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ROBIN BOUNDARY VALUE PROBLEMS FOR ELLIPTIC
OPERATIONAL DIFFERENTIAL EQUATIONS WITH

VARIABLE COEFFICIENTS

RABAH HAOUA, AHMED MEDEGHRI

Abstract. In this article we give some new results on abstract second-order

differential equations of elliptic type with variable operator coefficients and

general Robin boundary conditions, in the framework of Hölder spaces. We
assume that the family of variable coefficients verify the well known Labbas-

Terreni assumption used in the sum theory. We use Dunford calculus, inter-

polation spaces and the semigroup theory to obtain existence, uniqueness and
maximal regularity results for the solution of the problem.

1. Introduction

In a complex Banach space E, we consider the second-order differential equation

u′′(x) +A(x)u(x)− ωu(x) = f(x), x ∈]0, 1[, (1.1)

together with the general boundary conditions of Robin’s type

u′(0)−Hu(0) = d0, u(1) = u1. (1.2)

Here ω is a positive real number, f ∈ Cθ([0, 1];E), 0 < θ < 1, d0 and u1 are given
elements in E, (A(x))x∈[0,1] is a family of closed linear operators whose domains
D(A(x)) are not necessarily dense in E and H is a closed linear operator with
D(H) ⊂ E. Set for x ∈ [0, 1]

Aω(x) = A(x)− ωI, ω > 0.

For f ∈ Cθ([0, 1];E), we search for a strict solution u of problem (1.1), (1.2); that
is,

∀x ∈ [0, 1] u(x) ∈ D(A(x)), u ∈ C2([0, 1];E)

x 7→ A(x)u(x) ∈ C([0, 1];E), u(0) ∈ D(H).

Our purpose is to establish existence, uniqueness and maximal regularity of the
strict solution of this problem improving the results in [5] and completing the one
in [7]. The method is essentially based on Dunford calculus, interpolation spaces,
the semigroup theory and some techniques as in [7, 14].
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Throughout this work we suppose that the family (A(x))x∈[0,1] satisfies the fol-
lowing hypotheses:

(H1) There exist ω0 > 0 and C > 0 such that for all x ∈ [0, 1] and all z ≥ 0,
(Aω0(x)− zI)−1 ∈ L(E) and

‖(Aω0(x)− zI)−1‖L(E) ≤
C

1 + z
; (1.3)

this estimate holds in some sector

Πθ0,r0 = {z ∈ C\{0} : | arg(z)| ≤ θ0} ∪ {z ∈ C : |z| ≤ r0},
where θ0 and r0 are small positive numbers.

Remark 1.1. It is well known that assumption (1.3) implies the same properties
for Aω(x), ω ≥ ω0.

On the other hand, it is well known that the square roots

Qω(x) = −(−Aω(x))1/2, x ∈ [0, 1], ω ≥ ω0,

are well defined and generate analytic semigroups not strongly continuous at zero,
(see Balakrishnan [2] for dense domains and Martinez-Sanz [16] for non dense do-
mains).

(H2) There exist C, α, µ > 0 such that for all x, τ ∈ [0, 1] and rall ω ≥ ω0:

‖Qω(x)(Qω(x)− zI)−1(Qω(x)−1 −Qω(τ)−1)‖L(E) ≤
C|x− τ |α

|z + ω|µ
(1.4)

with α + µ − 2 > 0. This hypothesis is known as the Labbas-Terreni
assumption.

Remark 1.2. From (1.4) one can prove that there exist C,α, µ > 0 such that for
all x, τ ∈ [0, 1] and all ω ≥ ω0,

‖Qω(x)(Qω(x)− zI)−1(Qω(x)−2 −Qω(τ)−2)‖L(E) ≤
C|x− τ |α

|z + ω|µ

with α+ µ− 2 > 0.

(H3) There exists C > 0 such that for all x ∈ [0, 1] and all ω ≥ ω0: Qω(x) −H
is closable, (Qω(x)−H) is boundedly invertible and

‖(Qω(x)−H)−1‖L(E) ≤ C(1 +
√
ω) (1.5)

see Cheggag et al [5] for the autonomous case.
(H4) For all x ∈ [0, 1] and all ω ≥ ω0,

(Qω(x)−H)−1((D(Qω(x)), E)1−θ,∞) ⊂ D(Qω(x)) ∩D(H),

Qω(x)(Qω(x)−H)−1((D(Qω(x)), E)1−θ,∞) ⊂ (D(Qω(x)), E)1−θ,∞.
(1.6)

Recall that for all x ∈ [0, 1],

DQω(x)(θ,+∞) = {φ ∈ E : sup
r>0
‖rθQω(x)(Qω(x)− zI)−1φ‖E < +∞}

:= (D(Qω(x)), E)1−θ,∞.

See Grisvard [9].
(H5) For all x ∈ [0, 1] and all ω ≥ ω0,

Qω(x)−1(Qω(x)−H)−1 = (Qω(x)−H)−1Qω(x)−1. (1.7)
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(H6) There exists C > 0 such that for all x, τ ∈ [0, 1] and all ω ≥ ω0,

‖(Qω(x)−H)−1 − (Qω(τ)−H)−1‖L(E) ≤ C|x− τ |l, (1.8)

with some l ≥ 2.
Note that, from Remark 1.1 there exists a second sector

Πθ1+π
2 ,r1

= {z ∈ C\{0} : | arg(z)| ≤ θ1 +
π

2
} ∪ {z ∈ C : |z| ≤ r1},

with small θ1 > 0 and r1 > 0 such that the resolvent set of −(−Aω(x))1/2 satisfies

ρ(−(−Aω(x))
1
2 ) ⊃ Πθ1+π

2 ,r1

for every x ∈ [0, 1]. Set

Γ = {z = ρe±i(θ1+π
2 ) : ρ ≥ r1} ∪ {z ∈ C : |z| = r1, | arg(z)| ≥ θ1 +

π

2
},

oriented from ∞e−iθ1 to ∞eiθ1 .
Cheggag et al [5] studied the same problem with Robin condition for the au-

tonomous case (A(x) = A) and used semigroups theory. Assumption (1.4) are used
in many other situations. One can cite, for example, Bouziani et al [4].

There exists an other approach different from (1.4) which uses the differentiabil-
ity of the resolvent operators, see Boutaous et al [3] for Dirichlet problems.

In this work, there are two difficulties: we do not assume the differentiability of
the resolvent operators and one boundary condition contains an unbounded oper-
ator. Our essential result is summarized by Theorem 4.4.

