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LYAPUNOV-TYPE INEQUALITIES FOR FRACTIONAL
BOUNDARY-VALUE PROBLEMS

MOHAMED JLELI, BESSEM SAMET

ABSTRACT. In this article, we establish some Lyapunov-type inequalities for
fractional boundary-value problems under Sturm-Liouville boundary condi-
tions. As applications, we obtain intervals where linear combinations of cer-
tain Mittag-Leffler functions have no real zeros. We deduce also nonexistence
results for some fractional boundary-value problems.

1. INTRODUCTION

The well-known Lyapunov result [9] states that if a nontrivial solution to the
boundary-value problem
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exists, where ¢ : [a,b] — R is a continuous function, then

b
[ latetas > =

This result found many practical applications in differential and difference equations
(oscillation theory, disconjugacy, eigenvalue problems, etc.); see [1L[2}/11}|13}/14.|15]
and references therein.

The search for Lyapunov-type inequalities in which the starting differential equa-
tion is constructed via fractional differential operators has begun very recently. The
first work in this direction is due to Ferreira [4], where he derived a Lyapunov-type
inequality for differential equations depending on the Riemann-Liouville fractional
derivative; that is, for the boundary-value problem

(oDu)(t) + q(t)u(t) =0, a<t<b l1<a<?2,
u(a) = u(b) =0,
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where ,D® denotes the Riemann-Liouville fractional derivative of order «. Pre-
cisely, the author proved that if the above problem has a nontrivial solution, then

b 4 a—1
[ lalds > TG

Clearly, if we let @ = 2 in the above inequality, one obtains Lyapunov’s standard
inequality. In [5], a Lyapunov-type inequality was obtained by the same author for
the Caputo fractional boundary-value problem

(ED%u)(t) + q(t)u(t) =0, a<t<b 1<a<2,
u(a) = u(b) =0,

where ¢ D denotes the Caputo fractional derivative of order a. In this work,
Ferreira proved that if the above problem has a nontrivial solution, then

b I(a)a®
G s

For other works on Lyapunov-type inequalities for fractional boundary-value prob-
lems we refer the reader to [61[7].

Motivated by the above works, we consider a Caputo fractional differential equa-
tion with Sturm-Liouville boundary conditions. More precisely, we consider the
fractional boundary-value problem

(EDu)(t) +qt)u(t) =0, a<t<b l<a<?2 (1.1)

with the boundary conditions
pu(a) — ru'(a) = u(b) = 0, (1.2)

where p > 0, 7 > 0 and ¢ : [a,b] — R is a continuous function. We distinguish two
cases: the case % > i’;‘i and the case 0 < % < f)’;‘i For each case, a Lyapunov-type
inequality is derived. The obtained results recover several existing inequalities from
the literature. As applications, we obtain intervals where linear combinations of
certain Mittag-Lefler functions have no real zeros. We deduce also nonexistence
results for some fractional boundary-value problems.

Before presenting our main results, let us start by recalling the concepts of the
Riemann-Liouville fractional integral and the Caputo fractional derivative of order
a > 0. For more details, we refer to [§].

Let o > 0 and let f be a real function defined on a certain interval [a,b]. The
Riemann-Liouville fractional integral of order « is defined by

WI°H)(t) = f(t)

and
« 1 ! a—1
W00 = gy [ (=" a0 >0t
The Caputo fractional derivative of order a > 0 is defined by
G D°N)t) = f(1)
and
(D)) = (I D™ f)(1), >0,

where m is the smallest integer greater or equal to a.
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2. MAIN RESULTS

2.1. Integral representation of the solution. We start by writing (1.1)-(1.2)
in its equivalent integral form.

Lemma 2.1. u € Cla,b] is a solution to (1.1)-(1.2) if and only if u is a solution
to the integral equation
b
ult) = / G(t, s)q(s)u(s)ds, 1€ [a,b],
where G, the Green function associated to (L.1)-(1.2), is given by

r _ _o\a—1
Grza)b=o" (gl a<s<t<b,

G(t,s) = =1 (r CA
(t,9) I'(c) M a<t<s<hb
o ) — — — k)
where’y:%—i—b—a.
Proof. The general solution to (1.1)) is
1 t
u(t) =co+c1(t —a) — @/a (t —5)* Lq(s)u(s) ds,

where ¢y and ¢; are real constants. Taking the derivative of u(t), we obtain

' (t) =cp — (?‘(_a)l) /a (t — 5)*2q(s)u(s) ds.

