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AN EXTENSION OF THE LAX-MILGRAM THEOREM AND ITS
APPLICATION TO FRACTIONAL DIFFERENTIAL EQUATIONS

NEMAT NYAMORADI, MOHAMMAD RASSOL HAMIDI

ABSTRACT. In this article, using an iterative technique, we introduce an exten-
sion of the Lax-Milgram theorem which can be used for proving the existence
of solutions to boundary-value problems. Also, we apply of the obtained result
to the fractional differential equation

(D§oDfu(t) +u(t) = M(t,ut)) € (0,7),
u(0) = u(T) =0,

where tD% and oDy* are the right and left Riemann-Liouville fractional deriv-

ative of order % < a < 1 respectively, A is a parameter and f: [0,7] x R - R

is a continuous function. Applying a regularity argument to this equation, we
show that every weak solution is a classical solution.

1. INTRODUCTION

Fractional differential equations form a very important and significant part of
mathematical analysis and its applications to real-world problems. On the other
hand, the Lax-Milgram theorem is a very useful tool in the wide area of functional
analysis such as the theory of operator equations in Banach spaces. It is also used
in the studies of fractional differential equations, ordinary and partial differential
equations (see [1,/3./4] and the references therein). For example, Ervin and Roop
[3] using the Lax-Milgram theorem, investigated the existence of solutions to the
following fractional boundary value problem

~Da(poD;” + 4:D7 ) Du(t) + b{t) Du(t) + c(t)u(t) = /(1)
u(0) =u(l) =0,

where D represents a single spatial derivative, oD, A and Dy ? are the left and
right Riemann-Liouville fractional integrals of order 0 < 3 < 1, respectively, f,c €
C([0,1]) and b € C*([0,1]),a >0 and 0 < p,q < 1 with p+q = 1.

Recently, Jiao and Zhou [7], for the first time, showed that the critical point
theory is an effective approach for studying the existence for the following fractional
boundary value problem

«DF(oDfu(t)) = VF(t,u(t), te(0,T),
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u(0) = u(T) =0,

and obtained the existence of at least one nontrivial solution.
We know that, we can only use the Lax-Milgram theorem to prove the existence
of solutions to equations in the form

Lu = f(t),
where f is independent of u and L is an operator. In our investigations, we apply

the iterative technique to generalize the Lax-Milgram theorem [2]. Moreover, we
are going to study the solvability of the following fractional differential equation

«DToDiu(t) + u(t) = Mf(t,u(t)) te (0,T), L1

w(0) = u(T) =0, (L.1)

where D$ and oDy are the right and left Riemann-Liouville fractional derivative

of order 1/2 < a < 1 respectively, A is a parameter and f : [0,7] x R — R is a
continuous function.

This article is organized as follows: Section 2 is devoted to our main results. In
Section 3, we prove any weak solution of Problem (1.1} is a classical solution.

2. MAIN RESULTS

In this section, firstly, we recall some notation and theorems to obtain the results
of this work. Let (X, | - ||x) be a real Banach space with dual space X*. Denote
by B (zg) the ball B, (z) = {z € X : ||l — zo||x <7}

In the following, we state the Lax-Milgram theorem.

Theorem 2.1 ( |2, Proposition 1.2.41]). Let H be a complex Hilbert space and let
B : H x H— C be a mapping with the following properties:
(i) The mapping © — B(z,y) is linear for any y € H.
(ii) B(z,a1y1 + agys) = a1 B(x,y1) + aaB(x,y2) for every x,y1,y2 € H,
ay,aq € C.
(iii) There is a constant ¢ such that |B(z,y)| < c||z| ||y|| for every z,y € H.

Then there is A€ L(H), ||Al|Lx) < ¢, such that
B(z,y) = (z, Ay), =z, y € H.
Moreover, if
(iv) there is a positive constant d such that
B(z,2) >d||z|* Yz € H,
then A is invertible, A= € L(H) and A7) < 3.
The main result of this section reads as follows.

Theorem 2.2. Suppose that H is a Hilbert space, B(u,v) is a continuous coercive
bilinear form on H and F : H — H* satisfying the following conditions:

(F1) There exists a constant N > 0 such that
1E ()| <N Vu e Bi(0),

where B1(0) = {u € H : ||u|lg <1}

(F2) If {ux} is a sequence in H such that uy — u weakly in H, then the sequence
{F(ug)} has a subsequence {F(ug, )} such that F(uy,) — F(u) weakly in
H*.