This article is organized as follows. In Section 2, some preliminary technical
results are proved. In Section 3, we obtain some new results verified by the solution
u of (1.1) and (1.2) by using an heuristical reasoning. In Section 4, we give necessary
and sufficient compatibility conditions in order to obtain the maximal regularity
results of the solution. Section 5 is devoted to prove existence of the solution by
the study of the associated approximating problem. Finally, we will present an
example of a partial differential equation where our abstract results apply.

2. Technical lemmas

Lemma 2.1. Assume (1.3). Then there exists a constant C > 0, such that for all
ω ≥ ω0, z ∈ Γ and x ∈ [0, 1],

‖(Qω(x)− zI)−1‖L(E) ≤
C√

ω + |z|
.

For a proof of the above lemma, see Haase [10, p. 57].

Lemma 2.2. Assume (1.3). For any ω ≥ ω0 and x ∈ [0, 1], the operator I−e2Qω(x)

has a bounded inverse and

(I − e2Qω(x))−1 =
1

2πi

∫
Γ

e2z

1− e2z
(zI −Qω(x))−1dz + I.

For a proof of the above lemma, see Lunardi [15, p. 60]. By using Lemma 2.1,
there exists C > 0 such that for all ω ≥ ω0 :

‖(I − e2Qω(x))−1‖L(E) ≤ C.

Lemma 2.3. There exists C > 0 such that
(1) for all x > 0 and ϕ ∈ D(Qω(0)), ‖ϕ− exQω(0)ϕ‖E ≤ Cx‖Qω(0)ϕ‖E
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(2) for all x > 0 and ϕ ∈ D(Qω(0)2), ‖ϕ− exQω(0)ϕ‖E ≤ Cx2‖Qω(0)2ϕ‖E.

For a proof of the above lemma, see Boutaous [3, p. 8]. For ω ≥ ω0 and x ∈ [0, 1],
we set

Πω(x) = I + 2(I − e2Qω(x))−1Qω(x)e2Qω(x)(Qω(x)−H)−1.

Proposition 2.4. Assume (1.3), (1.5) and (1.7). Then there exists ω∗ ≥ ω0 such
that for all ω ≥ ω∗ and x ∈ [0, 1], Πω(x) is boundedly invertible.

Proof. By Dore and Yakubov [6, p. 103], for α ∈ R there exist constants C, k > 0
(which do not depend on ω) such that for any y ≥ 1,

‖(−A(x) + ωI)αe−y(−A(x)+ωI)1/2‖L(E) ≤ Ce−ky
√
ω,

thus, for ω large enough,

‖Qω(x)e2Qω(x)‖L(E) ≤ Ce−2k
√
ω,

from which we obtain

‖2(I − e2Qω(x))−1Qω(x)e2Qω(x)(Qω(x)−H)−1‖L(E) ≤ C(1 +
√
ω)e−2k

√
ω.

Then there exists ω∗ ≥ ω0 such that for any ω ≥ ω∗,
‖2(I − e2Qω(x))−1Qω(x)e2Qω(x)(Qω(x)−H)−1‖L(E) < 1.

Hence, for ω ≥ ω∗, Πω(x) is boundedly invertible. �

Lemma 2.5. Assume (1.3) and (1.5)–(1.8) and consider, for ω ≥ ω0, the linear
operator

Λω(x) = Qω(x)−H + e2Qω(x)(Qω(x) +H), x ∈ [0, 1],
of domain D(Λω(x)) = D(Qω(x)) ∩ D(H). Then there exists ω∗ ≥ ω0 such that,
for all ω ≥ ω∗ and x ∈ [0, 1], Λω(x) is closable, its closure is invertible with

(Λω(x))−1 = (Qω(x)−H)−1(Πω(x))−1(I − e2Qω(x))−1, (2.1)

(Λω(x))−1 = (Qω(x)−H)−1 + (Qω(x)−H)−1W (x), (2.2)

where

W (x) ∈ L(E), (Qω(x)−H)−1W (x) = W (x)(Qω(x)−H)−1,

W (x)(E) ⊂ ∩∞k=1D(Qω(x)k).

Proof. Here Λω(x) = (I − e2Qω(x))(Qω(x) −H) + 2Qω(x)e2Qω(x); therefore Λω(x)
is closable (see Kato [12]) and

Λω(x) = (I − e2Qω(x))(Qω(x)−H) + 2Qω(x)e2Qω(x)

= (I − e2Qω(x))Πω(x)(Qω(x)−H).

The above equality together with (1.6) and Proposition 2.4 gives 0 ∈ ρ(Λω(x)) and
(2.1) holds. By (2.1) we have

(Λω(x))−1 = (Qω(x)−H)−1(I +M(x))−1(I +N(x))−1,

with

M(x) = 2(I − e2Qω(x))−1Qω(x)e2Qω(x)(Qω(x)−H)−1 ∈ L(E),

N(x) = −e2Qω(x) ∈ L(E), [M(x)](E) ⊂ ∩∞k=1D(Qω(x)k),

[N(x)](E) ⊂ ∩∞k=1D(Qω(x)k).
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Set U(x) = −M(x)(I +M(x))−1 ∈ L(E) and V (x) = −N(x)(I +N(x))−1 ∈ L(E).
Then

(Λω(x))−1 = (Qω(x)−H)−1(I + U(x))(I + V (x)),
with

(Qω(x)−H)−1U(x) = U(x)(Qω(x)−H)−1,

(Qω(x)−H)−1V (x) = V (x)(Qω(x)−H)−1,

[U(x)](E), [V (x)](E) ⊃ ∩∞k=1D(Qω(x)k) .

Setting W (x) = U(x) + V (x) + U(x)V (x) we deduce the result. �

Lemma 2.6. There exists K > 0 such that for each z ∈ Γ and r > 0, we have

|z + r| ≥ K|z|, |z + r| ≥ K|r|,
|z − r| ≥ K|z|, |z − r| ≥ K|r|.

There exists K > 0 depending only on Γ such that for all λ > 0 and all ν ∈ [0, 1],∫
Γ

|dz|
|z ± λ||z|ν

≤ K

λν
.

For a proof of the above lemma, see Labbas-Terreni [13, Lemmas 6.1 and 6.2].

