q = {x € R" : |z| = 1} as
the unit sphere. The usual Euclidean norm is written as |z|?> = 22 + 23 + .- +22.
Now, for any u : 0 — R smooth enough function and a given « > 0, denoting
by r = |z| and 6 = z/|z|, the appropriate integral operator of order « in the
Riemann-Liouville sense can be defined, in a sense to ([20], p.69), by the following
expression

7o u)(z) = — / (r — 1) Yu(rB)dr.

(o) Jo
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In what follows, we assume that JO[u](z) = u(z) for all z € Q. Let m—1 < a <
m, m=1,2,.... The following expressions

dm m—ao «a _ Tm—« dmu
" (@), e D[ul(z) = I (),

are called, respectively, derivatives of a order in Riemann-Liouville and Caputo

sense [20]. Here chr is a differentiation operator of the form

rD[u)(z) =

d "z, O dk d  dk-1
Y k=23,....

o= oy @k @)
Let the parameter j take one of the values, j = 0,1,...,m and consider the set of
operators
«@ dmij m—a dj
D¢ ul(x) = R J ﬁu(x)

IijlandDz%,then
D;?‘ ZD-D~----D-CDO‘_j.
S —
m—j
This operator is called derivative of o order in Miller-Ross sense [24]. Denote
Bju(z) = r*Dju(z),
I )
B %u(x) = —/ (1 —8)*" s %u(sz)ds.
I'(a) Jo
Let 0 < a < 2. Consider the following problems in the domain 2.

Problem 1.1. Let 0 < a < 2. Find a function u(z) € C*(Q2) N C(Q) such that
BOFu](x) € C(Q), k = 0,1 satisfying the equation

A?u(z) = g(x), z€Q, (1.1)

and the boundary value conditions:
Dilu(z) = fi(z), = €0, (1.2)
DY u)(x) = fo(w),z € 0. (1.3)

Problem 1.2. Let 1 < a < 2. Find a function u(z) € C*(Q) N C(Q) such that
B u)(z) € C(9), k = 0,1 satisfying equation (L.1) and the boundary value
condition:

DS u](x) = fr(z), z €, (1.4)

DS u)(x) = fo(z), x € 0N (1.5)

Note that the boundary value problems with boundary operators of fractional

order for elliptic equations of the second order have been studied in [5], 17, 211, 22|

251,126, 27, 28], 29, [32] [33]. Moreover, in [6] for the equation (1.1)) the boundary-value
problem with the conditions

Dglul(x) = fi(z), D§ ul(z) = falz), = €0Q,

0 < o <1 has been studied.
Note that for all x € 02 we have the equality T% = i—:f = 3—';, where v is
a vector of outward normal to 9. It is well known (see e.g. [15]) that for all
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z € 09 the operator 7L (r —1)... (r4 — k + 1) coincides with the operator dd—k,
k=1,2,.... Then in the case of a =1 for all z € 092 we obtain
du(z)  du d?u(x) d/ d
D1 2D2 _ 2 _ 7( a 1) .
e @) =r =g =g gy —1)ul@)

Consequently, for values @« = 1 or a = 2, problems and are analogues of
the Neumann problem for the equation . The considered problems in the case
of & = 1 have been studied in [I6], and in the case of & = 2 in [30]. It is proved
that in the case of a = 1 for solvability of the problem the following conditions are
necessary and sufficient:
5 [0 lePigoids = [ (@) - A@)ds.. (1)
Q a0

and in the case of a = 2,

3 | 0= laPralgtlde = [ futa (1.7)
1

5/9:1%(1 — |zHT4[g)(2)dzx = /BQ 2g[fa(z) = fi(2)]dS:, k=1,2,...,n, (1.8)

where I [u](z) = (r% + c)u(z), ¢ > 0.
Note that the Neumann problem in the case of polyharmonic equation was stud-
ied in [I8, 19} [31].

2. PROPERTIES OF THE OPERATORS B;-“ AND B™¢

We assume that the function u(z) is smooth enough in the domain €. The
following proposition can be proved by direct calculation.

Lemma 2.1. Let vi(z) = rdlﬁl(f),vg(x) =rd(rd —1)u(z). Then the following

equalities hold:

01(0) = v2(0) = 0, (2.1)
%(0):0, k=1,2,...,n. (2.2)
61‘].3

Similar propositions hold for the function Bf'[u](z), j = 0,1.
Lemma 2.2. Let 0 < a < 2. Then the following equalities hold:

B [u](0) =0, (2.3)
B;‘M(@:o,%:o, i=1,2,...,n. (2.4)

Proof. Let 0 < a < 1. Then by the definition of the operator B{* for the function
B{u](x) we have

B [u ]( )
1 — o) / r—r) (TH)dT = 7F(2ri ) diT/O (r— T)lia%(Ta)dT
mri 2) di [ a 1_?0[ u(7h) T:; + /0 - r)*au(fe)dr]
re d rl=a I—a ! o
i @ [ g e
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B u(0) duy ()