EJDE-2015/95 AN EXTENSION OF THE LAX-MILGRAM THEOREM 3

Then, there exists a constant L > 0 such that for any A € R with |\| < L, there
exists an element u € H such that

B(u,v) = XNF(u),v) Vv e H.

Proof. Take any ug € H with ||ug||g < 1. From the Riesz representation theorem,
there exists a unique element G(ug) € H such that ||G(uo)||g = || F(uo)||z+ and

(F(ug),v) = (G(ug),v) Vv € H, (2.1)

where (-, -) denotes the inner product of H.
By the hypotheses of the theorem, there are two constants a > 0 and b > 0 such
that for all u,v € H, we have

|B(u,v)| < allulle||v]l &,
|B(u,u)| = bl|ullf-
Thus, the Lax-Milgram theorem (see [2]) yields the existence of a continuous and
invertible linear operator A on H such that || A ;) < a, |[A™ || oy < 1/b and
B(u,v) = (Au,v) Yu,v € H. (2.2)
Then, one can conclude the existence of a unique element u; € H such that Au; =
AG(ug). So, in view of and (2-2), we have that
B(uy,v) = (Aug,v) = A(G(ug),v) = MF(up),v)Vv € H
such that
Jurllar = M A7 Glao)lr < TP
Set L = b/N. Hence if |\| < L, one can get
B(ui,v) = AMF(ug),v) YveH,
Jua]lm < 1.
Similarly, there exists an element us € H such that
B(ug,v) = AM(F(u1),v) Yv € H,
Jugl[m < 1.
So by induction, we have a sequence {u,} such that
B(up,v) = MF(up—1),v) Yv € H, (2.3)
[[unller < 1.

The reflexivity of H implies that there exists a subsequence of {u, } still denoted by
{uy} such that u,, — @ weakly in H. Finally, in view of (F2), the desired conclusion
follows from ({2.3]) and letting n — +oo. O

Now, by using Theorem we prove the existence of one solution to Problem
(1.1). To this end, we need the following preliminaries.

Definition 2.3 ( [9,8]). Let ¢ be a function defined on [0,T]. Then, the left and
right Riemann-Liouville fractional integrals of order 0 < a < 1 on the interval [0, T
are respectively defined by

/0 (t— 6 p(e)de,
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IEo(t) = ﬁ /t (€ — 1) p(e)de.

The left and right Riemann-Liouville fractional derivatives of order 0 < @ < 1 on
the interval [0, 7] are respectively defined by

oDF(1) = (o2 6(1)),

DFo(D) = — (113 "0(0)).

Taking p = 2 in Definition 3.1, [6, Propositions 3.1 and 3.3], we deduce the
following definition and theorems.

Definition 2.4 ( [6]). Let 0 < o < 1. The fractional derivative space E§ is defined
by the closure of C§°([0,T]) with respect to the norm
2 a, |12 1/2
lullzg = (Iul320.m) + loDul3aory)

Theorem 2.5 ( [6]). Let 0 < a < 1. The fractional derivative space E§ is a
reflexive and separable Banach space.

Remark 2.6. In fact, the space Ef is a separable Hilbert space with the inner
product

T
(u,0) 5 = / (o5 ut) o Dgu(t) + u(tye(t) )t
0
Theorem 2.7 ( [6]). Assume that o > & and the sequence {uy} converges weakly
to u in ES, then up — u in C([0,T1]).
Remark 2.8 ( [6]). We have

Ta—%
o o Ef.

Definition 2.9. A function u € E§ is a weak solution of Problem (L.1)), provided
that

/O ' (oD u(t)o Do) + u(t)o(r) )i = A /0 L ta@p0d. (24

for any v € E§.
Set

A = max {f(t7s) i (t,5) €10,T] x [F(Oé)zgj:_z)l/?’ F(a)ézj 1)1/2} }

Theorem 2.10. Suppose that % <a<1landfeC(0,T] xR,R), then for any
A < ﬁ, Problem (1.1) has at least one weak solution.

Proof. First, we define B(u,v) fo ( t)oDgv(t )—|—u(t)v(t))dt. Since,
|B(u, )| < lloDfull2lloDf vl + [lull2llvllz < 2llullEg lolE,
|Bu, w)| > [l

it follows that B is a continuous coercive bilinear form on E§ with a =2 and b = 1.
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‘We now define

FEy — (E5)7,
T

(F(u),v) = Ft,u(t)v(t)dt.