3. Representation of the solution

3.1. Heuristical reasoning. Let us recall briefly the case when A(x) ≡ A−ωI ≡
Aω is a constant operator satisfying the natural ellipticity hypothesis mentioned
above (we will take Qω = −(−Aω)1/2). In this case, the representation of the
solution v of (1.1), (1.2) is given by the formula (see Cheggag [5]).

v(x) = exQω [(Λω)−1d0 + (Qω +H)(Λω)−1eQωu1]

+
1
2
exQω (Qω +H)(Λω)−1Q−1

ω

∫ 1

0

esQωf(s)ds

− 1
2
exQω (Qω +H)(Λω)−1eQωQ−1

ω

∫ 1

0

e(1−s)Qωf(s)ds

+ e(1−x)Qω [(I − (Qω +H)(Λω)−1e2Qω )u1 − (Λω)−1eQωd0]

− 1
2
e(1−x)Qω (Qω +H)(Λω)−1eQωQ−1

ω

∫ 1

0

esQωf(s)ds

− 1
2
e(1−x)Qω [I − (Qω +H)(Λω)−1e2Qω ]Q−1

ω

∫ 1

0

e(1−s)Qωf(s)ds

+
1
2
Q−1
ω

∫ x

0

e(x−s)Qωf(s)ds+
1
2
Q−1
ω

∫ 1

x

e(s−x)Qωf(s)ds.

Set

LQω(x)(x, f)

=
1
2
exQω(x)(Qω(x) +H)(Λω(x))−1Qω(x)−1

∫ 1

0

esQω(x)f(s)ds

− 1
2
exQω(x)(Qω(x) +H)(Λω(x))−1eQω(x)Qω(x)−1

∫ 1

0

e(1−s)Qω(x)f(s)ds
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− 1
2
e(1−x)Qω(x)(Qω(x) +H)(Λω(x))−1eQω(x)Qω(x)−1

∫ 1

0

esQω(x)f(s)ds

− 1
2
e(1−x)Qω(x)[I − (Qω(x) +H)(Λω(x))−1e2Qω(x)]Qω(x)−1

×
∫ 1

0

e(1−s)Qω(x)f(s)ds+
1
2
Qω(x)−1

∫ x

0

e(x−s)Qω(x)f(s)ds

+
1
2
Qω(x)−1

∫ 1

x

e(s−x)Qω(x)f(s)ds.

Our heuristical reasoning is the following. Assume that (1.1) and (1.2) has a strict
solution u; that is,

∀x ∈ [0, 1] u(x) ∈ D(Aω(x)), u ∈ C2([0, 1];E),

x 7→ Aω(x)u(x) ∈ C([0, 1];E) and u(0) ∈ D(H).

Then we can write

LQω(x)(x, f) = LQω(x)(x, u′′(x)−Qω(x)2u(x)).

After two integrations by parts and some formal calculus, one obtains

u(x) +
1
2
exQω(x)Tω(x)

∫ 1

0

Qω(x)esQω(x)(Qω(s)−2 −Qω(x)−2)Qω(s)2u(s)ds

− 1
2
exQω(x)Tω(x)eQω(x)

∫ 1

0

Qω(x)e(1−s)Qω(x)(Qω(s)−2 −Qω(x)−2)Qω(s)2u(s)ds

− 1
2
e(1−x)Qω(x)Tω(x)eQω(x)

∫ 1

0

Qω(x)esQω(x)(Qω(s)−2 −Qω(x)−2)Qω(s)2u(s)ds

− 1
2
e(1−x)Qω(x)(I − Tω(x)e2Qω(x))

∫ 1

0

Qω(x)e(1−s)Qω(x)(Qω(s)−2 −Qω(x)−2)

×Qω(s)2u(s)ds+
1
2

∫ x

0

Qω(x)e(x−s)Qω(x)(Qω(s)−2 −Qω(x)−2)Qω(s)2u(s)ds

+
1
2

∫ 1

x

Qω(x)e(s−x)Qω(x)(Qω(s)−2 −Qω(x)−2)Qω(s)2u(s)ds

= LQω(x)(x, f) + exQω(x)[(Λω(x))−1d0 + Tω(x)exQω(x)u1]

+ e(1−x)Qω(x)[(I − Tω(x)e2Qω(x))u1 − (Λω(x))−1eQω(x)d0],

where
Tω(x) = (Qω(x) +H)(Λω(x))−1.

Applying Qω(x)2, we obtain

Qω(x)2u(x)

+
1
2
exQω(x)Tω(x)

∫ 1

0

Qω(x)3esQω(x)(Qω(s)−2 −Qω(x)−2)Qω(s)2u(s)ds

− 1
2
exQω(x)Tω(x)eQω(x)

∫ 1

0

Qω(x)3e(1−s)Qω(x)(Qω(s)−2 −Qω(x)−2)Qω(s)2u(s)ds

− 1
2
e(1−x)Qω(x)Tω(x)eQω(x)

∫ 1

0

Qω(x)3esQω(x)(Qω(s)−2 −Qω(x)−2)Qω(s)2u(s)ds
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− 1
2
e(1−x)Qω(x)(I − Tω(x)e2Qω(x))

∫ 1

0

Qω(x)3e(1−s)Qω(x)
(
Qω(s)−2

−Qω(x)−2
)
Qω(s)2u(s)ds

+
1
2

∫ x

0

Qω(x)3e(x−s)Qω(x)(Qω(s)−2 −Qω(x)−2)Qω(s)2u(s)ds

+
1
2

∫ 1

x

Qω(x)3e(s−x)Qω(x)(Qω(s)−2 −Qω(x)−2)Qω(s)2u(s)ds

= Qω(x)2LQω(x)(x, f) +Qω(x)2exQω(x)[(Λω(x))−1d0 + Tω(x)exQω(x)u1]

+Qω(x)2e(1−x)Qω(x)[(I − Tω(x)e2Qω(x))u1 − (Λω(x))−1eQω(x)d0].