= Ti-a) + (1 - a)ui(z)+r o
where . )

@) = gy | (1- 9 ulen)as
Therefore,
B{lu|(z) = _I‘(llt(g)a) + (1 — a)ui(x) + rduclhgz), x € . (2.5)
Hence, by equality we obtain
0 d
b BElee) =~ Dy + (1~ ) Be) + iy r 5

___u(0) (1-a)u(0) [* —a
T Tl-a) " T-a) /O (1—&)%de
___u(0) (1 —a)u(0) _

"Tl-a)  TI@2-a)

Equality (2.3)) is proved for the case 0 < @ < 1.
Nolet 1 < a < 2 and j = 1. Then by definition of Bf* we have

B{u)(z) = 1“(27&0[)(2” /OT(T - T)l_“%(ré')dr

B re & [T (r—7)>%du
B mf/ @a) a O

re d?
[(2—a)dr? [
- re d2 7"2_a
T T2 -a)dr? [_ﬁ
(1 — a)u(0)

= “Te_a) +(1—a)2—-a)us(z) +2(2—a)r

T=r

(r—7)%@
5= o u(16)

+ / - )= u(r)dr |

7=0 0

u(0) + 127 /0 (1- e

dus(z) 5 d?
7 + T wﬂq (x)7
where

-1 ' — Ot
o) = oy [, (-9 u(ene
Therefore,
(1-a)

w(0) + (1 — @)(2 — @)us(x)

dug(z) d

d
+22—-a)r o + r%(ra — Dug(z),z € Q.

Then, taking into account the equalities (2.1]) and (2.2]), we obtain

lim By [u](z) = TR a)

(1-a)u(0) (1-«
r'2-a) r
r
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Equality (2.3)) is proved for the case 1 < v < 2,5 = 1.
Now we turn to the proof of the first equality of (2.4). By definition of BS we
have

Blule) = gy | (= 7 00
e a2 [T (r—1)P du
- F(l—a)d?“Q/o -G
(-au(0) o du(0)
r2—a) T@2—-«a) dr
dus () + 2d2uQ(x).

+ (1 —a)(2 - a)us(x)

+2(2-a)r o L
Thus,
o (I =a)u(0) r du(0)
By lul(z) = T2-a) T@-a) dr (1= )2 = ajuz(z) 2
(2 — )22l i(ifl> (z), z€Q .
Al ar \"dr w2l @
Equalities imply
dug(z) B d s d B
" dr =0 N 0, d’l" (Td I)UQ(I) x=0 =0

Then from representation we obtain

(I-—a)u(0) (1—-a)2-a)u(0)(2-a)(1)
I'2-—a) I'2-a) '3 —a)

Further, we denote y; = 76;, i =1,2,...,n. Then

lin% BS(ul(z) = — = 0.

du T0) Z Ou(t0) dy; Zai 8116(7'0).
Yi

Oy; dr

Since 6 = x/r,0; = x;/r, it follows that

o du(0) r " x; Ou(Th)
12

B 1 = 9u(0)
'2—-a) dr T(2-« —~ r Oy Ir=0 CT(2-a) le Ay

Thus, for any k=1,2,...,n
0 [7 T du(O)} _ 1 9u(0)
orpl T(2—a) dr | T(2—-a) oy

It is obvious that
0 11—«

% w0

Oz [ T2 =)™ )]
Further, for any k = 1,2,...,n, the equality %u(&v) = (i‘?—gi = 588;; holds.
Hence,

=0.

ou(0)
oy

9 )|, = ¢

8l‘k

Consequently,
0 1 Ou(0)
By 200 = B-a)2—a)l(2—a) dy




6 B. KH. TURMETOV EJDE-2015/82

Further, by the definition of r- we have pluzl) Z’L 2;22@) - Thyg,

dar i=1 i g,
0 dUQ zn: 0uy(x 3uz(x)
&Ek dr (%ckaxl Oxyp
Therefore,
oy 2~ r 0y =20 -0} Jualn) | Qulo)y
2 0u(0)

B—a)l(2—a) dy

Further, by (2.2)), it follows that
0 d, d
% [Tﬂ(?"% — 1)u2(m):| ‘1:0 = 0

By using all these calculations, from the representation of the function B [u](z),
we obtain

0B [u](0) 1 (- ou(0) 1—a 0u(0) 2 au(O)] —0

Oy, ['2-a) Iy B—a) Oy (3—a) Ouk '
If « =1 or a =2, then Bju(z) = sz(Tz)732 (z) = r&(r& — 1)u(z), and for these
functions the statement of the lemma follows from the lemma 2.1] O

The following proposition was proved in [27].
Lemma 2.3. Let 0 < a < 1. Then for any x € Q the following equalities hold:
BB [u]](z) = u(z) — u(0), (2.8)
and if u(0) = 0, then
By [B™[u]](z) = u(x). (2.9)
A similar statement is true in the case of 1 < o < 2.
Lemma 2.4. Let 1 < a < 2,j =1. Then equalities and hold.
Proof. Let us prove equality . Let z € Q and t € (0, 1]. Consider the function

Soful(x) = ﬁ / (t = )17 Bo ) (r)dr

By using the definition of Bf', we have

Siful(z) = ﬁ /O (t—T)a*%J?*a[%u}(m)dT.