0
Assume u € E§ with [[ul|gs < 1. Then, in view of Remark one has

To3 To—3
<" ullge < —— 2.5
Il < Fy@a =2 1Ml < Ty 117 (2:3)
and we have |u(t)| < % for any ¢ € [0,T]. So, we can conclude that

|f (¢, u(t))] <A for any ¢ € [0,T].
For any v € Ef with |[v||gs = 1, by the Holder inequality, we have

.= [ seaoeoal < ([ 1reora) e < a7

Taking N = AT'/?, Condition (F1) holds.
Suppose {ur} is a sequence in E§ such that up — u weakly in E§. Then,
Theorem [2.7] yields that for any t € [0, T]

ug(t) — u(t) Vvt el0,T].
By using it and that f is continuous, we have
Fltun(®) = f(tu(t) ask—oo, Ve [0,T). (2.6)

On the other hand, {uy} is a bounded subset of E§ (see |10, Theorem 3.18]). In
other words, there exists a constant K > 0 such that [lu|ge < K for any k € N.

From ({2.5)), we have ||ug||co < Waifw for any k € N. Therefore, we have that

there exists a constant Ag > 0 such that
|f(t,up(t))] < Ay ae. on[0,T], k=1,2,3,.... (2.7)
From (2.7)), (2.6) and the Lebesgue’s dominated theorem, we conclude that

T 2
/O |7t ux) — ft0)| 0.

For any v € Ef with |lv||gs = 1, we have

T
(Flu)=F) o)l = | [ (e u®)-ftu(o) o] < 17t m) -1t w)]l2 = o
0
which yields that F satisfies (F2). Then by Theorem we obtain the desired
conclusion. 0
3. REGULARITY

The main result of this section reads as follows.

Theorem 3.1. Under the assumptions of Theorem every weak solution of
Problem (1.1)) is a classical solution.

To prove the above theorem, we need the following lemmas and definitions.
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Definition 3.2 ( [5]). Let u € L*(0,T), v,w € L*(0,T) and

| utnpieae= [ owev v e cro.1),
0 0

T T
| utnbeat= [ wvetar voe o 0.1).
0 0

The functions v and w given above will be called the weak left and the weak right
fractional derivative of order a € (0,1] of u respectively. Here, we denote them by
oDy u(t) and ;Dyu(t) respectively.

In view of Definition u € E§ means that u is the limit of a Cauchy sequence
{un} € C§°(0,T). In other words, u, — u in L?*(0,T) and there exists an element
w € L2(0,T) such that o Dfu,, — w in L?(0,T). Then for any ¢ € C§°(0,T), we

have
T

T
/0 w(t)p(t)dt = lim | oD%un(t)p(t)dt

n— oo 0
T
= lim un () DTp(t)dt

n—oo 0

T
- | wenpietar

So, w = ¢D; u however it is not clear whether oD u(t) exists in the usual sense,
for any ¢ € [0,T] or not (see [1, p. 202] for the case o = 1).

Remark 3.3 ( [3, Lemma 2.7]). Let u € E§, then for any v € E§, we have
T T
/ w(t) DS (t)dt = / o120 D u(t), Du(t)dt
0 0
T
:/ OD?’LL(t)tI%tD%’U(t)dt
0

T
- / oD% u(t) v(t)dt.
0
Since C5°(0,T) € ES, we conclude ¢Du(t) = oD, u(t) a.e. on [0,T].

Lemma 3.4. Let u € Ef, then OE?u s almost everywhere equal to the weak
derivative of oI} ~%u in the H'(0,T) sense. In other words

oD; u(t) = D(oI}~u(t)) a.e. on [0,T).
Proof. For any ¢ € C§°(0,T), we have (see [6, Remark 3.1] and [8, Theorem 2.1])

T T
/ OD U =
0

u(t): DFo(t)dt

T
u(t)y D(t)dt

S— — 7

[u 5 (D(t))dt

T
/ oI}~ “u(t)Dip(t)dt.
0
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Lemma 3.5. Let0<a<1.
(i) If 1 <a<1andue L*0,T), then oIgu(0) = 0.
(ii) Ifuw € C([0,TY)), then oIfu € C(]0,T]).
(iii) If u € C1([0,T]) and u(0) = 0, then oIfu € C*([0,T7)).