By setting
w(·) = Qω(·)2u(·),

we obtain the new equation

w + Pωw = GQω(x)(d0, u1, f),

where

(Pωw)(x)

=
1
2
Tω(x)exQω(x)

∫ 1

0

Qω(x)3esQω(x)(Qω(s)−2 −Qω(x)−2)w(s)ds

− 1
2
exQω(x)Tω(x)eQω(x)

∫ 1

0

Qω(x)3e(1−s)Qω(x)(Qω(s)−2 −Qω(x)−2)w(s)ds

− 1
2
e(1−x)Qω(x)Tω(x)eQω(x)

∫ 1

0

Qω(x)3esQω(x)(Qω(s)−2 −Qω(x)−2)w(s)ds

+
1
2
e(1−x)Qω(x)Tω(x)e2Qω(x)

∫ 1

0

Qω(x)3e(1−s)Qω(x)(Qω(s)−2 −Qω(x)−2)w(s)ds

− 1
2
e(1−x)Qω(x)

∫ 1

0

Qω(x)3e(1−s)Qω(x)(Qω(s)−2 −Qω(x)−2)w(s)ds

+
1
2

∫ x

0

Qω(x)3e(x−s)Qω(x)(Qω(s)−2 −Qω(x)−2)w(s)ds

+
1
2

∫ 1

x

Qω(x)3e(s−x)Qω(x)(Qω(s)−2 −Qω(x)−2)w(s)ds

=
7∑
i=1

Ii,

and

GQω(x)(d0, u1, f)(x)

= Qω(x)2LQω(x)(x, f) +Qω(x)2exQω(x)[(Λω(x))−1d0 + Tω(x)exQω(x)u1]

+Qω(x)2e(1−x)Qω(x)[(I − Tω(x)e2Qω(x))u1 − (Λω(x))−1eQω(x)d0].

Proposition 3.1. Under Hypotheses (1.3)–(1.8), there exists ω∗ > 0, such that for
all ω ≥ ω∗,

‖Pω‖L(C[0,1];E) ≤
1
2
.
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Proof. We treat for example

I1 =
1
2
Tω(x)exQω(x)

∫ x

0

Qω(x)3esQω(x)(Qω(s)−2 −Qω(x)−2)w(s)ds

+
1
2
Tω(x)exQω(x)

∫ 1

x

Qω(x)3esQω(x)(Qω(s)−2 −Qω(x)−2)w(s)ds

= a+ b,

and thus

‖a‖E ≤ K
∫

Γ

|z|2
(

sup
x∈[0,1]

∫ x

0

e−c(x+s)|z|(x− s)αds
) |dz|
|z + ω|µ

‖w‖C([0,1];E) .

Using Hölder’s inequality as in [4], [13], we prove that

sup
x∈[0,1]

∫ x

0

e−c(x+s)|z|(x− s)αds ≤ K

|z|1+α
,

from which we deduce using Lemma 2.6, that

‖a‖E ≤ K
∫

Γ

|z|2|dz|
|z + ω|µ|z|α+1

‖w‖C([0,1];E)

≤ K
∫

Γ

|dz|
|z + ω|µ|z|α−1

‖w‖C([0,1];E)

≤ K

ωα+µ−2
‖w‖C([0,1];E),

We obtain also a similar estimate for ‖b‖E . Therefore there exists ω∗ > 0 such that
for all ω ≥ ω∗, ‖Pω‖L(C[0,1];E) ≤ 1

2 which leads us to invert I + Pω for ω ≥ ω∗ in
the space C([0, 1];E). �

3.2. Regularity of the second member GQω(x)(d0, u1, f). In this section we
use the following lemmas (see [1, Lemma 1.8] and [8, Theorem 6 (4)]).

Lemma 3.2. Fix x ∈ [0, 1] and β ∈]0, 1[. Then

(1) s→ esQω(x)ϕ ∈ C([0, 1];E) if and only if ϕ ∈ D(Qω(x)).
(2) s→ esQω(x)ϕ ∈ Cβ([0, 1];E) if and only if ϕ ∈ DQω(x)(β,+∞).

Lemma 3.3. Let f ∈ Cβ([0, 1];E). Then

Qω(0)
∫ 1

0

esQω(0)(f(s)− f(0))ds ∈ (D(Qω(0));E)1−θ,∞.

The regularity results of GQω(x)(d0, u1, f) are as follows:

Proposition 3.4. Assume (1.3)–(1.8) and let f ∈ Cθ([0, 1];E) with θ ∈ [0, 1].
Then

(1) GQω(x)(d0, u1, f) ∈ C([0, 1];E) if and only if

u1 ∈ D(Qω(1)2), (Qω(0)−H)−1d0 ∈ D(Qω(0)) ∩D(H),

Qω(0)(Qω(0)−H)−1(d0 −Qω(0)−1f(0)) ∈ D(Qω(0)),

Qω(0)2(Qω(0)−H)−1(d0 −Qω(0)−1f(0)) + f(0) ∈ D(Qω(0)),

Qω(1)2u1 + f(1) ∈ D(Qω(1)).

(3.1)
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(2) GQω(x)(d0, u1, f) ∈ Cθ([0, 1];E) if and only if

u1 ∈ D(Qω(1)2), (Qω(0)−H)−1d0 ∈ D(Qω(0)) ∩D(H),

Qω(0)(Qω(0)−H)−1(d0 −Qω(0)−1f(0)) ∈ D(Qω(0)),

Qω(0)2(Qω(0)−H)−1(d0 −Qω(0)−1f(0)) + f(0) ∈ (D(Qω(0));E)1−θ,∞,

Qω(1)2u1 + f(1) ∈ (D(Qω(1));E)1−θ,∞.

(3.2)

Proof. Let x ∈ [0, 1]. Then we have

GQω(x)(d0, u1, f)(x)

= Qω(x)2exQω(x)[(Λω(x))−1d0 + Tω(x)eQω(x)u1]

+Qω(x)2e(1−x)Qω(x)[(I − Tω(x)e2Qω(x))u1 − (Λω(x))−1eQω(x)d0]

+
1
2
exQω(x)Tω(x)

∫ 1

0

Qω(x)esQω(x)f(s)ds

− 1
2
exQω(x)Tω(x)

∫ 1

0

Qω(x)e(2−s)Qω(x)f(s)ds

− 1
2
e(1−x)Qω(x)Tω(x)

∫ 1

0

Qω(x)e(1+s)Qω(x)f(s)ds

+
1
2
e(1−x)Qω(x)Tω(x)

∫ 1

0

Qω(x)e(3−s)Qω(x)f(s)ds

− 1
2
e(1−x)Qω(x)

∫ 1

0

Qω(x)e(1−s)Qω(x)f(s)ds

+
1
2

∫ x

0

Qω(x)e(x−s)Qω(x)f(s)ds+
1
2

∫ 1

x

Qω(x)e(s−x)Qω(x)f(s)ds

= Qω(x)2exQω(x)[(Λω(x))−1d0 + Tω(x)eQω(x)u1]

+Qω(x)2e(1−x)Qω(x)[(I − Tω(x)e2Qω(x))u1 − (Λω(x))−1eQω(x)d0]

+
1
2
exQω(x)Tω(x)

∫ 1

0

Qω(x)esQω(x)(f(s)− f(0))ds

− 1
2
exQω(x)Tω(x)