Integrating the above integral by parts, we obtain

Selullw) = % /0 (1 — )" 27 ) (ra)dr
= ﬁ /0 (t— T)W—QJQ_a[%u](T.T)dT =u(tz) — u(0).
If we put ¢t = 1, then

1

(@) = u(0) + @/0 (1= 7)o~ Bo ) (r2)dr = u(0) + B~*[B*[u]] ().
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Equality is proved.

We turn to the proof of . Since u(0) = 0, then the operator B~ is deter-
mined for these functions, and, therefore, applying the operator B{* to the function
B~*[u](x), we have

BB lul)(r) = r* 1= L e u](a)
B ro  [T(r—7)**d o
= mw/o ﬁEB [u](70)dT.

After the change of variables 7s = £, the function

B~ u)(70) = ﬁ/o (1 —s)*"ts™u(rs0)ds

will be represented as

B[u(rf) = ﬁ /0 "7 &0 e u(e0)de = J° e,

Then integrating by parts, we obtain

BY[B™[ul](z) = r ﬁ[ﬂ [ ull](z) =r W[JQK ul(z) = u(x).
(Il
Lemma 2.5. Let 1 < a < 2. Then for any x € Q the following equalities hold:
_ " ou(0)
BB - —u(0) — ; , 2.10
[B3 [ull(z) = u(x) —u(0) ;x r (2.10)
and if w(0) =0 and 85;?) =0 fori=1,2,...,n, then
B3 [B~[u]](z) = u(@). (2.11)
Proof. Let us prove equality (2.10]). Asin the proof of (2.8 we consider the function
1 t
Selul(x) = —/ t — 1) LT BYu)(rx)dr, t € (0,1].
(@) = 75 | =) §[ul(r)dr,t € (0,1
By using the definition of B, we have
I d?
(\\ft[u}(flf) = @A (t — T)a_1J2_a[ﬁu](TfL’)dT.
But this function by the definition of the fractional order integral has the form
t 2
x :a_l/ _ \a—2 2—ai _ g 2—ai
Sy [u](z) @) J, (t—7)"%J [dTu](T:E)dT J [J [dTQ u]] (z).

Since J@J27 = Jot2me = J2,

Syful(x) = J2[d—u} = /0 (t— T)%U(Ta)‘)dT = —t%u(O) + u(tz) — u(0).

d o Ou(rr)dy; Ou(rz)
-2 Oyi dr =2 dy;

i=1 i=1
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it follows that

u(0)
sz 8% th o

=1
If in the integral S¢fu ](x) we set t =1, then

u(a:)—u(O)—Z; xi%g(c?) = ﬁ/{) (1 —7)* Y77 *BS](rx)dr = B~“[BS[u]](x).

Equality (2.10) is proved.
If u(0) = 0 and au(o) =0,i=1,2,...,n, then the operator B~ is defined on
these functions. Applylng BS we obtaln

BB lle) = g [ (7= B )

We represent the function B~*[u](76) as

B[] (+0) = ﬁ /O (1 — 5)°=Ls=u(576)ds = ﬁ /0 " (r el (g0)de .

Since a — 1 > 0, the following equality holds

d —a _a_l T 7 g)e2emay, = Jo—lie—a\(r
B0 = Fro [ =9 e u(ende = g ),

It is easy to check the following equalities:

re T (r—T1)2
B3 1B 1l(0) = 13—y / S i G

—a)dr 2-a
=T ij[ﬁ =T —/ E 59
S dr -
= T r au(,’]’,‘) = (
O
Let 0 < o < 2, and consider the functions:
(@) =T rgl(@)
o 7 2.12
= ﬁ/o (r—7)"*r'g(r0)dr, 0<a <l (2.12)
g2,oc(x) = Ta_6J2_a[7“4g]($>
Ta76 T . 4 (213)
= — _ «@ <9
i [ =D ear 1<a<o

Since JO[rtg](x) = rtg(x), it follows that g 1(x) = gaa(x) = g(z).

Lemma 2.6. Let 0 < a < 2, and A%u(z) = g(z) for x € Q. Then for any v € Q
and j = 1,2 the following statements hold:

(1) if 0 < <1, then
A?Biul(z) = (1 = a)g1.a(2) + Talgr,al(z); (2.14)
(2) fl<a<?2,j=1,2, then
AQB;‘X [u](z) = (1 - a)(2 - a)g2,0(7) +2(2 — a)T4[g2,0)(z) + T4[['3[g92,0]](x). (2.15)
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Proof. Note that for u(z) the following equality holds:

Az[rdiru(x)] = rdirAQu(x) +4A%u(z) = (rdir + 4)A2u(x) = Ty [A%u)(x).