Using the boundary condition pu(a) — ru’(a) = 0, we obtain

pco —rep = 0. (2.1)
The boundary condition u(b) = 0 gives us
I L
— [ — g™ = 0. 2.2
w+erlb=0) =g [ (b= alu(s) ds = 0 (2.2)
Then (2.1) and (2.2) yield
o= ey = —t /b(b— 5)* q(s)u(s) ds
T () ! '
Therefore,
b b
r _ (t—a) _
utzi/ b—s)*"q(s)u(s)ds + /b—salqsusds
(1) = —te [ b=t ds+ S [ - gt
1 t
- [ =9 aleyuts) s
which concludes the proof. (I
2.2. Green function estimates. Let
Ltt—a)(b—s)*?
gl(t,s)=(” 0= —(t—9)""", a<s<t<b,
v
T4t—a)b—s)t
gz(t,8)=(” 0= , a<t<s<bh.

Y
We distinguish two cases.
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T b—a
Case b ac1

Lemma 2.2. Suppose that

r b—a
p a-—1"
Then
0 < G(t,s) <G(s,s), (t )€ a,b]x[a,b],
1 pb—a)p!
Jax Gs,5) = 70 (C+b—a)

Proof. Obviously, the function g satisfies the following inequalities:
0<ga(ts) < gafs,s), a<t<s<bh

Now, let us compute the derivative of ga(s,s) on (a,b). After some simplifications,
we obtain

!l (b _ S)DHQ
(92(s,8))" = I

Then (g2(s, s))” has a unique zero, attained at the point
b+ (l-a)E-a)
= - .
It is easy to see that (ga(s,s))’ > 0 on (—o0,s*) and (g2(s,s))’ < 0 on (s*,b). On

(-
the other hand, from the condition % > i’;‘i, we obtain easily that s* < a. By
continuity of go, we deduce that

(—ozs—k(l—a)(%—a)—kb).

(b —a)*t
a%?§b92(5’5) = g2(a,a) = 7]2% —
Thus
0<gg(ts)<%(b_7a)a_1 a<t<s<b.
- T (G +b—a)’ - T~

Now, we turn our attention to the function ¢ (¢, s). Let s € [a,b) be fixed. Differ-
entiating g1 (¢, s) with respect to ¢, we obtain

b— a—1
Og1(t, s) = (j) —(a—=1)(t—-5)>2% s<t
It follows from the above equality that 01 (¢, s) = 0 if and only if
b— a—1_
t:t*:s+[7( ) =3
e —1)

provided t* < b, i.e. as long as a < s < b — (a — 1)y. However, from the condition
% > Z:‘i, we observe easily that b — (o« — 1)y < a. Then we deduce that s >
b—(a—1)y, i.e. t* > b. In this case, Oyg1(t,s) <0, i.e. g1(-,s) is strictly decreasing

and, since ¢1 (b, s) = 0, we conclude that

Z(h—aq)*1
0<gi(ts) < g1(s,8) = g2(s,8) < g2(a,a) < ’E( ) a<s<t<b,

tb—a)
which concludes the proof. (I
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< b—a
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Lemma 2.3. Suppose that

r b—a
0< ]; < a1
Then
I'(a)|G(t, s)| < max{A(e,7/p), B(ev,7/p)}, (t,5) € [a,b] x [a,0],
where

—a)et —a)2! = r
Ao, r/p) = ((Z n b)— a) <<(; n b(b— a)()a - 1)01—1) @2-a)- p)’

a—1 (a - 1)(171 )

Blavr/p) = ( +b=a)* 52

Proof. Following the proof of Lemma we have
0<ga(t,s) < ga(s,s), a<t<s<b

and (ga2(s, s))’ has a unique zero, attained at the point

, bt(d-a)(5—a)

(67

S

a—17

(g2(s,8)) > 0 on (—o0,s*) and (g2(s,s))’ <0 on (s*,b). Then

Under the condition 0 < % < 222 it is easy to observe that s* € [a,b]. Moreover,

argg;cbgg(s, s) = ga(s*,s") = B(a,r/p).
Thus we have
0 < galt,s) < Blayr/p), a<t<s<h.
Following the proof of Lemma [2.2} for a fixed s € [a,b), 8;1(t, s) = 0 if and only if
(b= 25
Sa-n T
provided t* < b, i.e. aslongasa < s <b— (a—1)y. So, if s >b— (v — 1)y (i.e.

0tg1(t, s) has no zeros), then 0:g;1(t,s) < 0, i.e. g1(-,s) is strictly decreasing and,
since ¢1(b, s) = 0, we obtain

t=t"=s+|

max a1 (t,s) = g1(s,5) = ga(s,5), s€(b—(a—1)y,b).

It is easy to check that
s* € (b—(a—1)y,b).
Thus we have
0<gi(t,s) <ga(s*,s")=Bla,7/p), b—(a—1)y<s<t<b.