∫ 1

0

Qω(x)e(2−s)Qω(x)f(s)ds

− 1
2
e(1−x)Qω(x)Tω(x)

∫ 1

0

Qω(x)e(1+s)Qω(x)f(s)ds

+
1
2
e(1−x)Qω(x)Tω(x)

∫ 1

0

Qω(x)e(3−s)Qω(x)f(s)ds

− 1
2
e(1−x)Qω(x)

∫ 1

0

Qω(x)e(1−s)Qω(x)(f(s)− f(1))ds

+
1
2

∫ x

0

Qω(x)e(x−s)Qω(x)(f(s)− f(0))ds

+
1
2

∫ 1

x

Qω(x)e(s−x)Qω(x)(f(s)− f(1))ds

+
1
2
exQω(x)Tω(x)(eQω(x)f(0)− f(0)) +

1
2

(exQω(x)f(0)− f(0))
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+
1
2
e(1−x)Qω(x)(f(1)− eQω(x)f(1)) +

1
2

(eQω(x)f(1)− f(1)).

Let us write

f(0)− Tω(x)f(0) = [I − Tω(x)]f(0)

= [I − (Qω(x) +H)(Λω(x))−1]f(0)

= [(Λω(x))− (Qω(x) +H)](Λω(x))−1f(0)

= −2H(Λω(x))−1f(0) + e2Qω(x)Tω(x)f(0).

Then we obtain

GQω(x)(d0, u1, f)(x)

= −exQω(x)H(Λω(x))−1f(0) +Qω(x)2exQω(x)(Λω(x))−1d0

+ e(1−x)Qω(x)f(1) +Qω(x)2e(1−x)Qω(x)u1

+
1
2
exQω(x)Tω(x)

∫ 1

0

Qω(x)esQω(x)(f(s)− f(0))ds

− 1
2
e(1−x)Qω(x)

∫ 1

0

Qω(x)e(1−s)Qω(x)(f(s)− f(1))ds

+
1
2

∫ x

0

Qω(x)e(x−s)Qω(x)(f(s)− f(0))ds− 1
2
f(0)

+
1
2

∫ 1

x

Qω(x)e(s−x)Qω(x)(f(s)− f(1))ds− 1
2
f(1)

+Qω(x)2exQω(x)eQω(x)Tω(x)

×
[
u1 −

1
2
Qω(x)−1

∫ 1

0

e(1−s)Qω(x)f(s)ds+
1
2

(I + eQω(x))Qω(x)−2f(0)
]

−Qω(x)2e(1−x)Qω(x)e2Qω(x)Tω(x)[u1 −
1
2
Qω(x)−1

∫ 1

0

e(1−s)Qω(x)f(s)ds]

−Qω(x)2e(1−x)Qω(x)eQω(x)

×
[
(Λω(x))−1d0 +

1
2
Tω(x)Qω(x)−1

∫ 1

0

esQω(x)f(s)ds+
1
2
Qω(x)−2f(1)

]
= [−exQω(x)H(Λω(x))−1f(0) +Qω(x)2exQω(x)(Λω(x))−1d0]

+ [e(1−x)Qω(x)f(1) +Qω(x)2e(1−x)Qω(x)u1]

+
1
2
exQω(x)Tω(x)

∫ 1

0

Qω(x)esQω(x)(f(s)− f(0))ds

− 1
2
e(1−x)Qω(x)

∫ 1

0

Qω(x)e(1−s)Qω(x)(f(s)− f(1))ds

+
1
2

∫ x

0

Qω(x)e(x−s)Qω(x)(f(s)− f(0))ds− 1
2
f(0)

+
1
2

∫ 1

x

Qω(x)e(s−x)Qω(x)(f(s)− f(1))ds− 1
2
f(1)

+Aω(x)R(x, f, d0, u1)
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=
4∑
k=1

Ik + [−exQω(x)H(Λω(x))−1f(0) +Qω(x)2exQω(x)(Λω(x))−1d0]

+ [e(1−x)Qω(x)f(1) +Qω(x)2e(1−x)Qω(x)u1] +Aω(x)R(x, f, d0, u1),

where

R(x, f, d0, u1)

= −exQω(x)eQω(x)Tω(x)

×
[
u1 −

1
2
Qω(x)−1

∫ 1

0

e(1−s)Qω(x)f(s)ds+
1
2

(I + eQω(x))Qω(x)−2f(0)
]

+ e(1−x)Qω(x)e2Qω(x)Tω(x)[u1 −
1
2
Qω(x)−1

∫ 1

0

e(1−s)Qω(x)f(s)ds]

+ e(1−x)Qω(x)eQω(x)
[
(Λω(x))−1d0

+
1
2
Tω(x)Qω(x)−1

∫ 1

0

esQω(x)f(s)ds+
1
2
Qω(x)−2f(1)

]
.

Each term in R(·, f, d0, u1) contains eQω(x) and eQω(x) ∈ L(E,D(Qω(x)m)) for any
m ∈ N, so

R(·, f, d0, u1) ∈ C∞([0, 1];E),

Aω(·)R(·, f, d0, u1) ∈ C∞([0, 1];E).

For I1, let us write

I1 =
1
2

[eQω(x)Tω(x)Qω(x)− eQω(0)Tω(x)Qω(0)]
∫ 1

0

esQω(0)(f(s)− f(0))ds

+ eQω(0)Tω(x)Qω(0)
∫ 1

0

esQω(0)(f(s)− f(0))ds .

From Lemma 3.3, we obtain

Qω(0)
∫ 1

0

esQω(0)(f(s)− f(0))ds ∈ (D(Qω(0)), E)1−θ,∞,

from which we deduce that

exQω(0)Qω(0)
∫ 1

0

esQω(0)(f(s)− f(0))ds ∈ Cθ([0, 1];E) .

