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REGULARITY CRITERIA FOR 3D BOUSSINESQ EQUATIONS
WITH ZERO THERMAL DIFFUSION

ZHUAN YE

ABSTRACT. In this article, we consider the three-dimensional (3D) incompress-
ible Boussinesq equations with zero thermal diffusion. We establish a regular-
ity criterion for the local smooth solution in the framework of Besov spaces in
terms of the velocity only.

1. INTRODUCTION

In this article, we consider the 3D Boussinesq equations with zero thermal dif-
fusion,

ou+ (u-V)u — pAu+ VP =fez, xR t>0,
o0+ (u-V)9=0, zcR> t>0,
V-u=0 zecR> t>0,
u(z,0) = ug(z), 6(x,0)=6p(z), = €R3,

(1.1)

where 1 > 0 is the viscosity, u = u(z,t) € R? is the velocity, P = P(x,t) € R is
the scalar pressure, § = 0(z,t) € R? is the temperature, and e3 = (0,0,1)T. The
Boussinesq equations are of relevance to study a number of models coming from
atmospheric or oceanographic turbulence (see [20124]).

It is easy to check that in the case § = 0, the system reduces to the 3D
classical Navier-Stokes equations. Although the local existence and uniqueness of
smooth solutions for the system with large initial data were easily obtained
(see [6,[20]), whether the unique local smooth solution can exist globally is an
outstanding challenging open problem. Therefore, it is important to study the
mechanism of blowup and structure of possible singularities of smooth solutions to
the system . For this reason, many researchers were devoted to finding sufficient
conditions to ensure the smoothness of the solutions; see [1019}/11}/26],25\271/28//29,31]
and so forth. For many interesting results on the high dimensional Boussinesq
equations with axisymmetric data, we refer the readers to [1,/14,15,[22,23]. We
remark that the 2D Boussinesq equations also has recently attracted considerable
attention, just name a few (see [4,7,/5,/8}/12,[13,/16[18[17]).
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The aim of this paper is to improve the previous regularity criterion results on
the system (|1.1). Since the concrete value of u does not play a special role in our
discussion, for simplicity, we set u = 1. Now we state the main results as follows

Theorem 1.1. Assume that (ug,0p) € H?(R?) x H3(R3). Let (u,0) be a local
smooth solution of the system (1.1)). If the following condition holds

T
Ju@I 5, dt < oo, (1.2)
0 BP+<I

p,o0
with % + % < 2 and (p,q) # (00,00) for 1 < p,q < oo, then the solution pair (u,d)

can be extended beyond time T. Here B;q stands for the homogeneous Besov space.
In other words, if T < oo is the mazximal existence time, then

T
[l y 5 o= +oc,
0 BP_ q

p,o0

Remark 1.2. When the thermal diffusion Af was added in the second equation of

the system (1.1)), Xiang [27] obtained the same regularity result (1.2]). As a result,
Theorem significantly improves the result (Theorem 1.1) in [27]. Moreover,

we chose not to apply the Littlewood-Paley decomposition on the system itself, in
contrast to the proof of [27].

Remark 1.3. The system (1.1)) has scaling property that if (u, 8, P) is a solution
of the system (|1.1)), then for any A > 0 the functions

uy(z,t) = Mu(Az, \2t),  Ox(z,t) = N30(\x, \*t), Py(z,t) = NX2P(A\x, \%t),

are also solutions of (L.1) with the corresponding initial data ug x(x) = Aug(Azx)
and g »(z) = A30o(Az). It is an obvious fact that the assumption (1.2) does belong
to the invariant spaces.

The method may also be adapted with almost no change to the study of the
following Bénard system:

O+ (u-Vu—pAu+ VP =0e3, xR t>0,
O+ (u-V)0=u3, xR t>0,
V-u=0 zecR> t>0,

u(z,0) = ug(x), 0(z,0)=0y(x), z€R3,

(1.3)

which describes convective motions in a heated incompressible fluid (see |2, Chap.
6]). Because of the similar structure to Boussinesq system , it is not difficult to
show that Bénard system admits the same conclusion as Theorem namely,
we have the following result.

Theorem 1.4. Assume that (ug,0y) € H3(R3) x H3(R3). Let (u,0) be a local
smooth solution of the system (1.3|). If the following condition holds

T
| ar < . th

p,o0

with % + % < 2 and (p,q) # (00,00) for 1 < p,q < co, then the solution pair (u,0)
can be extended beyond time T. In other words, if T' < oo is the mazimal existence
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time, then

T
[ 1o = o0
0 Bzfooq

2. PrROOF oF THEOREM [L.1]

As stated above that the local smooth solution was obtained, we only need to
establish a priori estimates. Throughout the paper, C represents a real positive
constant which may be different in each occurrence.

Proof of Theorem [1.1} Multiplying the second equation of (L.1]) by ||P~26 and and
integrating the resulting equation over R? yield that

10)|lr < [1ol[zr, Vp € [1,00]. (2.1)
Testing (1.1), and (1.1, by u and 6, respectively, it gives
1d
5%(\|U(t)||2m H0@N172) + [VullZe < llullz2[16]] 22, (2.2)

which together with (2.1) implies that
t
lu(®)l|72 + 10)]Z: +/ [Vu(r)||72 dr < C < 0. (2.3)
0

Multiplying equation (1.1)); by Aw, integration by parts and taking the divergence
free property into account, one concludes that

