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EXISTENCE OF SOLUTIONS FOR KIRCHHOFF EQUATIONS
INVOLVING p-LINEAR AND p-SUPERLINEAR THERMS AND
WITH CRITICAL GROWTH

MATEUS BALBINO GUIMARAES, RODRIGO DA SILVA RODRIGUES

ABSTRACT. In this article we establish the existence of a nontrivial weak solu-
tion to a class of nonlinear boundary-value problems of Kirchhoff type involving
p-linear and p-superlinear terms and with critical Caffaearelli-Kohn-Nirenberg
exponent.

1. INTRODUCTION

In this article we study the existence of nontrivial solutions for the nonlocal
boundary-value problem of Kirchhoff type
Lu) = Nz| =0 f(z,u) + |2) 7% [ulP" 2u in Q,

1.1
u=0 on 01, (L.1)

where

L(u) == f{M(/Q|x|7“p|Vu|pdx )} div (Jz| | Vu|P~2Vu),

and Q C RY is a bounded smooth domain with N > 3, 1 < p < N,a< %,

p* = N]X I;p is the critical Caffarelli-Kohn-Nirenberg exponent, where d =14 a — b
witha < b <a+1, M : RT*U{0} — R is a continuous function, and f: QxR — R
is a Caratheodory function.

Because of the integral over Q in L(u), is no longer a pointwise equation,
so it is called nonlocal problem. The mathematical difficulties that comes with this
phenomenon is what makes the study of such problems particularly interesting.
Also the physical motivation makes this problem interesting. Indeed, is related
to the stationary version of the Kirchhoff equation

Utt — M(/ \Vu|2dm)Au =g(z,u) inQx(0,T)
Q
u=0 onddx(0,T)

u(z,0) =up(x), wu(x,0) =u(x),

(1.2)

where M (s) = a + bs, a,b > 0. It was proposed by Kirchhoff [18] as an extension
of the classical D’Alembert’s wave equation for free vibrations of elastic strings to
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describe the transversal oscillations of a stretched string, particularly, taking into
account the subsequent change in string length caused by oscillations.

Some early classical studies of Kirchhoff equations were done by Bernstein [5]
and Pohozaev [27]. However, received great attention only after Lions [19)]
proposed an abstract framework for the problem. After that, the study on nonlocal
problems of the type (1.2) grew exponentially. Some interesting results can be
found, for example, in [T}, [4, (8 [9, [T0} 15} (16, 20}, 22| 23], 24, 25] 26], and the references
therein.

Problems involving a Kirchhoff equation with critical growth can be seen, for ex-
ample, in [2, 12| [13]. In [7], the authors studied a problem involving the p-Laplacian
operator with weights, but with subcritical growth. A version of a Kirchhoff type
problem involving the p-Laplacian operator with weights and critical growth was
studied in [14].

In our work we intent to complement the results obtained in [I4]. There the
authors studied problem (1.1)) involving p-sublinear and p-superlinear therms. We
treat the case in which s a p-linear therm. Also, we extend the results for the
p-superlinar case by finding a weak solution for each A > 0. We use the mountain
pass theorem to find weak solutions for the problem. Different from the techniques
in [14] and the other articles listed above, we work with extremal functions to
control the level of the Palais-Smale sequence obtained with the mountain pass
theorem. The lack of compactness due to the critical therm in the first equation of
was bypassed using a technique in common with some of the above papers: a
version of the concentration-compactness principle due to Lions [21].

Because of the nonlocal terms in the equation , it was necessary to make
a truncation on the Kirchhoff type function that appear on the operator, creating
an auxiliary problem. By finding solutions of the auxiliary problem we can find
solutions for (L.1)). This truncation argument is similar to the one used in [12].

For enunciating the main result, we need to give some hypotheses on the continu-
ous function M : RTU{0} — R*, and on the Caratheodory function f : QxR — R:

(H1) There exists mgo > 0 such that M (t) > myg for all £ > 0.

(H2) The function M is increasing.

(H3) f(z,—t) = —f(z,t) for all (z,t) € 2 x R.