For the other terms, we use the same technics as in [1].
Now, from Lemma 2.5, we have

Qω(x)2exQω(x)(Λω(x))−1d0 − exQω(x)H(Λω(x))−1f(0)

= Qω(x)2exQω(x)(Qω(x)−H)−1d0 − exQω(x)H(Qω(x)−H)−1f(0)

+Qω(x)2exQω(x)(Qω(x)−H)−1W (x)d0 − exQω(x)H(Qω(x)−H)−1W (x)f(0)

= Qω(x)2exQω(x)(Qω(x)−H)−1d0 + exQω(x)(Qω(x)−H)(Qω(x)−H)−1f(0)

− exQω(x)Qω(x)(Qω(x)−H)−1f(0)

+Qω(x)2exQω(x)(Qω(x)−H)−1W (x)d0 − exQω(x)H(Qω(x)−H)−1W (x)f(0)

= Qω(x)2exQω(x)(Qω(x)−H)−1d0 + exQω(x)f(0)
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− exQω(x)Qω(x)(Qω(x)−H)−1f(0)

+Qω(x)2exQω(x)(Qω(x)−H)−1W (x)d0 − exQω(x)H(Qω(x)−H)−1W (x)f(0),

where W (x) ∈ L(E) and R(W (x)) ⊂ ∩∞k=1D(Qω(x)k). So

Qω(x)2exQω(x)(Qω(x)−H)−1d0 + exQω(x)f(0)− exQω(x)Qω(x)(Qω(x)−H)−1f(0)

= [Qω(x)2exQω(x)(Qω(0)−H)−1d0 −Qω(0)2exQω(0)(Qω(0)−H)−1d0]

+ [Qω(x)2exQω(x)(Qω(x)−H)−1d0 −Qω(x)2exQω(x)(Qω(0)−H)−1d0]

+ [−exQω(x)Qω(0)(Qω(0)−H)−1f(0) + exQω(0)Qω(0)(Qω(0)−H)−1f(0)]

+ [−exQω(x)Qω(x)(Qω(x)−H)−1f(0) + exQω(x)Qω(0)(Qω(0)−H)−1f(0)]

+ [exQω(x)f(0)− exQω(0)f(0)]

+ exQω(0)[Qω(0)2(Qω(0)−H)−1d0 −Qω(0)(Qω(0)−H)−1f(0) + f(0)].

Using the algebraic identity

Qω(x)(Qω(x)− zI)−1 −Qω(0)(Qω(0)− zI)−1

= zQω(x)(Qω(x)− zI)−1[Qω(x)−1 −Qω(0)−1]Qω(0)(Qω(0)− zI)−1,

Then we obtainI added the equal
sign before zQ is it
correct? Qω(x)2exQω(x)(Qω(x)−H)−1d0 + exQω(x)f(0)

− exQω(x)Qω(x)(Qω(x)−H)−1f(0)

= − 1
2πi

∫
Γ

z2exzQω(x)(Qω(x)− zI)−1[Qω(x)−1 −Qω(0)−1]

×Qω(0)(Qω(0)− zI)−1(Qω(0)−H)−1d0 dz

+
1

2πi

∫
Γ

zexzQω(x)(Qω(x)− zI)−1[Qω(x)−1 −Qω(0)−1]

×Qω(0)(Qω(0)− zI)−1(Qω(0)−H)−1f(0)dz

− 1
2πi

∫
Γ

z2exzQω(x)(Qω(x)− zI)−1[Qω(x)−1 −Qω(0)−1]

×Qω(0)(Qω(0)− zI)−1[(Qω(x)−H)−1 − (Qω(0)−H)−1]d0dz

− 1
2πi

∫
Γ

zexzQω(0)(Qω(0)− zI)−1[(Qω(x)−H)−1 − (Qω(0)−H)−1]d0dz

+
1

2πi

∫
Γ

exzQω(x)(Qω(x)− zI)−1[(Qω(x)−H)−1 − (Qω(0)−H)−1]f(0)dz

− 1
2πi

∫
Γ

exzQω(x)(Qω(x)− zI)−1[Qω(x)−1 −Qω(0)−1]

×Qω(0)(Qω(0)− zI)−1f(0)dz

+ exQω(0)[Qω(0)2(Qω(0)−H)−1d0 −Qω(0)(Qω(0)−H)−1f(0) + f(0)]

=
7∑
i=1

ai .
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For a1 we have

‖a1‖E ≤ K
∫

Γ

|z|e−cx|z| x
α

|z|µ
|dz|‖Qω(0)(Qω(0)−H)−1d0‖E

≤ K
∫

Γ

e−σ
xα

(σx )µ−1

dσ

x
‖Qω(0)(Qω(0)−H)−1d0‖E

≤ Kxα+µ−2‖Qω(0)(Qω(0)−H)−1d0‖E
≤ K‖Qω(0)(Qω(0)−H)−1d0‖E .

The same technics are used for the other terms ai, i = 1, 2, . . . , 6. For the last term
of G. One has

[e(1−x)Qω(x)f(1) +Qω(x)2e(1−x)Qω(x)u1]

= [e(1−x)Qω(x)f(1)− e(1−x)Qω(1)f(1)] + [Qω(x)2e(1−x)Qω(x)u1

−Qω(1)2e(1−x)Qω(1)u1] + e(1−x)Qω(1)[f(1) +Qω(1)2u1]

= − 1
2πi

∫
Γ

e(1−x)z((Qω(x)− zI)−1 − (Qω(1)− zI)−1)f(1)dz

− 1
2πi

∫
Γ

ze(1−x)z(Qω(x)(Qω(x)− zI)−1 −Qω(1)(Qω(1)− zI)−1)u1dz

+ e(1−x)Qω(1)[f(1) +Qω(1)2u1]

= − 1
2πi

∫
Γ

e(1−x)zQω(x)(Qω(x)− zI)−1(Qω(x)−1 −Qω(1)−1)Qω(1)

× (Qω(1)− zI)−1f(1)dz − 1
2πi

∫
Γ

z2e(1−x)zQω(x)(Qω(x)− zI)−1

× (Qω(x)−1 −Qω(1)−1)Qω(1)(Qω(1)− zI)−1u1dz + e(1−x)Qω(1)

× [f(1) +Qω(1)2u1]
= b1 + b2 + b3.

For the term b1, we have

‖b1‖E ≤ K
∫

Γ

e−c(1−x)|z| (1− x)α

|z|µ
|dz|‖f(1)‖E

≤ K
∫

Γ

e−σ
(1− x)α

( σ
1−x )µ

(1− x)dσ
(1− x)2

‖f(1)‖E

≤ K(1− x)α+µ−2‖f(1)‖E
≤ K‖f(1)‖E .

The same technic is used for the other terms. From a7 and b3 using Lemmas 3.2
and 3.3 we deduce (3.1) and (3.2). �

We can write for ω ≥ ω∗ and x ∈ [0, 1],

u(x) = Qω(x)−2(I + Pω)−1GQω(x)(d0, u1, f). (3.3)

4. Regularity of the solution

Throughout this section we assume that ω ≥ ω∗.
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4.1. Regularity of Pω.