Then when o = 1 we obtain
A®Bl[u(z) = T4lgr1](z) = Tulg)(z);
and when a = 2 we have
A?B3[u)(x) = Ts[T4fg1 2] (x) = Ta[Tsg]] ().

Consequently, in these two values of « the equalities (2.14)) and (2.15]) are proved.
Let 0 < o < 1. Using the representation of the function Bf*[u](z) in (2.5, we
obtain

ABu)(z) = (1 — a)A%uy (x) + Ty[A%u ().
Since A2%u(z) = g(x),

a—5

1

Mun(e) = gy [ (-9 € ta(ends =

i—a ] /0 (r—7)"%r%g(r0)dT;

(1-«

ie. A%uj(z) = g1.a(w). Thus, for the functions Bf[u](z) we obtain the equality
@1d).
Let 1 < a < 2,75 = 1. Then the representation (2.6) implies:

A?BYu)(z) = (1 - a)(2 = @) A%uz(x) +2(2 — a)Ta[A%uz)(x) + T4 [[3[A%u]] () (),

Further, taking into account A?u(z) = g(z) for A%uy(x), we obtain

2 — # ' _ A\l—ag4 T
Afus(z) = F(2—a)/0 (1— &) edg(ca)de
Ta76 " l—a, 4 o
= Famay J, 7 e = o)

i.e. for the functions A?B{[u](x) the representation (2.15) holds.
Analogously, to the case 1 < a < 2 for j = 2, the representation (2.7), by the
equality

n

o du(0) T " z; Ou(T0) B 1 Ou(0)
r2-a) dr T(2— a)Z r o Oy |T:0 CT(2-a) ;IZ Oy,
yields the equality (2.15)). O

Lemma 2.7. Let 0 < a < 2 and the functions g1.4(y), 92,o(y) be defined by the

equalities (2.12)) and (2.13)), respectively. Then for any x € Q and j = 1,2 the
following equalities hold:

(1) if0<a <1, then

A’Bf[u)(x) = |z[~* BY [|2]*g)(x); (2.16)
(2) if 1 < <2, then, for j =1,2,

A?B2[u)(z) = |z~ B} [Jz|*g](x). (2.17)
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Proof. Since r-L[|z|*g] = |z[*T'4[g](x), then we have the equality

|$|_47”d%[|$|4g] = T4[g](z) = T4[A%u](x) = ATolu](2) = A*B; [u](x).
Further, if we denote - [|z|*g](z) = f(z), then
212 2.0 d 9, d  d
A?B3lu] = A%(r* o5 (@) = A% (r—-(r o = 1)[u]())
= Ty [[s[A%u]](z) = D3[Tafg])(z) = (Ti +3)(|z[~1f)

dr
d d
= v (2l +3(2| ) = 27 = 1)

Thus

d d d?

A*B3[u] = |x|*4<r%—1><raux|4gn< 7) = a4 5

Therefore, equalities (|2 and (| in the case of 1nteger values of « is proved.
In the case of fractlonal values of a we use the equalities (2.14)) and ([2.15| - To do 1t
we transform the functions g; o(z),7 = 1,2. After changlng the variable £ = r~
the integral, representing the function gLa(x), can be rewritten in the followmg
form

j2l*g] = ||~ B3[|z[*g).

,ra75 s
9.00) = e [ (=) T (e
Then
(1= )g1(o) + Talar o) = g™ [ (=) ra(rt)ar

et d T
=r F(l—a)dr/o (r—1)"%"g(r0)dr.

We transform the above integral as follows:

r® d [" o
7“1_&)%/0 (r — 7)o g(rb)dr

B re d [, d(r—7)t=@
- r(1fa)$/0 A sy

r® T —T1)lme
i, iy )

ra T a d B N
i | e el = Billaliao)

Thus,

A?BP[u)(z) = ||~ BY[|zl*g) (), = € Q.
Let 1 < a <2 and j = 1. Then after changing variables £ = r~17, for the function
92.o(z) we obtain

Ta76

92,0(z) = m [) (r— 7')17Q7‘4g(7'9)d7'.
Further, if f(x) is a smooth function then

d. . d
T —[r*75f] = (T%qLosz)f(x).
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Thus,
(1-0a)(2 - a)g2.a(x) +2(2 = @)l4[g2,a](x) + [4[['3[g2,0])(2)
= O £ 8 4202 - a) +a - 6.2 [ ()
4 d2 1 " 11—, 4
+re” W{il"ﬂ—a) /0 (r—7) "% g(T@)dT}.

