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NONTRIVIAL SOLUTIONS FOR KIRCHHOFF EQUATIONS
WITH PERIODIC POTENTIALS

XIAOYAN MA, XIAOMING HE

ABSTRACT. In this article we consider the Kirchhoff equations
~(a+o [ IVuP)dus V= f@w), ek,
R3

where a,b > 0 are constants, the nonlinearity f is superlinear at infinity with
subcritical or critical growth and V is positive, continuous and periodic in
x. Some existence results for ground state solutions are obtained by using
variational methods. Moreover, when V = 1 we obtain ground state solutions
for the above problem with a wide class of superlinear nonlinearities by using
a new approach.

1. INTRODUCTION AND MAIN RESULTS

In this article we study the Kirchhoff-type equation
- (a + b/ |Vu|2>Au +V(@)u= f(z,u), xeR® (1.1)
R3

where a,b > 0 are constants, and f € C(R3 x R, R) satisfies some conditions which
will be stated later.

Equations of the form (|1.1)) have been extensively studied because of their in-
teresting physical context. is often referred to be a nonlocal problem in view
of that the appearance of the term [pq |Du|? implies that is not a point wise
identity. This causes some mathematical difficulties which make the study of
particularly interesting.

When we set V = 0 and replace RY by a bounded domain Q@ C RV in (L1)), we
get the Kirchhoff-type Dirichlet problem

—(aer/ |vu\2)Au:f(x,u), z €,
Q

(1.2)
u=0, x€d,
which is related to the stationary analogue of the Kirchhoff equation
Ut — (a + b/ |Vu|2)Au = f(z,u), (1.3)
Q

2010 Mathematics Subject Classification. 47G20, 35J50, 35B65.

Key words and phrases. Kirchhoff-type problems; ground states; Nehari manifold;
critical Sobolev exponent.

(©2016 Texas State University.

Submitted March 28, 2016. Published April 20, 2016.

1



2 X. MA, X. HE EJDE-2016/102

which was proposed by Kirchhoff [20] as an extension of classical D’ Alembert’s wave
equation for free vibrations of elastic strings. Lions [2I] introduced an abstract
functional analysis framework to the above equation. After that, has been
receiving much attention, see [3, [, [5l [0, 8, [[0] and the references therein.

We remark that the stationary problem associated with , ie., has
been investigated by many researchers by using variational methods, see for ex-
ample, [1} 2, @] [17) 25, 26, 28, B9] and the references therein. Especially, Ma and
Rivera [25] showed the existence and non-existence of positive solutions for a class of
Kirchhoff type equation by variational methods. The existence of multiple positive
solutions for was also proved in [2], 0] [T7], 28]. Mao and Zhang [26] investigated
the existence of sign-changing solutions for by using minimax methods and
invariant sets of descent flow.

We also recall that in recent years, there have been new results on existence,
nonexistence and multiplicity of solutions for the following parameter-perturbed
Kirchhoff equation

—(e%a+eb Vul?)Au+V(z)u = f(z,u), =z eR3,
( [ IVul?) At V(e = £ 0) »

ue HY(R?), wu(z)>0 zcR?

where £ > 0 is a parameter. Jin and Wu [19], proved that has infinitely many
radial solutions by using a fountain theorem [37] when ¢ = 1,V (x) = 1, f(z,u) is
subcritical, superlinear at the origin and 4-superlinear at infinity. Wu [38] obtained
the existence of a sequence of high energy solutions with e = 1, by applying a
Symmetric Mountain Pass Theorem [30], the potential V (z) € C(R3,R) is assumed
to satisfy
e V € O(R3 R) satisfies inf ,crs V(2) > a3 > 0 and for each M > 0, meas{z €
R? : V(z) < M} < +oo, where a1 is a constant and meas denotes the
Lebesgue measure in R3.

For ¢ small, He and Zou [I5} [T6], proved the existence, multiplcity and concentration
of positive solutions of by using Ljusternik-Schnirelmann category theory,
Nehari manifold. For other existence and concentration results, we refer to He, Li
and Peng [I4], Figueiredo, Tkoma and Santos [12], Li and Ye [23], Wang, Tian, Xu
and Zhang [36], Sun and Ma [33] and the references therein. In [I5] [16, B36], the
potential V' is required to satisfy the following Rabinowitz-type condition [29]

e 0 < Vp <liminfy 1o V() := Vi, where Vj := inf eps V().
While, in [23] [12] 4], V is assumed to satisfy the following local condition which
was first given by del Pino and Felmer [11]

e There is an bounded open domain A C R? such that

inforV > iI/{f = V.

Motivated by the above works, we consider problem with periodic potential
V' and more general assumptions on f which may subcritical or critical growth at
infinity but not need to be C'. We first consider the subcritical case. We use the
following assumptions on V and f:
(A1) V is continuous, 1-periodic in x;, for i = 1,2,3. and Vy = inf crs V(z) > 0.
(A2) f € C(R® x R,R), f is l-periodic in x;, for i = 1,2,3 and |f(z,u)| <
C(1+ |ulP~1) for some C' > 0 and p € (4,6);
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(A3) f(x,u) = o(u) uniformly in x as u — 0;

(A4) F(x,u)/u* uniformly in x as u — oo;

(A5) u — f(z,u)/u® is positive for u # 0, strictly decreasing on (—oo,0) and
strictly increasing on (0, 00).

Our first main result reads as follows.

Theorem 1.1. Suppose (A1)—(A5) are satisfied. Then

(i) Problem (1.1)) has a ground state solution;
(ii) K is compact (up to translation ) in H'(R3), where K denotes the set of
all ground state solutions of (1.1)).