(H4) There exist r € [p,p*) and Cy, Cy positive constants with C; < Cy, such
that

Cilt]™" < f(z,t) < Colt|"™",  V(z,t) € @ x (RT U{0}).
Moreover, § < (a+ 1)r + N(1 - 7).
(H5) The well known Ambrosetti-Rabinowitz superlinear condition holds,

t
0< E/ f(x,8)ds < tf(x,t), V(x,t) € QxR and some & € (p,p*).
0
We denote by A; the first eigenvalue of the problem
— div(|z| | VuP2Vu) = A/ [P 2udz i Q,
Q

u=0 on 0f,
Note that the first eigenvalue of ([1.3)) is given by

A = inf{/ || =P | VulPda; u € D};p,/ 2| =% ulPde = 1}, (1.4)
Q Q

(1.3)
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and it is positive (see for instance [29]). The main results of our paper are read as
follows.

Theorem 1.1. Assume (Hl) (H5) hold, and r = p. Then (1.1) has a nontrivial
solution for each A € (0, F2A1).

Theorem 1.2. Assume (H1)-(H5) hold, and and p < r < p*. Then (1.1) has a
nontrivial solution for each A\ > 0.

This article is organized as follows. In section [2| we provide some preliminary
results and the variational framework. In section [3] we constructed the auxiliary
problem. Section[d]is devoted to the Palais-Smale condition for the Euler-Lagrange
functional associated to problem . In sections [5| and |§| we prove Theorems
and respectively.

2. PRELIMINARY RESULTS AND VARIATIONAL FRAMEWORK

Consider Q ¢ RY a smooth domain with 0 € Q, N > 3,1 <p < N, a <
(N—-p)/p,a<b<a+1, and p* = Np/(N —dp), where d = 1+ a—b. From [6], [30]
we have

p/T
(/ |x\_a|u|rdx) < C/ |z| =% |VulPdr, Yue€ DLP, (2.1)
Q Q

where 1 < r < Np/(N —p), a < (a+ 1)r + N(1 - 7), DL is the completion of
C§°(92) with respect to the norm

_ 1/p
Jull = ([ fal=r1vupas)

thus we have the continuous embedding of DL? in the weighted space L"(Q, |x|~%).
This space is L"(§2) with the norm

el 1/r
fullva = ( [ falJul"do)
Q

Moreover, this embedding is compact if 1 <r < Np/(N —p) and o < (a + 1)r +
N(1- 5) The best constant of the weighted Caffarelli-Kohn-Nirenberg type (see

(0 mequahty will be denoted by cx s which is characterized by
a,p
fsz |x|—ap| y u|pdx

)p/p

* _
ap = inf

weDLP\{0} (fQ || b

We will look for solutions of (1.1] . by finding critical points of the Euler-Lagrange
functional I : DLP — R given by

I0) = B (ul?) =\ [ Jol o) do = [ o707 fup” da,
where M (t) = f M(s)ds and F(z,t) fo z, s)ds. Note that I € C! and
I(@)(6) = M(JlP) [ o= Vul V¥ da
[ Jal S fawpode = [ fa 7 " Pugda,

for all ¢ € DLP.
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The next Lemma will be useful, and can be easily proved by using [I1, Lemma
4.1].

Lemma 2.1 (S condition). Suppose that Q@ C RY is a bounded smooth domain,
0eQ,1<p<N,—x<a< %, and (u,) C DEP such that

Up — U, GSN — 00,

limsup/ || =P |V P2 Vu, V(u, —u)dz <0,
o

n—oo

then there exists a subsequence strongly convergent in DLP.

3. AUXILIARY PROBLEM

To proof Theorems and we will use a version of the mountain pass the-
orem due to Ambrosetti and Rabinowitz [3], but since we are working with critical
growth and a nonlocal operator without more information about the behavior of
the function M at infinity, we need to make a truncation on function M. So we
will prove that the Euler-Lagrange functional associated to has the Mountain
Pass Geometry.

From (H2), there exists to > 0 such that mg = M(0) < M () < %mo, where £
is given by (H5). We set
M(t), if0<t <t
M(to), ift > to.