We transform the above integral as follows:

1 ' — )=ty (r0)dr
m/o (r ) g(r0)d
B 1 T7_4 . d(r —7)%@
F(Q—a)/o 9(79) —2—a)

_ 4 (r—7)?> = 1 " 1—a @ 4
=7 g(TQ)m Y + m/o (r—m) %[T g(78)]dr

= D¢ [rg(10)).
Hence,
A?BY [u](z) = ||~ B [|lz[*g].
Similarly, we consider the case 1 < a < 2,j = 2. O

3. SOME PROPERTIES OF THE SOLUTION OF THE DIRICHLET PROBLEM
Consider the Dirichlet problem

A*v(z) = gi1(z), €Q

v(z (3.1)
v(x) = p1(x), dd(y) = @o(x), x € IN.

It is known that (see e.g. [1]), if ¢g1(z), p1(x) and @3 (z) are smooth functions, then
the solution of (3.1]) exists and is unique. The solution of (3.1]) is represented as:

vmwaéamuwmmw@+wux (3.2)

where G, (z,y) is the Green function of (3.1)), and w(x) is a solution of (3.1) when
g1(z) = 05 i.e.,

w(z) = ¢1(z), = po(x), =€
Denote

vy (z) = /Q Gan(z,y)91(y)dy.

The explicit form of the Green’s function for the Dirichlet problem is obtained
for the cases n > 2 in [14]. For example, in the case when n is odd or n is even and
n > 4, the Green’s function of the problem (3.1 follows from the expression

—-n Y 14—n
G27n(1'7y) = d2,n |:|5L' - y|4 — }x|y| — m‘

(2= Dfalyl - 570~ o0 - )],

|yl
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27‘!‘"’/2

where dj , = and w, = Ty is area of the unit sphere.

a1
wn, 2(n—4)(n—2)
Furthermore, for convenience, we consider only the case when n-odd or n-even

and n > 4. The following proposition was proved in [25].

Lemma 3.1. Let p1(x), p2(x) be smooth functions. Then the following equalities
hold:

w() = 5 [ Roily) - p2w)lds,, (33)

Wn Jo

WO [ 3o — oo, k=12 m (34)
Tk Wn Joq

Lemma 3.2. Let go(x) be a smooth function. Then

(1) if g1(x) = T4g2](x), then
1

v1(0) = A (1= 1y*)g2(y)dy; (3.5)
(2) if g1(z) = I's[4]ga]](z) then
8’01 (0) - n / 2 o
o~ don ka(l ly| )T4lg)(y)dy, k=1,2,...,n. (3.6)
Now we study the values of v1(0) and 83;(160), k=1,2,...,n, when
g1(z) = (1 — a)g1,0(x) + T4[g1,0](z),and (3.7)

91(z) = (1 = ) (2 = @)g2,0(2) + 2(2 — A)Tufg2,0)(x) + Tu[ls[g20]](z).  (3.8)

Lemma 3.3. Let 0 < o < 2, j = 1,2,g(x) be a smooth function, and g;.(x) be

defined by (2.12) or (2.13|). Then
(1) if 0 < a <1 and g1(x) is defined by (3.7), then

L1 pyP Lo -
- = « d + n— ].
2o o T2 Wt e ['yl (3.9)

+ (2= )1 = |y g0 (v)dy;

(2)if 1l <a<2,j=1 and the function g1(x) is defined by (3.8)), then

1 1— |y 22—a) [1—|yP
_ - T3go o o
v1(0) 5 o 2 3[92,0)(y)dy + o /Q 592 (y)dy

(l1-)(2-0a) / 4- n 2
12— D1 - dy;

(8)ifl<a<2, j=2 and gi1(x) is defined by (3.8), then for v1(0) we have the
equality (3.10), moreover

V1 (0)

(3.10)

82;(:)) — ﬁ ka(l — |y[*)Ta[g2,0](y)dy
or =3 0 S sy 1)
+ m /Q yllyl ™" =1+ %Tn(l — 91920 (y)dy.
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Proof. When « is an integer, equalities (3.9) and (3.11]) follows from Lemma
Let 0 < a <1, j =1 and g;(x) be represented in the form (3.7). Then

= / Gan(z,y)91(y)dy
Q

—(1-a) /Q Con@ga)dy  + /Q Gan(,)Talg1.0)(v)dy.

From the first statement of Lemma[3.2] for the second integral of the above equality
we obtain

1 1—y?
2(4)71, Q 2

91,0 (y)dy.