We next study the existence of ground state solutions of problem (|1.2)) with the
critical growth case. To be precise, we consider the problem

- (a + b/]Rs |Vu|2)Au + V(x)u = K(2)|u[*u + \g(z,u) in R (1.5)

where A > 0 is a real number. Let G(z,u) = fou g(z, s)ds, assume that V satisfies
(A1) and K and g satisfy the following assumptions:
(A6) K is continuous, 1-periodic in z;, for i = 1,2,3, K(x) > 0 for all x € R3
and K(z) — K(z9) = O(Jz — x0|*) as © — zo, where o > 0, K(zg) =
maxgs K (z);
(A7) g € C(R®*xR,R), g is 1-periodic in x and |g(z,u)| < C(1+ |u[P~1) for some
C >0andp e (2,6);
(A8) g(z,u) = o(u) uniformly in z as u — 0;
(A9) u — g(z,u)/u? is positive for u # 0, nonincreasing on (—o0,0) and node-
creaing on (0, 00).
The main result for is states as follows.

Theorem 1.2. Suppose assumptions (A1), (A6)—(A9) hold.
(i) If « > 1 and g satisfies:
(A10) There are cg > 0 and g > 4 such that G(x,u) > colul? for all (z,u),

then problem (L1.5)) has a ground state solution for any X\ > 0 whenever q € (4,6);
problem (1.5)) admits a ground state solution provided that X\ is sufficiently large
whenever q = 4.
(ii) If « € (0,1) and g satisfies:
(A11) there exists an open set Q C R with g € Q such that

Glz,s) _
y = oo

|s| o0 |s|2(3—«

then (1.5) has a ground state solution for any A > 0.
(iii) Under the assumption of (i) or (ii), K is compact (up to translation) in
H(R3), where K denotes the set of all ground state solutions of ([1.5]).

Remark 1.3. (i) Clearly, G(z,u) = |u|? for ¢ > 4 and G(z,u) = |u|6722% with
a € (0,1) and § € (0,2a) satisfy (A10) and (A11) respectively.

(ii) The condition (A11) was first given in [I3] to deal with the general critical
growth semilinear elliptic equations on bounded domains.

(iii) Note that if V(z) = 1, the conclusions of TheoremsI.1]and [I.2] remain valid.
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Our argument in this article is variational. Let E := H'(R3), under the periodic
assumption (Al), we define a new norm

| = (/Rg(a|Vu|2 + V(x)uzdx))l/z

in E which is equivalent to the usual norm of E. Denote the norm of D2 by

o= ( [ (7upa)

Moreover, under our assumption it is standard to see that the solutions of (1.1))
correspond to the critical points of the functional defined in E by

1 2
I(u) = 5 /Ra(a\Vu\Q + V(x)u?)dx + Z( o |Vu|2dx> - /]R3 F(z,u)dr, YueE.

Hence if v € E is a critical point of I, then the w is a solution of (1.1J).
To prove Theorems and we define the Nehari manifold of (|1.1)) as the set

N :={u e E\{0} : (I'(u),u) = 0}.

Obviously, N contains all nontrivial critical points of I. We do not know whether
N is of class C' under our assumptions and therefore we cannot use minimax
methods directly on N. To overcome this difficulty, we shall employ Szulkin and
Weth’s technique [34] [35] to show that A is still a topological manifold, naturally
homeomorphic to the unit sphere of E, and then we can consider a new minimax
characterization of the corresponding critical value for I.

Finally, we try to obtain the existence of ground state solutions to with
V =1 and more general nonlinearity than that of [19] by using a new approach.
More precisely, we consider the autonomous Kirchhoff-type problem

- (a—i—b/]R3 |Vu|2>Au+u = f(u) inR3 (1.6)

where f satisfies the following conditions:
(A2) f € C(R,R), and |f(u)| < C(1 + |u[P~1) for some C > 0 and p € (2,6);
(A3) f(u) =o(u) as u — 0;
(A4’) there exists p > 3 such that f(u)u > pF(u) > 0 for all u € R\{0}, where
Flu) = [ f(s)ds.
Theorem 1.4. Suppose (A2’)—(A4’) are satisfied, then has a ground state
solution in H'(R?).
Remark 1.5. We note that in [I5, [16] 19, [36], the nonlinearity f is assumed to
satisfy the Ambrosetti-Rabinowitz type 4-superlinear condition:

(AR) there exists some p > 4 such that
fz, t)t > pF(x,t), Y(z,t) € R® x R.

This condition plays a crucial role in obtaining the boundedness of the (PS) se-
quence of the functional I. Without condition (AR), it is difficult to get a bounded
(PS) sequence and more techniques are involved. To overcome the difficulty, we
use Jeanjean’s monotonicity trick [I8] to construct a special (PS) sequence. For
more applications about the monotonicity tricks and symmetry in variational prin-
ciples, we refer the readers to Squassinas papers [31] [32]. Using Pohozaev identity
and a global compactness lemma, we can obtain that the special (PS) sequence is
bounded and hence, we can obtain a nontrivial critical point.
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The article is organized as follows. In Section 2 we prove Theorem [I.1] by using
Szulkin and Weth’s generalized Nehari manifold method. In Section 3 we present
some estimates for the minimax level and give a threshold value (see Lemma
below) under which the (PS). condition is satisfied, and Theorem is proved.
Section 4 is devoted to deal with the proof of Theorem

Notation. Throughout this paper we shall denote by C, ¢;,C;,i = 1,2, ... various
positive constants whose exact value may change from lines to lines but are not
essential to the analysis of problem. We will write o(1) to denote quantity that
tends to 0 as n — oo. For notational simplicity, we omit the integral symbol dx
in the integral representations below. Denote by Rt = [0,00). Bg(z) is the ball
centered at the point z with radius R.

2. PROOF OF THEOREM [L.1]

The main ingredient for the proof of Theorem [I.1]is based on Szulkin and Weth’s
generalized Nehari manifold methods [34]. From now on, we assume that (A1)—(A5)
are satisfied. First, by (A2) and (A3), for any € > 0 there exists C. > 0 such that

()] < eful + ColulP™ ¥(z,u) € (B® x R). (2.1)
By (A3) and (A5), one can easily check that
F(z,u) >0 and f(z,u)u>4F(z,u)>0 ifu#0. (2.2)

Now we summarize some properties of I on A/ which are useful to study our problem.