Now, we have to check the case when a < s < b— (a — 1)v; i.e., t* < b. It is easy
to see that 9yg1(¢,s) < 0 for t < t* and that 0.g1(¢,s) > 0 for ¢t > ¢*. This together
with the fact that g;(b,s) = 0 implies that g1(t*,s) < 0 and, therefore, we only
have to show that

|91(t%, 8)] < max{A(a,r/p), B(a,r/p)}, s€la,b—(a—1)]
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After some simplifications, we obtain

(a—1)2
. b—s) o2 2—« b—s)et r
(e, = O R0 Oy
ve=2 (= 1)a=2 v b
Let us define the function
(a—=1)2
b—s) a2 (2— b—s)* !
e = O TR0 S yT) se b (o 1)0)
yo=2 (a0 — 1)a—2 Y p
Now, we differentiate h in the interior of [a,b — (o — 1)7]. We obtain
(=) (a-D(s—at b8 (p_ g
h (S) = 33—« a—1 + L - °
(v —1)o=zyo—2 Y Y

It is clear that A’ is an increasing function in [a,b — (e — 1)]. Then we have
W(s) < h'(b—(a—1)y).
On the other hand, after some simplifications, we obtain
W (b—(a—1)7) =0,
which yields h'(s) < 0. Therefore,
max h(s) = h(a) = A(a,r/p),

a<s<b—(a—1)vy

which concludes the proof. ([

2.3. Lyapunov-type inequalities. We are ready to state and prove our main
results.

Theorem 2.4. If there exists a nontrivial continuous solution of the fractional
boundary-value problem

ED)(t) + qt)u(t) =0, a<t<b l<a<?2,
pu(a) —ru'(a) = u(b) =0,

where p > 0, % > bj‘i and q : [a,b] — R is a continuous function, then

b
/ lg(s)] ds > (1+f(b—a))m. (2.3)

Proof. Let X = C|[a,b] be the Banach space endowed with the norm

Yoo = max{|y(t)| : a <t < b}.
It follows from Lemma 2.1 that

b
u(t) :/ G(t,s)q(s)u(s)ds, t€ [a,b].
We obtain .
U] < o max |Gt osracs [ la(s)] s

Now, Lemma [2:2] yields

N A
) Ty, e
from which the inequality (2.3) follows. [

[ulloe < [lulloo
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Similarly, using Lemma [2.I] and Lemma [2.3] we obtain the following result.

Theorem 2.5. If there exists a nontrivial continuous solution of the fractional
boundary-value problem

(EDu)(t) + qt)u(t) =0, a<t<b 1<a<?2,
pu(a) — ru’(a) = u(b) =0,

< Z__“l and q : [a,b] — R is a continuous function, then

where p >0, 0 <
b I'(«)
o> e BT

2.4. Particular cases.

(2.4)

Case r = 0. In the case r = 0, from Theorem taking r = 0 in ([2.4]), we obtain

b I'(c)
/a la(s)ds = @ 0). Bla.0)]

On the other hand, we have

A, 0) = —2=% (h—a),
a—1)e=2
B(a,0) = 2 _ala)w (b— a)>

Using the inequality (see [5])
2—a  _ (a—1)a"t

(a—l)% B as

we deuce that
max{A(x,0), B(c,0)} = B(a,0).
Thus we obtain the following result (see [5, Theorem 1]).

Corollary 2.6. If there exists a nontrivial continuous solution of the fractional
boundary-value problem

(EDu)(t) +qt)u(t) =0, a<t<b l<a<?2,
u(a) = u(b) =0,
where q : [a,b] — R is a continuous function, then

b I'(a)a®
. oo > g S

Case I = Z:‘i with o >~ 2. In the case ; = Z:‘i, from Theorem taking
b= Z__li in (2.4, we obtain
b
I'(a)
s)| ds > .
/a lq(s)| ds = max{A(a, =2, B(a, 2=2)}

An easy computation gives us

b—a b—a) ! 2—q
Al 22ty S0z 220y
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b—a, (b—a)!
B(a’afl)_ Q ’
Thus we have
b—a b—a, (b—a)*! 2-a
A(a,a_l)fB(a,a_l)f ” (aﬁfQ).

On the other hand,

. 2—«

lim — = 4o0.

a—27 a—2

Then there exists 6 > 0 such that

9 fca<2m %9
am
Thus for 2 — § < a < 2, we have
b—a b—a b—a
maX{A(a,a_l),B(Oé,a_l)}:A(a,ﬁ)

Hence we have the following result.