/ G (0,9 Talgn.0](y)dy =
Q

For the first integral, using the representation of the functions Gs ,,(x,y), we have

/ G2.1(0,9)91,0(y)dy = dz,n/ ly[* " —1+(2— %)(1 — [yI)]g1,0(y)dy.
Q Q

Thus, for v1(0) we obtain the equality (3.9). Let 1 < o < 2,5 = 1. Then, using the
equality (3.8 @, we obtain

/G2nxygl )dy
=1-a)(2-« /Gznﬂ«"y)gza(y)dy

+2(2—06)/QG2,n($ay)F4[92,a](y)+/QGz,n(%y)r4[rs[92,aﬂ(y)dy

By (3.5)), for the second and third integrals of the last equality we obtain

11—y
0 G2,n(oa y)]-—‘4[92,a](y)dy =5 o 792,a(y)dya

2wy, 2
11yl
[ Ganl0.9PilPalgza) iy = 32 Talge o] (y)dy.
Q Wn JQ

For the first integral we have

/Q G (0,9)91.0(y)dy = da /Q g~ 14 (2

Therefore, for v1(0) we obtain the equality (3.10)).
No let 1 < o < 2, 7 = 2. Since in this case g;(x) has the form (3.8)), for v;(0)
again we obtain (3.10]). Further, we obtain

v1a(@) = (1- )2 - a) /Q G (@, y) g0 (),

g)(l o |y|2)]92,a(y)dy_

vra(2) = 22— a) /Q Gon (&, y)Talg2.0) (1) dy,

v1,3(x) :/QGQ,n(Iay)r4[r3[92,a“(y)dy-

Using (3.6), for the function v; 3(z) we obtain

duis(0)  n

1—|yl>)Tulgeal(W)dy, k=1,2,...,n.
Dar o, yk(1 — |y1*)Ta[g2,0)(y)dy n
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Since
4-p TN 2—n _ 2—n
Txkl’*y\ = |z —y* "2k — wr)|,_ = —(4 =)yl "ui,
0 Y 4—n 4—n Y o_ Yk
o alyl = LT = S eyl - P2yl - 2l
8$k‘ \yl} 2 | Iyl| (&l |yl |x=0
= 7(4in)yk7
0 Y o 2
—|lzly| — =171 = |x
- lalyl = (1 = JaP)]
2—n Y |-n Yk 2 Y 12-n
= ——2lyl = =| 2@klyl = Ty = |27) + |zly| — 5|7 (=2w)|,_
y gy s 1= 1 =
=—(2—n)u,
it follows that for
8G2,n(x7y)
a$k m:O’
we obtain
G n(x,y) 1 1 9 2—n 5
> - = n _ 1—
B |0 2o =2 [yly| v+ =5yl = lyf*)]
Then

) L [l =1+ 25— P ),

P2l LB [l -1 250 Pzl )

Hence, for 2229 we obtain (3-11)). O

oxy

4. MAIN RESULTS

Let g1.o(x) and g2 o(z),z € R™ be defined by (2.12) and (2.13)), and let n be
odd, or n be even with n > 4.

Theorem 4.1. Let 0 < a < 2, g(x), fi(x) and fa(x) be smooth functions.
(1) If0 < a<1andj=1, then pmblem is solvable if and only if

/a ) + (0 = DAWIS,

_ 2
:/Ql 2|y‘ 91,0(y)dy (4.1)
+(n_12)_(§_4)/9[|y|4"—1+(2—Z)(l—lylz)}gl,a(y)dy

(2) If1<a<2andj=1, then pmblem is solvable if and only if

/ [F2(0) + (o — 2 f1 (9)]dS,
oN

_ 2 B 9
- [ gy +22 -0 [ L, -

(1-0a)2-a) in n )
e [ =14 2= D Py
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(8) If the solution of the problem exists then it is unique up to a constant
term and can be represented as

u(z) = C + B™[v](x), (4.3)

where v(x) is a solution of (3.1)), satisfying the condition v(0) = 0, with the func-
tions

e1(x) = fi(z),  pa(x) = foz) + afi(z) (4.4)
g1(x) = [z[ "B [|z|"g)(x). (4.5)
Proof. Let u(x) be a solution of problem Apply the operator Bf* to the function

u(z), and denote v(z) = Bf*[u](z). Then in the case 0 < a < 1, using (2.16) from
lemma [2.7] we obtain

A%v(z) = A’B[u](x) = |2 7' B 2] *g)(z) = 1 (), 0<a <1
and if 1 < a < 2, then by , we have
A%v(z) = A’B[u)(x) = |2 7' B 2] *g)(z) = ga(2), 1<a<2.
Then by assumption, B¢ [u](x) € C(£2). Therefore, v(z) € C(Q) and
U(ac)’aQ = f1(z) = p1(x).
Further, if 0 < a < 1, then by the definition of Bf“,

e « d —(« d «a d —a d
Byt u)(z) = H%JQ ( H)[EU](@ =r H%Jl [%U}(x)
= e B ul)(e) = 0By ul(x) — aBY ol o).
Therefore, the boundary condition ([2.3]) of the problem [1.1]implies the condition
ov(x)

o lag = f2(2) + afi(2) = p2(2).

Similarly, in the case 1 < a < 2, j = 1 from definition of Bf“, we have

Bt )(x) = rott L gpmtern Ly pert L8 poar @

dr? dr drdr dr
= e B ul](r) = r 5 BY (@) — aBf [u] (@)
Consequently, in this case,
ov(x)

o ’89 = fa(z) + afi(z) = pa2(2).