Lemma 2.1. Assume that (A1)—(Ab) are satisfied, then the following conclusions
hold:

(i) For uw € E\{0}, there exists a unique t, = t(u) > 0 such that m(u) =
tyu € N and I(m(u)) = maxyso I (tu).
There exists oy > 0 such that ||ul|| > ag for allu € N.

(i)
(iii) I is bounded from below on N by a positive constant.
iv)
(v)

(iv) I is coercive on N, i.e., I(u) — oo, as |lul]] — co,u € N.
v) Suppose V C E\{0} is a compact subset, then there exists R > 0 such that
I <0 on RTV\Bg(0).

Proof. (i) For t > 0, we denote

hmzzmmzi/wa+V( W /|V| / Pz, tu)

= S + 2 ([ wa) = [ Fo

From (2.1) and the Sobolev embeddings E — L*(R3), E — LP(R3), for ¢ suffi-
ciently small we obtain

12 2 C.tpP
h(t) > S — 22 / fuf?de — 2
2 2 R3 P

where the constant C is independent of ¢. Since u # 0 and p > 4, It is easy to see
that h(t) > 0, whenever ¢ > 0 is small enough.

On the other hand, nothing that |[tu(x)| — oo as t — oo, if u(z) # 0. It follows
from (A4) and Fatou’s lemma that

F(z,t
o) < Gl + Sl = [ EE st
R3 u

2,
_ZMH—@MMV
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Therefore, max;~q h(t) is achieved at some t,, = ¢t(u) > 0 such that h'(¢,) = 0 and
tyu € N.

To show the uniqueness of t,,, suppose by contradiction that there exists ¢/, > 0
with ¢/, # t,, such that h'(¢,,) = 0. Then

o e -

[Jull® 2 [ flx,tyu)
OO +—b(]£3\VU42dx) - RsAYEJQY?7u4

This together with

implies
(e~ g = [, (T - D)

which contradicts (A5).
(ii) Let w € N, by (2.1)), for € small enough, we have

2
0= fulP o [ vup) = [ swaez jl? -c [ oo [
R3 R3 R3 R3

1
> S lull® = Cuflull?

which implies [Ju]] > ap > 0 for all u € N.
(iii) For u € N, it follows from (i) and (2.2) that

1 1y 1
=3l + [ (G Pla)
1
zijzca>&
(iv) For u € N, it follows from (iii)
1) 2 7lul?
u) 7 ul|*,

which implies that I is coercive on N.

(v) Without loss of generality, we may assume that ||u|| = 1 for every u € V.
Arguing indirectly suppose that there exist w, € V and v, = t,u, such that
I(v,) > 0 for all n and t,, — co as n — oo. Passing to a subsequence, there exists
u € E with |lu| = 1, such that w, — u. Note that |v,(z)| — oo if u(z) # 0. By
(A4) and Fatou’s lemma we have

F(x, v,
@uﬁ e
R3 Up
which implies
2
0< [(Uﬂ) — 1 b(f]R?’ |V1}n|2dl‘) _/ F(x,vn)u4 — —00
T loallt 2ljonll? Aflon I B Up ’

a contradiction. O
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Now we define the unit sphere S := {u € E : ||u|| = 1} of E and the mapping
S — N,ur— m(u). As in [34, Lemma 2.8], we have from Lemma [2.1] the following
key observation: the mapping m is continuous and moreover m is homeomorphism
between S and N, where the inverse of m is given by

m ™ (u) (2.3)

-
lull
Now we consider the functional ¥ : S — R defined by ¥(w) := I(m(w). As in [34]

Prop. 2.9 and Cor. 2.10], the following lemma follows as a consequence of Lemma
21 and the above observation.

Lemma 2.2. (i) ¥(w) € C*'(S,R), and
V' (w)z = ||m(w)|[{(I'(m(w)), z), forany z € T,S ={veE: (v,w)=0}
(ii) {wn} is a Palais-Smale sequence for U if and only if {m(w,)} is a Palais-
Smale sequence for 1.
(iil) w € S is a critical point of U if and only if m(w) € N is a critical point
of I. Moreover, the corresponding critical values of ¥ and I coincide and
infg U =infa 1.
(iv) If I is even, then so is U.
Now we set the infimum of I on N by
c=infI =inf V.
N S
We recall the following result due to P.L. Lions [37, Lemma 1.21]).
Lemma 2.3. Letr >0, If {u,} is bounded in H'(R?) and

lim sup / lun|? =0,
n=yeR3 J B, (y)
then u, — 0 in L*(R3) for any s € (2,6).
Now we are ready to study the minimizing sequence for I on N.

Lemma 2.4. Let {u,} C N be a minimizing sequence for I. Then {uy} is bounded.
Moreover, after a suitable Z>-translation, passing to a subsequence there exists u €
N such that u, — u and I(u) = infy I.

Proof. Let {u,} C N be a minimizing sequence such that I(u,) — ¢. Then {u,}
is bounded by Lemma [2.1] (iv). Therefore u,, — u for some u € E, after passing to
a subsequence. Assume that

lim sup/ |un|? =0, (2.4)
Br(y)

"0 yeR3

then from Lemma we conclude that u, — 0 in L*(R?) for any s € (2,6) and so
it is standard to show that [ps (2, un)un = 0(1) as n — oo by (2.1). Therefore,

0= (1'(un). ) = a4 b [ 190 = [ FCoun ) > fual = of0),

which implies ||u,|| — 0, contrary to Lemma[2.1] (ii). Hence (2.4) cannot hold, and
so, there exist r,d > 0 and a sequence {y,} C R? such that

lim [un* > 6 > 0.
nmoee By (yn)
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Here we may assume y,, € Z> by taking a larger r if necessary. In view of I and A/
are invariant under translations, we may assume that {y, } is bounded in Z3. Thus,
passing to a subsequence we have u,, — u # 0.