Corollary 2.7. There exists § > 0 such that if there exists a nontrivial continuous
solution of the fractional boundary-value problem
ED)(t) + q(t)u(t) =0, a<t<b2-5<a<?2,
pu(a) — ru'(a) = u(b) = 0,

where % = Z:‘i and q : [a,b] — R is a continuous function, then

b F(oz)ozz%;
/a la(s)l ds = (b—a)*1(2—-a-— aﬁ) ’

Case p ~ 0. Letting p — 07 in the inequality (2.3, from Theorem we obtain
the following result.

Corollary 2.8. If there exists a nontrivial continuous solution of the fractional
boundary-value problem

(EDu)(t) + qt)u(t) =0, a<t<b l<a<?2,
u'(a) = u(b) =0,
where q : [a,b] — R is a continuous function, then
b
()
ds > ——————. 2.5
[ lateas = =5 (25)
Taking o = 2 in the inequality (2.5]), we obtain the following result.

Corollary 2.9. If there exists a nontrivial continuous solution of the boundary-
value problem

u(t) + qt)u(t) =0, a<t<b,
u'(a) = u(b) =0,

where q : [a,b] — R is a continuous function, then

b 1
[ latsds = =
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3. APPLICATIONS
In this section, we present some applications of our main results.

3.1. Real zeros of certain Mittag-Leffler functions. Let o, 3 > 0 be fixed.
The complex function

oo
Zk

Ea,ﬁ(z)zgmy a>0,6>0,z€C

is analytic in the whole complex plane; it will be referred to [10,|12] as the Mittag-
Leffler function with parameters (a, 3).

Next, using the above Lyapunov-type inequalities, we give intervals where linear
combinations of some Mittag-Leffler functions have no real zeros.

Theorem 3.1. Let 1 < a < 2. The Mittag-Leffler function E, 1(x) has no real
zeros for
z € (-I'(a),0].

Proof. Let (a,b) = (0,1), and consider the fractional Sturm-Liouville eigenvalue
problem
(§Du)(t) + Mu(t) =0, 0<t<I,
o' (0) = u(1) = 0.
By [3], we know that the eigenvalues A € R of the above problem satisfy
A>0 and FE,1(—\)=0.
The corresponding eigenfunctions are
u(t) = AEq 1 (=A%), te]0,1].

By Corollary if a real eigenvalue \ exists; i.e., Ey1(—A) = 0, then A > I'(«),
which concludes the proof. [l

Theorem 3.2. Let 1 < a < 2, p > 0, % > ﬁ The linear combination of
Mittag-Leffler functions given by

PEa2(z) + qrEa(z)
has no real zeros for

ze(—(1+ g)F(a),O].
Proof. Let (a,b) = (0,1), and consider the following fractional Sturm-Liouville
eigenvalue problem

(§Du)(t) + Mu(t) =0, 0<t<I1,
pu(0) — ru/(0) = u(1) = 0.
By [3], we know that the eigenvalues A € R of the above problem satisfies
A>0 and pEq2(—A)+grEs1(—A) =0.
The corresponding eigenfunctions are
u(t) = A(Eq 1 (— M%) + gtEa,Q(—AtQ)), te0,1].

By Theorem if a real eigenvalue X exists, then A > (14-2)I'(«r), which concludes
the proof. O
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3.2. Applications to fractional boundary-value problems. In this section, we
apply the results on the Liapunov-type inequalities obtained previoulsy to study the
nonexistence of solutions for certain fractional boundary-value problems. Consider
the fractional boundary-value problem

(§Du)(t) +q(t)u(t) =0, 0<t<l1,3/2<a<2, (3.1)
with the boundary conditions
u(0) — 24/ (0) = u(1) = 0, (3.2)
where ¢ : [a,b] — R is a continuous function. We have the following result.

Theorem 3.3. Assume that
! 3
/ ja(s)] ds < 3T(). (3.3)
0

Then(3.1)-(3.2) has no nontrivial solution.
Proof. Assume the contrary, i.e. (3.1)-(3.2) has a nontrivial solution wu(¢). By

Theorem [2.4] with (p,7) = (1,2), we obtain
! 3
[ lats)as = e,
0
which contradicts assumption (3.3)). d

Consider now the fractional boundary-value problem
(§Du)(t) +q(t)u(t) =0, 0<t<1, 1<a<?2, (3.4)
with the boundary conditions
2u(0) — v/ (0) = u(1) =0, (3.5)
where ¢ : [a,b] — R is a continuous function. We have the following result.

Theorem 3.4. Assume that
1
I'(a)
d .
/0 a0l ds < T A 1/2), Bl 1/2)]
Then (3.4)-(3.5) has no nontrivial solution.

Proof. Assume the contrary; i.e., (3.4)-(3.5) has a nontrivial solution wu(¢). By
Theorem [2.5 with (p,7) = (2, 1), we obtain

(3.6)

1
I(e)
ds >
s> e
which contradicts assumption (3.6]). d
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