Thus, if u(x) is a solution of problem then for the function v(x) = B |u](z) we
obtain the problem with the functions and .

By , the additional condition v(0) = 0 holds. For smooth enough functions
g1(2), p1(x) and () the solution of exists, is unique and can be represented
as in (3.2).

Let 0 < @ < 1. Then, using the representation of the function ¢;(z) as ,
and from and , we obtain

1

_ 2
o0 =5 [ 2ot~ vatlas, + o [ 25 g may

n 1-a
wp2(n —2)(n —

5 L1 =1 2= )0 = o),
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Hence, the condition v(0) = 0 holds if

- /8 _201(0) =~ o2l

1—|y 2
:/ THgl’a(y)dy
Q

11—« “n n
g [ - 2= D0 b

Since

201(y) = pa(y) = 2/1(y) = foly) — afily) = =[f2(y) + (@ = 2) /1 (y)];

this condition can be rewritten as . Therefore, necessity of condition is
proved.
Applying the equality v(z) = Bf[u](z), the operator B~%, by (2.8), yields
B™[vl(z) = B~*[BY [ull(x) = u(x) — u(0),

i.e. if the solution of problem exists, and can be represented as in . Now we
show that condition is also sufficient for the existence of solutions of problem
Indeed, if condition holds, then for solutions of problem with func-
tions and , condition v(0) = 0 holds. Then for such functions the operator
B~ is defined and we can consider the function u(z) = C' + B~%[v](z). This func-
tion satisfies all conditions of the problem Indeed, since A%v(x) = g1(z) and
g1(x) = (1 — a)g1,0(x) + T4[g1,o](x), then, using (2.16) we can write the equalities

A?u(z) = A[C + B~[v)(z)]

1
= I‘(la)/o (t — 1) I e A%u(ra)dr
el A A L R S L
i
= |F(|a) /0 (t — 1) LB [rig|(tx)dr

= |z['B7 (B [le|'gl)(z) = |2 ]x|'g(z) = g(2).
Using , we obtain
D?[U}(IEH&Q = B?[u](qj)bg = B?[C + Bia[v]](x)’ag

TEB? [u](x) — aBY[u](x) ’89

DY ()| 5 = B [ul(@)] 5 = or

= 0(z) = av(a) g = $2(2) ~ a1 (2)
= £2(2) +afi(®) ~ afie) = fo(o).

Consequently, the function u(xz) = C + B~ *[v](x) satisfies all conditions of the

problem [T.1]
Let 1 < a< 2, j = 1. In this case v(x) = Bf*{u](z) will be a solution of problem

with functions p1(x) = fi(x), w2(x) = fo(x) + afi(z) and
g1() = ||~ By {2 *g] ()
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= (1 - )2 - @)g2.a(2) +2(2 — @)T4[g2,0](x) + Ta[T3[g2,0]](2)-

By ([2.6)), the condition v(0) = 0, holds additionally. Then, using (3.3) and (3.10]),
we have

Cw 2
o0 =5 [ 2ot - vatuas, + 252 [ 2500
2
i 91 2|y| I3[92.0](y)dy
(1-a)2—a)

/Q [y =1+ 2 = 21 = y)]g2.a(v)dy.

wn2(n —2)(n —4) 2

Thus, for the condition v(0) = 0, the following equality is necessary

—/ 201 (y) — w2(y)]dS,
o0

= (2—a)/Q 1_2@' 92,a(y)dy+/ ﬁfs[gz,a](y)dy

Q
e [ - e @ D0 b

Since 2p1(y) — @2(y) = —[f2(y) + (o — 2) f1(y)], this condition can be rewritten as
(4.3). Therefore, necessity of the condition (4.3)) is proved. Further, by repetition
of the argument in the case 0 < a < 1, one can show the rest of the theorem. [

Theorem 4.2. Let 1 < o <2, j =2, g(x), fi(z) and fa(x) be smooth functions.
Then problem [I.3 is solvable if and only if:

/a 1) + (0= DA,

— yl? —1el2
22 0) [ 25 g aan+ [ 25 nl )y (4.6
HEEHEE [I =1 2= P Plazatiay
and
| wlfaw) + o = )5 0)ds,
o0
=5 | = P Pilozal0)dy
2§(22 —a) 2—n (4.7)
+ 25 [l =1+ 2 = Pl )y
+ W /Q ykllyP ™" =1+ 2_Tn(1 — [y*)]92,a(v)dy,
fork=1,...,n.