Now we prove that u is a critical point of I. Indeed, since {uy} is bounded, then
up to a subsequence, u, — u in LI (R?®),p € [1,6),u,, — u a.e. in R®, and we may
suppose

/ |Vun\2 — A% >0.
R3
For any ¢ € C§°(R?), we have I’(u,)¢ = o(1). That is
I'(up)p = / (aVunV(bJrVungb)er/ \Vun|2/ VunV(b—/ fz,un)d = o(1).
R3 R3 R3 R3
(2.5)
Passing to a limit as n — oo, we have

0= /]R3 (aVuV¢ + Vuep) + bA*? /]RB VuVep — /RS fz,u)o, (2.6)

for any ¢ € C§°(R3). By Lemma (iii) we know that ¢ > 0, and so A > 0. Next
we show that

|Vu|?> = A2
R3

AQ:liminf/ \Vun|22/ |Vul?.
n—oo RS ]R3

Suppose by contradiction, that

Notice that

|Vu|? < A2
R3

Therefore,

As(a|vu|2+Vu2)+b(Ag |Vu\2)2—/RS fx,u)u
</ (“|v“|2+vu2)+b142/ |Vu|2—/ flz,w)u=0.
e RS RS

That is, I’(u)u < 0. From conditions (A2)—(A4), we have I'(6gu)fpu > 0 for some
0 < 6y << 1. Thus, there is 0 € (6p, 1) such that I'(6u)fu = 0. Consequently, by
Fatou’s lemma, we conclude that

¢ < I(6u) = I(6u) — i['(@u)@u

2
1
= i (a|Vul® 4+ Vu?) —/ (ff(x,u)u—F(x,u))
4 R3 R3 4
< lim inf {02/ (a|Vu,|* + Vu2) — / (lf(x Ouy,)0u, — F(x Qun))}
~ n—oo 4 R3 " R3 4 ’ ’
e 2 2 !
< lgrigf{z /R3(a\Vun| +Vu) — /R3 (Zf(a:,un)un — F(x,un))}

= liminf {I(u) — i[’(u)u} =c,

which leads to a contradiction. Here we have used the following facts:
(i) 1f(x,t)t > F(x,t) >0 for all t € R.
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(i) 1f(z,t)t — F(z,t) is nondecreasing for ¢ > 0; and nonincreasing for ¢ < 0.
In fact, property (i) can be easily checked by using (A3), (A5). We only check
property (ii) for the case t < 0. Indeed, letting s < ¢ < 0 and using (A5) we obtain

if(:c, s)s —4F(x,s) = if(x’ s)s — Flz,t) + /st f(f;,T) Bdr

> - p + [ 105

! fla,s)1

= ;f(@,8)s = F(z,8) + (:3 d Z[t4 — 5%
4

o
4

>tzf(j;’t)—F($7t)

= if(x,t)t — F(z,t).

The above contradiction shows that

/ |Vt |2 — A2 :/ V2. (2.7)
R3 R3

Hence, from ({2.5)-(2.6)) we have that I'(u) = 0. So, u € M. Clearly, I(u) > c. To
complete the proof, it remains to prove that I(u) < c¢. In fact, from (2.2)), Fatou’s
lemma, the weakly lower semi-continuity of | - || and the boundedness of {u,}, we
obtain

et o(1) = Tuwn) — {1/ (un), )

= Ll + / (G ) — P )

>+ [ (3w = Few) +o)

= Iw) — (' (), + o(1)
= I(u) + o(1)
which implies I(u) < ¢. The proof is completed. O
Now we are ready to prove the existence and compactness of Theorem

Proof of Theorem[I.1. (i) Let ¢ = infyr I as mentioned above. From Lemma
(iii) we see that ¢ > 0. Moreover, if ug € N satisfies I(ug) = ¢, then m~!(ug) € S
is a minimizer of ¥ and therefore a critical point of ¥. Thus by Lemma (iii)
ug is a critical point of I. It remains to prove that there exists a minimizer u of
I|x. By Ekeland’s variational principle [37], there exists a sequence {w,} C S with
U(w,) — ¢ and ¥'(w,) — 0 as n — oco. Put u, = m(wy,). Then from Lemma
2.2(ii), we have that I(u,) — ¢ and I'(u,) — 0 as n — co. Consequently, {u,} is
a minimizing sequence for I on N. Therefore, by Lemma exists a minimizer u
of I|ys, as required.

(ii) Let {u,} C K be a bounded sequence. Then w, € N,I(u,) = ¢ and
I'(u,) = 0. Up to a subsequence, we may assume u,, — « in E. From Lemma
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we have that {u,} is non-vanishing, i.e.,

lim [un|? > 6 > 0.
" J B (yn)

By the invariance of I on A under the translations of the form u — u(- — k) with
k € 73, we may assume that {y,} is bounded in Z3. Therefore u, — u # 0 and
I'(u) = 0. Again by Lemma [2.4] one obtains that I(u) = c¢. So we obtain

e = T(w) — 3 ('(u),u)

= 7l + [ (G Fa)

1 1 (2.8)
< lim <f||un|\2—|—/ (*f(x,un)un —F(m,un)>>
n—oo \4 rs \4
1
= lim (I(un) - 7(1'(un),un>> —c
n—00 4
which implies that||u,| — ||u|. Hence u, — v in E. O

3. PROOF OF THEOREM

In this section we always assume that (A1), (A6)—(A9) are satisfied. Note that
(A8) and (A9) imply g(z,u) = O(u?) as u — 0 and

g(x,u)u > 4G (z,u) > 0. (3.1)
Moreover, by (A7) and (A8), for any € > 0 there exists C. > 0 such that
lg(z,u)| < elul + CcluP™,  V(u,z) € R x R, (3.2)

We denote the energy functional associated with m 1.3]) by

J(u):%/(a|Vu|2+V /|Vu| dx —)\/ G(z,u) — /|u\6

for all u € F.
Next we enunciate without proof the following lemma the proof follows from a
smular argument to that used in the proof of Lemma[2.2] The Nehari manifold for

is still denoted by N.