Proposition 4.1. Under assumptions (1.3)∼(1.8), we have

(1) Pω ∈ L(C(E), Cα+µ−2(E))
(2) Pω ∈ L(C(E), C(E) ∩B(DA(·)(

β
2 ,+∞))), where β ∈]0, α+ µ− 2].

Proof. Let us prove the first statement. Let 0 ≤ τ ≤ x ≤ 1 and
w ∈ C([0, 1];E), we have

(Pωw)(x)− (Pωw)(τ)

=
1
2
Tω(x)exQω(x)

∫ 1

0

Qω(x)3esQω(x)(Qω(s)−2 −Qω(x)−2)w(s)ds

− 1
2
Tω(τ)eτQω(τ)

∫ 1

0

Qω(τ)3esQω(τ)(Qω(s)−2 −Qω(τ)−2)w(s)ds

− 1
2
e(1−x)Qω(x)

∫ 1

0

Qω(x)3e(1−s)Qω(x)(Qω(s)−2 −Qω(x)−2)w(s)ds

+
1
2
e(1−τ)Qω(τ)

∫ 1

0

Qω(τ)3e(1−s)Qω(τ)(Qω(s)−2 −Qω(τ)−2)w(s)ds

+
1
2

∫ x

0

Qω(x)3e(x−s)Qω(x)(Qω(s)−2 −Qω(x)−2)w(s)ds

− 1
2

∫ τ

0

Qω(τ)3e(τ−s)Qω(τ)(Qω(s)−2 −Qω(τ)−2)w(s)ds

+
1
2

∫ 1

x

Qω(x)3e(s−x)Qω(x)(Qω(s)−2 −Qω(x)−2)w(s)ds

− 1
2

∫ 1

τ

Qω(τ)3e(s−τ)Qω(τ)(Qω(s)−2 −Qω(τ)−2)w(s)ds

− 1
2
exQω(x)Tω(x)eQω(x)

∫ 1

0

Qω(x)3e(1−s)Qω(x)(Qω(s)−2 −Qω(x)−2)w(s)ds

+
1
2
eτQω(τ)Tω(τ)eQω(τ)

∫ 1

0

Qω(τ)3e(1−s)Qω(τ)(Qω(s)−2 −Qω(τ)−2)w(s)ds

− 1
2
e(1−x)Qω(x)Tω(x)eQω(x)

∫ 1

0

Qω(x)3esQω(x)(Qω(s)−2 −Qω(x)−2)w(s)ds

+
1
2
e(1−τ)Qω(τ)Tω(τ)eQω(τ)

∫ 1

0

Qω(τ)3esQω(τ)(Qω(s)−2 −Qω(τ)−2)w(s)ds

+
1
2
e(1−x)Qω(x)Tω(x)e2Qω(x)

∫ 1

0

Qω(x)3e(1−s)Qω(x)(Qω(s)−2 −Qω(x)−2)w(s)ds

− 1
2
e(1−τ)Qω(τ)Tω(τ)e2Qω(τ)

∫ 1

0

Qω(τ)3e(1−s)Qω(τ)(Qω(s)−2 −Qω(τ)−2)w(s)ds

=
14∑
i=1

Ii.

One has I9 + I10, I11 + I12 and I13 + I14 are o(|x− τ |β) where 0 < β ≤ α+ µ− 2.
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For the other terms, we use the same technics, let us treat for example I5 + I6
we can write that

I5 + I6

= − 1
4πi

∫ τ

0

∫
Γ

(e(x−s)z − e(τ−s)z)z2Qω(τ)(Qω(τ)− zI)−1

× (Qω(s)−2 −Qω(τ)−2)w(s) dz ds

− 1
4πi

∫ τ

0

∫
Γ

z2e(x−s)z(Qω(x)(Qω(x)− zI)−1 −Qω(τ)(Qω(τ)− zI)−1)

× (Qω(s)−2 −Qω(τ)−2)w(s) dz ds

− 1
4πi

∫ τ

0

∫
Γ

z2e(x−s)zQω(x)(Qω(x)− zI)−1(Qω(τ)−2 −Qω(x)−2)w(s) dz ds

− 1
4πi

∫ x

τ

∫
Γ

z2e(x−s)zQω(x)(Qω(x)− zI)−1(Qω(s)−2 −Qω(x)−2)w(s) dz ds

4∑
i=1

Ji,

For J1, we have

‖J1‖E ≤ K
∫

Γ

∫ τ

0

∫ x

τ

e−c(ξ−s)|z||z|3 (τ − s)α

|z|µ
|dz|dξds‖w‖C([0,1];E)

≤ K
∫

Γ

∫ τ

0

∫ x

τ

e−σ
(τ − s)α

( σ
ξ−s )µ−3

dσ

(ξ − s)
dξds‖w‖C([0,1];E)

≤ K
∫ τ

0

∫ x

τ

(τ − s)α(ξ − s)µ−4dξds‖w‖C([0,1];E)

≤ K
∫ τ

0

(x− s)2α+2µ−4ds‖w‖C([0,1];E)

≤ K(x− τ)α+µ−2‖w‖C([0,1];E),

and

‖J2‖E ≤ K
∫ τ

0

∫
Γ

e−c(x−s)|z||z|3 (x− τ)α

|z|µ
(τ − s)α

|z|µ
|dz|ds‖w‖C([0,1];E)

≤ K
∫ τ

0

∫
Γ

e−σ
(x− τ)α(τ − s)α

( σ
x−s )2µ−3

dσ

(x− s)
ds‖w‖C([0,1];E)

≤ K
∫ τ

0

(x− τ)α(τ − s)α(x− s)2µ−4ds‖w‖C([0,1];E)

≤ K(x− τ)α+µ−2‖w‖C([0,1];E).

J3 and J4 are also treated as J1. �

Corollary 4.2. Under assumptions (1.3)–(1.8) and for all ω ≥ ω∗, we have

(1) (I + Pω)−1 ∈ L(C(E)).
(2) (I + Pω)−1 ∈ L(Cβ(E)), where β ∈]0, α+ µ− 2].
(3) (I + Pω)−1 ∈ L(C(E) ∩B(DA(·)(

β
2 ,+∞))), where β ∈]0, α+ µ− 2].
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4.2. “mixed” regularity of GQω(x)(d0, u1, f).

Proposition 4.3. Assume (1.3)–(1.8). Let β ∈]0, α+ µ− 2],

(Qω(0)−H)−1d0 ∈ DQω(0) ∩D(H), u1 ∈ DA(1), f ∈ Cβ([0, 1];E).