If a solution of the problem exists, then it is unique up to a first order
polynomial and can be represented as
n
u(z) =co + Z cixi+B™Yv](x), (4.8)

i=1
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where ¢;, 1 =0,1,...,n are arbitrary constants, and v(x) is a solution of the problem
[B.1) with functions gi(x) = |z|~*Bs [|z|*g](2), p1(x) = fi(z) and pa(x) = fa(x) +
afi(x), and which satisfies conditions v(0) = 0, ag—i?) =0,i=1,2,...,n

Proof. Let u(x) be a solution of problem Apply to the function u(x) the
operator B, and denote it by v(z) = BY[u](x). Then (2.12)) and
d d? d d?

- () = e ()
d

a+1 —a a _ d et [
T By [ull(e) = r—Byu](z) — aBg[ul(x).

imply that the function v(x) is a solution of the problem with functions
01(2) = e 4Bg [lelg](2), ¢1(2) = (@), ¢2(2) = folx) + afi (@),

Moreover, by lemma [2.2] the function v(z) = BS'[u](z) should satisfy conditions

—0 0O _ —

v(0)=0,%,-=0,k=12,....n

For enough smooth functions g1(z), ¢1(z) and ¢2(x) the solution of problem
(3.1) exists, is unique and can be represented as .

Further, using the representation of the function ¢;(z) in the form , by
similar arguments, as in the case 1 < a < 2,7 =1, one can show that the equality

v(0) = 0 holds if the condition (4.4) holds.

Now we check that the equahtles 6u(0) =0,k=1,2,...,n hold if condition
holds. To do it we use the representatlon of the functlon v(m) in the form and
the lemma Since the function gy (z) = |z|~*Bg[|z|*g](x) can be represented as

(3.8), then by (3.4) and (3.11)), we obtain
ov(0)  n

— ~ o 2
orn 2wy, 8ka[3901(y) saz(y)]dSy+4Wn/ka(1 [y|*)Talg2,0)(v)dy

1 2(2—(1) 2—n
+mm/gyk“y| -

" 23)(1‘(,?_(22)_“ / pello P = 1+ 2 P )y,

By u(x) = ot 2 e

=r

21— 1y algs,(v)dy

for k = 1,...,n. Consequently, equalities Bgsgg) =0,k=1,2,...,n hold if
| wlea) - 301(w1as,
o

L /Q y(1 = [y|*)Talg2.0] (v)dy

EC;; / pello> ™ = 1+ 250 = ) Talgeal )y

Do =

_|_

" W /kaHyIQ‘" 1 20 P o)y,

fork=1,...,n

Since w2 (y) —3p1(y) = f2($)+04f1(x) =3fi(z) = fa(z) +(a—3) fi(x), the above
condition can be rewritten as
Applying the operator B~¢ to the equality v(z) = BYu](x), by , we obtain

B=[v(z) = B~[B{[ul](x) = u(z Zx

=1
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Denoting
ou(0)

8:1:1- ’
we obtain the representation (4.8). Therefore, if solution of the problem exists,
then it can be represented as

Now we show that conditions and are also sufficient for existence of

a solution of the problem Indeed, if conditions and hold, then for a
solution of the problem (3.1)) with functions

g1(@) = 2| By [lz'g](2), ¢i(2) = filz), ¢2(2) = fol2) +afi(z)

the conditions

co =u(0), ¢ = 1=1,2,...,n,

ov(0
v(0) =0, gii) —0, i=12,...,n,
hold. Then in the class of such functions the operator B~
consider the function

@ is defined, and we can

n

u(z) =co + Z cixi+B™Yv](x).

i=1

We show that this function satisfies all conditions of the problem[I.1] Indeed, since
A%(x) = gi(x) = ||~ B [|lz|*g](2),

it follows that

n W 1 1 el o
A?u(x) = A? {CO + ;cixﬁ-B [v](x)} = ) /0 (t — 1) e~ A2u(rz)dr

INa
= [2|~* BB [Jz|*g]] (x)-
The above expression, by (2.11)), equals to g(z). Further, using (2.11)), we obtain

Dg[u](x)|ag = Bg[u](x)‘ag = BS[CO + Z Cixi+Bia[vH(‘r)|aQ
i=1

= ”u(:c)|é,Q = ¢1(x) = fi(z),

D5 ul(2)] g
d

d2
= By @) g =t T I

dr dr? u(@)

— ,raJrli 2—a d2
dr dr?

d - — « - -
- rﬁB‘f‘ [co + ;:1 cizi+B™Yv]](z) — aBf{[co + ; c;x;+B [v]](ac)‘aQ

=+ B lul(x) — @B u] ()], = P20

d ar ~ @@loe
= pa(2) — api(x) = fao(e) + afi(z) — afi(z) = fa(2).
Consequently, the function c¢g + >, ¢;z;+B~[v] satisfies all conditions of the

problem O

u(e) = - Bl (x) — B [u] 1)
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Remark 4.3. If in (4.1) a = 1, then condition on solvability of the problem
coincides with the condition (1.6)). Similarly, in the case @ = 2 condition on
solvability of the problem coincides with the conditions (|1.7)) and (L.8).
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