Lemma 3.1. (i) Foru € E\{0}, there exists a unique t,, = t(u) > 0 such that
m(u) :=t,u € N and I(m(u)) = maxI(Rtu).
(i) There exists ag > 0 such that ||ul| > ag for allu € N.
(iii) J is bounded from below on N by a positive constant.
(iv) J is coercive on N.
(v) Suppose V € E\{0} is a compact subset, then there exists R > 0 such that
J <0 on RTV\Bg(0).

From Lemma and arguing as [34, Lemma 2.8], we see that the mapping m is
continuous. m is homeomorphism between S and A, and the inverse of m is given
by m~t(u) = Tu- Now we consider the functional ¥ : S — R defined by

U(w) := J(m(w)).

Similar to Lemma we have the following parallel lemma.
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Lemma 3.2. (i) ¥ € CY(S,R), and
U'(w)z = ||m(w)||[{(J (m(w)),2) for any z € T,S = {v € E: (v,w) = 0}

(ii) {wn} is a Palais-Smale sequence for U if and only if {m(w,)} is a Palais-
smale sequence for J.

(iii) w € S is a critical point of U if and only if m(w) € N is a critical point
of J. Moreover, the corresponding critical values of U and J coincide and
infg U =infy J.

Recall that ¢ = infyrJ. By Lemma (iii), ¢ > 0. Applying Ekeland’s vari-
ational principle, there exists a Palais-Smale sequence {w,} C S for ¥ such that
U(wy,) — c. Set u = m(wy). Then from Lemma (i), {un} C N is a Palais-
Smale sequence for J and J(u,) — ¢. By Lemma (iv), {un} is bounded. Then
{un} is either

(i) Vanishing: for each r > 0,

lim sup/ [u,|? = 0;
or (ii) Non-vanishing: there exists r,§ > 0 and a sequence {y, } C R? such that

lim |, |? > 6.
n—oo By (yn)

In case (ii) we may assume y,, € Z3 by taking a larger r if necessary. Suppose case
(ii) holds and let uy, () := un(x + yn). Since J is invariant and V.J is equivariant
with respect to the Z3-action, u, — wu up to a subsequence, J'(u) = 0, J(u) > c
and since lim,,_, o fBr(y) |un|? > 0, u # 0. Hence u is a nontrivial critical point of
J. Moreover, u € N and J(u) > ¢. Consequently, J(u) = ¢ and thus u is a ground
state solutions of problem . It remains to prove that vanishing cannot occur.
This will be done in the following two lemmas.

We assume without loss of generality that, K (z9) = K(0) = max,crs K(z) =:
IK ||so- We note that the critical equation

—Au=vu" inR3 (3.3)

has the well known minimal decaying positive solution
c 1/2
= = K(i) , K — 31/4
T R @ P

for any € > 0. It is well known that [7], u. satisfies

/ |V |? =/ uc |0 = §%/2, (3.4)
R3 R3

where S is the best Sobolev embedding constant given by

f]R3 |Vu|2

S = inf .
ueplér(lm)\{o} (fgs |ul6)1/3

(3.5)

Define
we(z) = n()uc(x), =€ R3¢ >0,
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where n € C§°(R3,[0,1]) is a piecewise smooth function with support in Bar(0)
such that n(z) = 1 in Br(0),0 < n(z) < 1 in Bar(0) and |Vn| < C/R. As in
[7, 27], we have the following estimates as ¢ — 0.

IVwel3 = 82 +0(e),  [well§ = $** + O(e?), (3.6)
O(e%/?), if s € [2,3),

|wel|s = < O(e%/?|Inel), ifs=3, (3.7)
0(7"), if s € (3,6).

Since K (z) — K(0) = O(|z|*) as * — 0, as in [13, Lemma 2|, by (3.6), as ¢ — 0

we have

6 _ w.|6 z) — w16
| K@l =18l [ o+ [ (@) - K@)l

(3.8)
= | K[l S*? + O(0(e)),
where
= if o < 3
O(c) =< 3 ne|, ifa=3 (3.9)
3, if a > 3.
Let
1 —1/6
v(e) = we| | K@hw?] . (3.10)
RS
Lemma 3.3.
C oo WSIE] SO . (0?5 + 4aS | K||oo)*? | K |52
e T Ty 24 24 '
Proof. Since Ou. /07 < 0, integration by parts of (3.3) yields
/ V. |2 = / Va2 < / e |°. (3.11)
Br(zo) Br(0) Br(0)
By a direct computation, we can easily verify that
KO [l <[ K@l 0,
Br(0) Br(0)
[ ur-oe), (312)
R3\ B (0)
A = / V. |? = O(e) (3.13)
R3\Br(0)

as € — 0. Therefore, (3.8)—(3.13) yield the estimate

/|Vw5|2:/ \Vw5|2+A5§/ luel® + A,
R3 Br(0) Br(0)

511/3
=s[[ ] A (3.14)
Br(0)

<sikie] |

1/3
N K(x)|wg|6] +O0() + O(e).
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Put W, = [gs [Vve|?, since for small R > 0 the integral [, i i K(x )|wE|6 is bounded

and (3.14)) imply the

W, = / Vo2 < S| K22 + 0(P). (3.15)
]R3

below by a positive constant, independent of . Hence, (3.4
inequality

where 8 = min{a, 1}.
By Lemma [3.1] (i) and (iii), there exists ¢ > 0 such that

ts e) = t e Z .
J(teve) r{lzagcJ(v) C
From the continuity of .JJ, we see that there exists ty > 0 independent of ¢ satisfying
te > to > 0. Put

t2 bt 2 5

C(t) = 7/ (a|Vo|* + V(x)v?) + —(/ |Vv5|2dm) - —.

2 R3 4 R3 6
Then it is easy to see that ((t) achieves its maximum at the global maximum point
t. > 0, satisfying

/ (@|Vol? + V(z) / Vee?)” ~ () = 0.
R3

Then ¢, takes the form

L WE A\ JRWE AW+ [ V(@)?)