1d
§£||Vu(t)||2L2 + | Aul3. = —/ fes - Audz +/ (u-Vu) - Audz. (2.4)
R3 R3

Integrating by parts and using Young inequality, we obtain
= [ fes- e < | ula0es < FIAuIE + CloT (25)
To bound the remainder term, we split it into the following two cases:
Case 1: 2 < ¢ < oo. The following bilinear estimate (see [30])
171, < Cllfllime £l 550, for any s >0, a >0

and Young inequality allow us to show that
/ (u-Vu) - Audx
R3

< V-(u®u)  Audx
R3

< Cllu @ ull g || Aul| 2
< Olllullpos Nl pree)lAullzz (0< 6 <1)

(2.6)
1—
< Cllull 5o (I9ull " Aul ) | Au

2
< 7lAulze + Cllul 77, [ VullZe
B

p,00

—

2
= gIule +Clull o o IVellEe (0= 725 € (2.00]),
BLU q -

p,o0
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where we have used
||UH31+5 ~ ||u||H1+B < C||Vu||L26||Au||L2, for0 < B <1,

lull p-s < Cllul| 5 5, forl<p<oo.
0,00 BP

p,o0

Case 2: 1 < g < 2. Now we recall the following interpolation inequality due to
Meyer-Gerard-Oru (see also [3, Theorem 2.42])

1l < CIA A 2 (2.7)

B—(Y )
for any f € H*N Booaoo, s=a(% —1)>0and 2 <m < oco. Hence, by using (2.7)
with m = 4, we obtain

/ (u-Vu) - Audx
R3

RS
< C||Vull 2| Vul|74
< C|IVull 2 [[A*Vul| 2 [ Vull gze (0 <a<1)
< C||Vull g2 (|| V| 2 | Aull§2) [V ull 2o (2.8)

<C||Vu||2Lz“||AUIIL2IIUH T

poo

1

< hauls + Ol 52, 19l

— 4

_1 . ) 2

Al +Cllul 4 IVulEe (0= 5= € (1,2)),

where the following fact has been apphed

IVl e < Cllull s

p,o0

Substituting (2.5) and (2.6)) (or (2.8)) into (2.4), we arrive at

%HVU(t)II%z + | Aulf < Cll6)I7: + C‘Ilull‘; IVul|Z2- (2.9)

342 4
T)+(1
p, 00

It thus follows from the Gronwall inequality that

t
IVu(t)]22 + / | Au(r)|2, dr

2 r 5 . (2.10)
< (IVuollis + Desp[C | (10 + [l ) dr] 1
< (C < . ’
The Hélder inequality and Gagliardo-Nirenberg inequality lead to
Ju Vullgpes < Clul sses | Fullzo
3 3426
< Clluflp2* |Au ||2§25 [ AullL (2.11)

446
< Ol 57 | Aul 537,
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where 0 < 6 < 3. It follows from the bounds and ([2.10)) that

u-Vu e L5 (0 T; L3+5(R3)) (2.12)
0 € L5755 (0,T; L+ (R%)). (2.13)
Recall the first equation of , namely
atu—Au—FVP:f = —(u-V)u+ fes. (2.14)
As a consequence of and m, it leads to
f e LI (0, T; L3 (R?)). (2.15)
According to the divergence-free condition, we can rewrite equation as
Ou— Au= (I +R;R;j)f, (2.16)
where the singular operator R; is the classical Riesz operator, more precisely
Oz,
Ri= ﬁ

Now we recall the following Maximal L{L? regularity for the heat kernel (see [19])
Proposition 2.1. The operator A defined by

t
Af(x,t) ::/ e=IBAf (s, ) ds

0
is bounded from LP(0,T; L9(R™)) to LP(0,T; LY(R™)) for very (p,q) € (1,00) X
(1,00) and T € (0, c0].
Applying operator A to (2.16)), we have that the velocity Au can be solved by
the Duhamel’s Principle,

t
Au(z,t) = et Aug(x) —|—/ eUIAA(T +RiR;) f(x,5) ds. (2.17)
0
By Proposition one concludes from (2.17) that
||AUH 12443
9+45 L3+6

t
< ||€tAAu0H 12445 + ||/ €(t75)AA(I+RiRj)f(1‘ s dSH 12445
x 0

LI L3 LI [
< CHH(t,LL‘)H 1924:1466 ||AUO||L2+5 + OH(I + RZR])f({,E S H 192+445 Lo+ (218)

< C(T)|uoll +C\|f|| 12445

9+4(5 L3+5
x

< C < 0,

where we have used the boundedness of the Calderon-Zygmund operator between
the LP (1 < p < o) space and H3(R3) — L3T9(R3) for 0 < § < 3.
Now we deduce that from the bounds (2.3)), (2.10) and (2.18) that
u e L9 (0, T; W23 (R?)). (2.19)

Thus, we have
Vu € L'(0,T; L™ (R?)). (2.20)
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The above key estimate (2.20) as well as the local well-posedness result ensures
implies that the local smooth solution pair (u,8) can be extended beyond time T'.
This completes the proof. O

3. PROOF OF THEOREM [I.4]

Proof of Theorem[I]] The proof is largely the same as Theorem [I.I|with only some
modifications, thus we only say some words.

Testing 1 and 2 by u and 6, respectively, adding them up, we obtain
1d
2dt

which together with Gronwall inequality yields

(lu@)lZz + 10@)I72) + [ VulZ < 2lull2]6]l e, (3.1)

lu(®)lI72 + 10)]1Z2 + /Ot IVu(r)|[Z22 dr < C < oo (3.2)
The Sobolev interpolation together with gives
w e L3655 (0,T; LP(R®)), 2<p<6. (3.3)
Recalling the second equation of
00+ (u- V)0 = ug,
it is easy to see that
0 € L3 (0, T; LP(R%)), 2<p<6. (3.4)
Thus,
0 € L7555 (0,T; L¥°(R3)),

where § is the stated in previous section. Thus, we can obtain the desired result
immediately with only some modifications correspondingly. O
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