Then GQω(x)(d0, u1, f)(·) + f(·) ∈ B(DA(·)(
β
2 ,+∞)) if and only if

Qω(0)(Qω(0)−H)−1(d0 −Qω(0)−1f(0)) ∈ D(Qω(0)),

Qω(0)2(Qω(0)−H)−1(d0 −Qω(0)−1f(0)) + f(0) ∈ DA(0)(
β

2
,+∞),

Aω(1)u1 − f(1) ∈ DA(1)(
β

2
,+∞).

Summarizing the above results we obtain the following theorem.

Theorem 4.4. Assume (1.3)–(1.8). Let β ∈]0, α+ µ− 2],

(Qω(0)−H)−1d0 ∈ DQω(0) ∩D(H), u1 ∈ DA(1), f ∈ Cβ([0, 1];E)

such that

Qω(0)(Qω(0)−H)−1(d0 −Qω(0)−1f(0)) ∈ D(Qω(0)),

Qω(0)2(Qω(0)−H)−1(d0 −Qω(0)−1f(0)) + f(0) ∈ DA(0)(
β

2
,+∞),

Aω(1)u1 − f(1) ∈ DA(1)(
β

2
,+∞).

Then there exists ω∗ > 0 such that for all ω ≥ ω∗, the equation (3.3) has a unique
solution w(·) = Qω(·)2u(·) satisfies

(1) Qω(·)2u(·) ∈ C([0, 1];E).
(2) Qω(·)2u(·) ∈ Cβ([0, 1];E).
(3) u′′ ∈ Cβ([0, 1];E).
(4) u′′ ∈ C([0, 1];E) ∩B(DA(·)(

β
2 ,+∞)).

Proof. We have

u′′(·) = f(·) +Qω(·)2u(·)
= f(·) + [GQω(x)(d0, u1, f)(·)− (Pωw)(·)]
= [f(·) +GQω(x)(d0, u1, f)(·)]− (Pωw)(·).

�

5. Approximating problem

In our heuristical reasoning in section two, one proves that the solution of (1.1)–
(1.2), when it exists, is given necessarily by (3.3).

To prove that the representation of u in (3.3) is the unique strict solution of
(1.1)–(1.2), we consider the family of approximating problems

u′′n(x) +An(x)un(x)− ωun(x) = f(x), x ∈]0, 1[,

u′n(0)−Hun(0) = d0,

un(1) = u1,
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where (An(x))x∈[0,1] is the family of Yosida approximations of (A(x))x∈[0,1] defined
by

An(x) = −nA(x)(A(x)− nI)−1, n ∈ N∗.
Then we use the same arguments as in Labbas [14] or in Bouziani [4].

6. A concrete general example

Consider the complex Banach space E = C([0, 1]) with its usual sup-norm and
define the family of closed linear operators Q(x) for all x ∈ [0, 1] by

D(Q(x)) = {ϕ ∈ C2([0, 1]) : a(x)ϕ(0) + b(x)ϕ′(0) = 0, ϕ(1) = 0},
(Q(x)ϕ)(y) = ϕ′′(y), y ∈ (0, 1),

from which it is easy to deduce that A(x) = Q(x)2,

D(A(x)) = {ϕ ∈ C4([0, 1]) : a(x)ϕ(0) + b(x)ϕ′(0) = 0, ϕ(1) = 0,

a(x)ϕ′′(0) + b(x)ϕ′′′(0) = 0, ϕ′′(1) = 0},

(A(x)ϕ)(y) = −ϕ(iv)(y), y ∈ (0, 1).

We assume that a, b ∈ C1([0, 1]), a > 0, b > 0 and infx∈[0,1](a(x) + b(x)) > 0. Let
us define the linear operator H by

D(H) = {ϕ ∈ C1([0, 1]) : ϕ(1) = 0},
(Hϕ)(y) = αϕ′(y), y ∈ (0, 1).

Therefore the spectra of Q(x), for every x ∈ [0, 1], is included in ]−∞, 0],

D(Q(x)) = {ϕ ∈ C1([0, 1]) : ϕ(0) = ϕ(1) = 0} if b(x) = 0,

D(Q(x)) = {ϕ ∈ C1([0, 1]) : ϕ(0) = 0} if b(x) 6= 0,

so D(Q(x)) is not dense in E. Let z ∈ C \ R− and ψ ∈ E,

Q(x)ϕ− zϕ = ψ ∈ E,

which implies

ϕ′′(y)− zϕ(y) = ψ(y) y ∈ (0, 1),

a(x)ϕ(0) + b(x)ϕ′(0) = 0, ϕ(1) = 0.

Then we obtain

((Q(x)− zI)−1ψ)(y) =
∫ 1

0

Kρ(y, x, s)ψ(s)ds,

where ρ =
√
z

Kρ(y, x, s) =


sinh ρ(1−y)[a(x) sinh ρs−b(x)ρ cosh ρs]

ρ[a(x) sinh ρ−b(x)ρ cosh ρ] , 0 ≤ s ≤ y
sinh ρ(1−s)[a(x) sinh ρy−b(x)ρ cosh ρy]

ρ[a(x) sinh ρ−b(x)ρ cosh ρ] , y ≤ s ≤ 1.

We consider Q(x) = −(−A(x))1/2. One has

Q(x)−1 =
∫ 1

0

K0(y, x, s)ψ(s)ds,
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where

K0(y, x, s) =


(1−y)[a(x)s+b(x)]

a(x)−b(x) , 0 ≤ s ≤ y,
(1−s)[a(x)y−b(x)]

1+b(x) , y ≤ s ≤ 1.

By direct calculations, one proves (1.3) and (1.4), see [1, p. 52 first example and
Proposition 7.1]. Then, all our results apply to the following concrete quasi-elliptic
boundary value problem for a large ω > 0,

∂2u

∂x2
(x, y)− ∂4u

∂y4
(x, y)− ωu(x, y) = f(x, y), (x, y) ∈ [0, 1]× [0, 1],

a(x)u(x, 0) + b(x)
∂u

∂y
(x, 0) = 0, x ∈ [0, 1]

∂u

∂x
(0, y)− ∂u

∂y
(0, y) = d0(y), u(1, y) = u1(y), y ∈ [0, 1]

a(x)
∂2u

∂y2
(x, 0)− b(x)

∂3u

∂y3
(x, 0) = 0, x ∈ [0, 1]

∂2u

∂y2
(x, 1) = u(x, 1) = 0, x ∈ [0, 1]

u(0, y) = ϕ(y), u(1, y) = ψ(y), y ∈ [0, 1].
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