As in [14], denote ¢; = bW2,

co=aW.+ [ V(z)?
R3

Using (A9), t. > to, we obtain

J(teve) = C(te) — A G(ac teve)

< ((te )\cotq/ |ve|?

< (552) /]R3 (a|Vo:* + V(z)?) + b(zj:)‘* (/RS |Vvs|2)2
6

(i) /
R VOR T
5 . |ve |

bT
3 | avep v + 55 ([ vep)
2 Jus

T3
- FO — )\Cl/ |U5‘q
R3

= %(CLWE +

(3.17)

Vix) )+ bTOW2 ACl/ o]

R3

1
24(01—1—02) 3/2 +ﬂ0102+ )\Cl/ lve|?.

Using (3 and inequality
(a+b)P <aP+pla+bP'b, p>1,ab>0 (3.18)
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we conclude that

J(teve) < i(zﬂwg +4aW.)*% 4+ ¢y /

1
V(x)v? + —abW3 + Cz/ V(z)v?
- 4

R3

i 3173 q
+24b W )\C’l/]R3 |ve|
1 . _ - 3 2
< ﬂ[bz[s\\KHoo”S +O()* + 4a[ S| K| /? + O()]] /
1 _ 1 _
+ Zab[SllKllool/3 +O0E")P + ﬂb?’[Slllf'(llool/3 +0(")?

+ Cs V(,T)U? — )\01/

|ve|?
R3 R3

1 3/2 1 1
< o7 [PPSR + 4aS| K] 4 JabSP K + bSO K22

+cg/ V(x)vf—kO(eﬁ)—)\Cl/ o],
R3 R3

(3.19)
where C;, i = 1,2, 3, are positive constants, independent of e.
If @« > 1 then 8 =1, Hence to complete the proof, it remains to show that

1
lim L / [CV (@)0? — ACh[ue7] = —oo, (3.20)
e—0t € Jp (0)
1
lim f/ [C3V (z)v2 — ACy|v:|?] < Cy. (3.21)
=07 € JRS\BR(0)
In fact, from (3.7)), (3.8) it is easy to see that
1 / C €
- C3V (z)v? < —/ ———— < Cp, (3.22)
€ JBr(0) © 7 € Jppoy €2+ |2
AC AC AC 3 -
At oe|? > 22 we|? = 22 S > AT (3.23)
¢ JBr(0) € JBr() € JBr) (€% + [2f*)2
Again by (3.6), we have
1 1
7/ [C’gV(x)’uf — ACh|ve|?] < 7/ C3V (z)v?
€ JR3\Bg(0) € JB2r(0)\Br(0)

) (3.24)

<./ Cou? < Cr,
€ JBsr(z0)\Br(0)

where C;, 1 = 4,5,6,7, are positive constants, independent of . If 4 < ¢ < 6,
follows immediately from (3.22)), for any A > 0. If ¢ = 4, one can
chose A\=¢7% §>01in inequality to obtain .

If 0 < a < 1, then 8 = a. Choosing ¢ so small that B.(0) C Bg(0) C §, then

by (3.1) we have
~1/6
G(z,teve) 2/ G(x,tgwg[/ K(m)|w8|6} )
RS B.(0) RS

Since t. > tg, by (3.7) and the definition of w, it is easy to check that, for all
x € B.(0),

_1 1, 172 -1/6
6 6 34t€€ 3/2 @
tae| | K@hel’] = e (1K1 +0(e))

R3
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> Ct0€71/2 — 400

as € — 07, which jointly with (g}), implies that for any M > 0 there exists 9 > 0
such that for all € € (0, &)

/ G(z,tv.) > C1M ¥ 3 = CyMe®, (3.25)
R3 B.(0)

It follows from (3.17)), (3.19) and (3.25)) that
1 _ _ 3/2 1 _ 1 _
J(tve) < 57 [PPSHIKZ +4aSIK L] + SabSP KL + 550° SO K2
+ O(e) 4+ Cye — CoMe®.

(3.26)
Hence taking M large enough and for e small enough, we deduce that

J(tevs) < [b254\|f<\|*4/3 + 4a5||K||*1/3} Y L k) + Loy

T2 * > 4 24 %
as required. 0
Lemma 3.4. If c € (0,c*), then {u,} cannot vanish.

Proof. Suppose by contradiction that {u, } is vanishing, then it follows Lemma
that u, — 0 in L*(R3) whenever 2 < s < 6, Thus by (3.2)), we deduce that

/ g(x,up)u, — 0 and G(z,u,) — 0,
R3 R3
and hence,
1 2 1
J(wn) = Sllun|? + Z(/R |Vun|2dq:) -5/, K@) =c+o(l),  (3.27)
2
T ()t = Hun||2+b(/ VunPdr) — [ Ky = of1) (3.28)
R3 R3

where o(1) — 0 as n — oo. By (3.28)) we may assume that

2
okl =t ([ i) b [ K
R3 R3

for some Iy > 0,13 > 0,13 > 0. Then by (3.27) and (3.28)), we have

1l +1l 1l
- Zlo— 2l =c
2t A et T (3.29)

i+l —13=0,
which implies

1 1
==l + —=Ils. .
c 31+122 (3.30)

It is easy to see that I3 > 0, otherwise ||u,| — 0 as n — oo which contradicts to

¢ > 0. By (3.5) we have

1/3 1/3
[vul = s( [ )" 2 sk ([ K@)
R3 R3 R3

Then, we have

- 1/3
funl 2 0 [ 1Vual? = a2 ([ K@)
R3 R3
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([ 1vun) 2 o812 ([ K@)

Passing the limit in the previous two inequalities, as n — oo, we obtain
h > aS| K| + 1)V,
ly > bS?| K || 223 (1, + 12)?/3.