PT’OO}. It is easy to see that
|O t U( )l = F(Ot)(QOé 1)1/2 HUHQa

which completes the proof of (i).
Let to € [0,7] and {t,} be a sequence in [0, T] such that ¢, — to. We take

M = max |u(t)|.

0<t<T
From u(t, — s) — u(tp — s) a.e. on [0,T],
sa71|u(tn —s)—u(to— )| < QM st

and the Lebesgue’s dominated theorem, we conclude that

‘ / — 8)ds — /Oto s tu(ty — s)ds‘

_/ *ufty fs)fu(tofs)uw/n\saflu(tofs)\ds

0 to
3 tn
< / s u(t, —s) —u(ty — s)|ds + / |s* Lu(ty — s)|ds — 0,
0 to

where £ = max{tg,t1,t2,...}. This concludes the proof of (ii).
Suppose that

K = max [u/(t)],
0<t<T

then \“(tns)—_z}(tos” < K. Hence by the Lebesgue’s dominated theorem, we con-
clude that

I'(a) (olglu(tn) - Olf(‘]u(to)>

tn —to
to [2%
tn — ) — u(to — Cu(t, — 8) — u(ty —
[t o) [ sl =) a0,
0 tn — to tn — to
tn _ _ _
+/ por1illo=s) —ul0) fo=s —>/ =Ly (tg — s)ds.
to to—S tn —to

/
Thus (Oltau(t)) (to) = oI (to). From this and part (ii), we can conclude (iii). O

Lemma 3.6. Suppose that for some u € L?(0,T), Oﬁtau exists and is almost
everywhere equal to a function in C([0,T]). Then:

(i) u is almost everywhere equal to a function 4 € C([0,T)).
(i) oDgu(t) exists for any t € [0,T] and ¢Dyu € C([0,T]).
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Proof. Lemma implies that D(oI}~“u) is almost everywhere equal to a func-
tion in C([0,T]). Therefore, oI} *u is almost everywhere equal to a function in
CH([0,T]) (see [1, p 204]) Thus by Lemma fo s)ds = oI%oI} “u(t) €
CL([0,T)). Take a(t fo (see |1, Lemma 8.2]), this completes the proof
of (i).
Lemma implies that oI}~ *au(t) € C([0,T]). Since
oI u(t) = oI Ca(t) Vi€ [0,7], (3.1)

we can conclude oI}~ “u(t) € C([0,T]). By using it and the fact that oI} %u is
almost everywhere equal to a function in C'([0,T]), we can conclude oI}~ “u(t) €
C1([0,7)). The desired conclusion can be obtained from oD{u(t) = D (oI} “u(t)).

(I

Quite similar to Lemma [3.5] and Lemma we have the following lemmas.

Lemma 3.7. Let 1/2 < a < 1.
(i) Ifue L*(0,T), then 71%u(T) = 0.
(i) Ifu e C([0,T7), then I¢u € C([0,T)).
(iii) If u € CY([0,T]) and w(T) =0, then I¢u € C*([0,T)).

Lemma 3.8. Suppose that u € L*(0,T), {D3u exists and is almost everywhere
equal to a function in C([0,T]). Then:

(1) u is almost everywhere equal to a function u € C([0,T7).
(i) (Dgu(t) exists for any t € [0,T] and (DFu € C([0,T7).

Proof of Theorem[3.1. Suppose that u is the weak solution of Problem (L.I)). Set
g(t) = Af(t,u(t)) — u(t). By Definition of weak solution, one has

T T
/ oD u(t)o Do (t)dt = / g(t)v(t)dt Vv e Ef.
0 0

Thus from definition we have g(t) = ;DyoD¥u(t) and from Remark we
can conclude g(t) =  DyoD; u(t).

From Theorem g € C([0,T]). Then Lemma implies that ;D% D; u(t)
exists for any t € [0,T], ;D$%oD; u(t) € C([0,T]) and oﬁau is almost everywhere
equal to an element of C([0,T]). Then from Lemma i1), we have ¢Dfu exists
for any ¢ € [0,7] and Remark [3.3| yields (D u = OD“u a.e. on [0,7]. Hence, we
conclude that D% Dg u(t) ex1sts for any t € [0, T].

Since g and D$oDf*u are almost everywhere equal and they are continuous, we
have

D2eDfult) = g(t) Vi € [0,7),
which completes the proof. (|
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