Hence
—2/3
(1 4 1)1/? 5 M08 +/PST+ 1aSK )
2
Then
c= lim J(uy,)
n—oo
1 1
==l + =l
31T 12"
1 1 2
> gaSIIKIIEJ/B(ll +1)'? + —b52||K\|;3/3(11 +12)3
2 2G4
1 1 oS|I L 05? + /b2S* + 4aS| K ||
3 *° 2
T ibSQHKH—Q (bSQ + \/b2S4 + 4aSHK||Oo)2
12 &0 4
_ SR PSR (75 + 4aSIK )RR
4 24 24 '
which contradicts that ¢ < ¢*, so the lemma is proved. ([l

Proof of Theorem (1.4 (completed). As mentioned above, the conclusion (i) and (ii)
follow from Lemm and [3.4, Now we prove (iii). Let {u,} C K be a bounded
sequence. Then u, € N, J(u,) = ¢ and J'(u,) = 0 Passing to a subsequence, we
may assume u, — u in E. As in the proof of Lemma[3.4] one can easily prove that
{u,} is non-vanishing, i.e.,

lim [un|? > 6 > 0.
n—oo BT(yn)

From the invariance of J and A under the translations of the form u — u(- — k)
with k € Z3, we may assume that {y,} is bounded in Z3. Therefore, u, — u # 0
and J'(u,) = 0. Arguing as in the proof of Lemma one obtains that J(u) =
On the other hand, by Fatou’s lemma we conclude that

e = T(u) ~ 1 (u),u)

1||u||2 / K(z)|u|® + /\/ glx,u)u — G(x,u))
nh_)m f\|un||2 / K(x |un|6+)\/ gz, up )y, G(x,un))}
= lim (I(un) 4<1 (), un>) =c

IN

n—oo

which implies ||u,| — ||u||. Therefore, u, — u in E. |
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4. PROOF OF THEOREM [I.4]

In this section, we consider problem (1.6)) and give the proof of Theorem |1.4
We shall use the following abstract result which is due to Jeanjean [I§].

Lemma 4.1. Let X be a Banach space equipped with a norm ||-||x and let A € R
be an interval. Let {®\}ren be a family of Ct-functionals on X of the form
Dy(u) = A(u) — AB(u), VA€EA,

where B(u) > 0 for all w € X and such that either A(u) — +oo or B(u) — 00, as
lullx — oco. We assume that there are two points v1,vs in X such that

ey = inf max @y (vy(t)) > max{Py(v1), Pa(v2)}, VAEA
~veT te[0,1]

where
I'={y € C([0,1], X) : 7(0) = v1,7(1) = va}.

Then, for almost every A € A, there is a bounded (PS)., sequence for ®y; that is,
there exists a sequence {u,(A\)} C X such that

(i) {un(N)} is bounded in X;

(i) @x(un(A)) = ca;

(iti) @4 (un(N)) — 0 in X*, where X* is the dual of X. Moreover, the map

A= ¢y is nonincreasing and left continuous.

Denote A = [§, 1], where 6 € (0,1) is a positive constant. To apply lemma
we introduce a family of functions defined by

In(u) = %/Rs(a\wﬁ +a?) + Z(/R |Vu|2dx)2 _ A/R3 Flu)

for A € [9,1]. First we have the following lemma.

Lemma 4.2. If (A2")—(A4’) are satisfied, then
(i) there exists a v € E\{0} independent of A such that In(v) < 0 for all
e [6,1];
(ii) ex = infyer max;epo1] In(v(t)) > max{Ix(0), Ix(v)} for all X € [6,1], where
I'={y e C([0,1], E) : 7(0) = 0,(1) = v};
(iii) there exists M > 0 independent of A such that cx < M for all X € [6,1].

Proof. (i) For a fixed uw € E\{0} and any A € [4, 1], we have

1

In(u) < Is(u) = 3 /RS(aNuP +u?) + Z(/R \Vu|2dx)2 ) g F(u).

Set w(x) = t?u(%), t > 0. It is easy to check that

6 10 bt1? 2 F(t?u)
L) == [ aVul+>= [ «? —( v 2d) —5t12/ 3,

(4.1)
By (A2’) and (A4’) if u # 0, then F(t?u)/[t?u|?> — +o00 as t — +oco. From Fatou’s
lemma we have I5(u;) — —oo as t — +oo. So, taking v = wuy, for ¢ large we have
Iy(v) < Is(v) < 0 for all A € [4,1].
(ii) By (A2’) and (A3’), for any € > 0 there exists C. > 0 such that

|f(w)] < elul + CelulP™, YueR. (4.2)
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Then, for ¢ small enough and by the Sobolev embedding, we obtain

1 € C
I (u) i/Rg(a|Vu|2+u2)f§/RBu27f Raup

1—¢
[ul|* = CC|lu]lP.

Y]

v

Since p > 2, we deduce that I has a strict local minimum at 0 and hence c) > 0.
(iii) By cx < max¢so Ix(u) < maxgso Is(ug) for A € [4,1], the conclusion follows

from (4.1)). O

Note that conditions (A2’)—(A4’), Lemma and the definition of I(u) imply
that I (u) satisfies the assumptions of Lemma with X = F and ®, = I. Hence
for almost every A € [d, 1], there exists a bounded sequence u,(\) C E such that

I(un(N) = cex, I'(up(N)) — 0 in E.
In the sequel, we denote {u,} in place of {u,(\)} for simplicity.
Lemma 4.3. Assume [ satisfies (A2")—(A4’). Let u be a critical point of I in E,
then we have the Pohozaev type identity
a 2, 3 2, b 2)?
SovulPs [ o ( ] vaP) =sx [ P =o. (4.3)
2 Jps 2 Jrs 2 R3 R3
Moreover, there exists k > 0 independent of A such that I(u) > & for any nontrivial
critical point u € E of Iy.

Proof. The proof of the Pohozaev type identity can be found in [6]. Now we show
the second conclusion of the lemma. Let v be a nontrivial critical point of I. Then

e +b(/ﬂ{3 |Vu|2)2 - A/Rsf(u)u, (4.4)

which jointly with (£.2)), implies that [[u]|? < ellul|3 + Cc|[u]8, then for & small
enough by the Sobolev embedding, one gets that ||u|| > ¢ for some positive constant
0 independent of .

Since wu satisfies the Pohozaev type identity and p > 3 it follows from
and (A4’) that

5u—6 w—2 (n—3)b 2
I(u) = 12/ /]RS alVul? + e /RS u? + Ton ( . |Vu|2)

A

+5 [ (G- rw) (45)

-2 -3
>E Sz A22 52— k0
4 24 —3
The proof is complete. O

We need the following global compactness lemma to study the behavior of
bounded (PS) sequence of Iy, we refer to [22] and [24] for its proof.

Lemma 4.4. Suppose that (A2°)-(A4°) hold and let {u,} C E be a bounded (PS)
sequence of I at a certain level cx > 0. Then, there exists a up € E and AeR
such that I} (ug) = 0, where

a+ bA?

~ 1
In(u) = |Vul|? + 7/ u? =\ [ F(u), (4.6)
2 R3 2 R3 R3
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and either
(i) up — ug in E; or
(ii) there exists a positive integer | € N, and sequence {y*} C R®, k=1,2...1,
with |y¥| — oo, |yl — yl| — oo, i # j as n — 0o, nonzero critical points

w1, ..., w; of the problem
— (a4 bAH)Au+u = \f(u) (4.7
such that
bA2 - L
et = Ix(uo) + ZI)\(wk)y

k=1

Hun_uo_zwk('_yﬁ)n_)() as n — oo,
k=1

where
l

A% = | Vuoll3 + D Vi l3-
k=1
Proposition 4.5. Let {u,} C E be a bounded (PS) sequence of Iy at a certain
level ¢y > 0, then exists uy # 0 such that I} (uy) = 0.

The proof is similar to [22, Lemma 3.5] and [24, Lemma 3.4], we omit it here.

We remark that in this section the nonlinearity f does not satisfy the mono-
tonicity condition (A5), so we can not prove the weak limit of the (PS) sequence
of I is a critical point as we have done in the previous section. Nevertheless, from
Lemma and Proposition we can obtain that for almost every A € [, 1], Iy
has a nontrivial point u). Generally speaking, it is not known whether it is true for
A = 1. Motivated by [I8], we can select a sequence {A,} € [4,1] and u,, € E\{0}
such that A, — 1 and I} (u,)= 0. In order to obtain a nontrivial critical point of
I =1, we need to discuss the critical value I, (uy) carefully.

From Lemmas [{.IH4.4] Proposition [£.5] we have the following result.

Lemma 4.6. Suppose that (A2°)—(A4’) hold, then there exists a sequence {\,} C
[0,1] and u,, € E\{0} such that

A= 1, I (un) =0 and k< Iy, (un) =cy,
Moreover, the sequence {un} is bounded in E.

Proof. We only prove the boundedness of {u,} in E, since I} (u,) = 0, similar to
(4.5), one concludes that

ex, = Iy, (un)

5u—6 -2 —3)b 2
_ 2K / a|Vun|2 + r—z / ui + (1 ) (/ |Vun|2>
1200 Jps dp Jrs 61 R3

An 1 (4.8)
+50 (o wndun = Fwn))
> L2 2

Recalling that ¢y < M for all A € [6,1]. By Lemma[£.2] (iii), from (4£.8) we see that
|l || is bounded. The proof is complete. O
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Proof of Theorem of[1.7]. By Lemma [£.6] we obtain a bounded sequence of non-
trivial critical point {uy,} of I, such that A\, — 1 and kK < Iy, (ux,) = cx,-
Suppose

lim sup/ lux, |? = 0. (4.9)
B (y)

n— oo yER3
Then by Lemma uy, — 0 in L*(R3) for all s € (2,6), Therefore
flan i, =0 and [ Fu,) o
R3 R3
Consequently

1
D un,) = I, (ua,) = 5 {74, (tn), )
b

e o o s <

for n large enough. This contradicts to the fact Iy, (ux,) > x. Hence (4.9)) does not
hold. Then up to a subsequence, we may assume uy, — g for some ug € E\{0}.
By Lemma [4.1] (iii), we see that

lim Ij(uy,) = lim (IAn(uAn) + (A — 1)/3
n— oo n— oo RE

(4.10)

F(uAn)) = lim ¢\, =¢

n—oo

and, for any ¢ € HY(R3) it follows in a standard way that

tim (7 (un,). ¢) = Tim ({5, (un,): ) = O = 1) | Flun,)) =0

n—oo n—oo

which implies uy,, is a bounded (PS)., sequence for I = I;. Then by Proposition
there exists a nontrivial critical point for I and I(ug) = ¢;.
To prove the existence of ground state solutions, we set

m = inf{I(u) : uw € E\{0}, I'(u) = 0}.

It follows from Lemma that k < m < I(ug), where ug is the nontrivial critical
point obtain above.

Suppose that {u,} € E\{0} such that I(u,) — m and I’(u,) = 0. Similar to
(4.5)), we obtain that {u,} is bounded. Furthermore, as we analyze in ,
the sequence {u,} can not be vanishing. Then up to translation, a subsequence
of {u,} still denoted by {u,}, converges weakly to u € E\{0}. By Lemma
and Proposition We see that u is a nontrivial critical point of I, and I(u) > m.
In order to complete the proof, it suffices to show that I(u) < m. Indeed, since
I'(uy) =0,I'(u) = 0, as in ([£F), by Fatou’s lemma, we have

m+o(1) = I(uy)

5p—6 2 H—Q/ 2, (m—=3)b / 2)?
1241 /Rga| unl" = Lt T (Rg‘ “”')
1 1
4—§/R3 (;f(un)un—F(un))
S —6 2 M_2/ 2, (n—3)b 2)?
> \Y% — — \Y%
- 12 /Rsa| uf+ L Rsu * 64 (R3| u|)

+5 [ Grwu=P)
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=1I(u)+0(1)
which implies I(u) < m, as required. O
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