Mo(t) = {

From (H2) we obtain
mo é M()(t) S ]é)m(), Vit 2 0. (31)

The proofs of the Theorems [[.1 and [T.2] are based on a careful study of solutions
of the auxiliary problem

Lo(u) = Me|* f(a,u) + 2| Jul” 2u in

(3.2)
u=0 on 01,

where
Lo(u) = _[MO(/ e~ |Vul? di )] div (ja| =7 [Vul* V).
Q

We will look for solutions of (3.2)) by finding critical points of the Euler-Lagrange
functional J : D}? — R given by

1~ 1 W
I(w) = S5 (ful?) < A [ lal 0P do — - [ (] " dz,
p Q D Ja
where Mo (t) := fg My (s)ds. Note that J is C! and
T)(@) = Mo(ul”) [ Jal 7| FuP 2V uVoda
Q
[ el pwods — [ 1o " 2upds,
Q Q

for all ¢ € DLP.



EJDE-2016/113 EXISTENCE OF A NONTRIVIAL SOLUTION 5

4. PALAIS-SMALE CONDITION

In this section we verify that, under the hypotheses (H1)—(H4), the functional J
satisfies the Palais-Smale condition below a given level.

Lemma 4.1. Let (u,) be a bounded sequence in DXP such that
J(uy) — ¢ and J'(u,) — 0 in (DEP)™1  asn — oo.
Suppose (H1)—(H5) hold, and

p*

c< (é - ]%) (moCy )7 7.

Then there exists a subsequence strongly convergent in DLP.

Proof. Since (uy,) is bounded in D! passing to a subsequence, if necessary, we
have
Uy — U In Dé’p,
U, — u in L°(Q,]z|77),
Up(z) — u(z) ae. in
[un]l = to > 0,
as n — 400, where 1 < s < p* and 0 < (a+1)s+ N(1 —s/p). Moreover, using the

concentration-compactness principle due to Lions (cf. [21], B0]), we obtain at most
countable index set A, sequences (z;) C RY, (1;), (v;) C (0,00), such that

2| |V, [P — |2~ Vul’ + 1 and |27 u, [P — |27 u? v, (4.0)

as n — +oo, in weak*-sense of measures where

V= Z Vi(gl'm M 2 Zﬂi(sxw :p ;TJ/IJ* S M, (42)
icA ieA
for all i € A, where §,, is the Dirac mass at z; € €.

Now let k € N. Without loss of generality we can suppose B2(0) C €, then for
every ¢ > 0, we set ¢,(z) := ¥ ((z — x)/0) where ¥ € C§°(€,[0,1]) is such that
1 =1on B1(0), ¥ = 0 on 2\ B2(0), and |Vi| < 1. Observe that (¢,u,) is bounded
in DLP. So we have J'(uy,)(¢,un) — 0; that is,

Up |V, [P~2Vu,, V
Mo(llun]l?) /Q [V Yoy 4 0,(1)

|z]op

_ 7M0 || 71” |Vun| ’lpgd +/\ f T, Un quund + ¢@
] ] i

Since u, — v in L" (Q, |z| %), it follows from (.1, (H1), (H4) and the Domi-
nated Convergence Theorem, that

p—2
/un|Vun| Vunvwgd }
Q

[P

lim sup [M0(||un||p)

n—oo

p*
|ap Q o o |zl )
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Using the Dominated Convergence Theorem again, we obtain

[y oy, [ Loty g [ S g,
Q

|z|aP o |z o |zl

where lim,_, g+ 0,(1) = 0. So, we obtain

lim {hmsup [Mo(Huan)/

Up | Vg, |P QVuan)gd }}

o =l (4.3)
< lim /d)gdl/fmg/ wgdu
0—0F
Now, we show that
hrg {limsupMo(Huan)/ |x|_‘”’un|Vun\p_QVunVQ/Jgdm} =0. (4.4)
o— n—o0 9]

Indeed, by Holder’s Inequality,
p—2 P 1/
‘/ Un | V| vu"vw"d:c‘ < Huan_l( and]&‘ :c) "

|[P [P

Since u,, is bounded in DLP, My is continuous, and supp(y,) C B(wk;20), there
exists L > 0 such that

p—2 P 1/
Mol )] [ 2ol TPy < g ([ el )
Q B

|$|ap (zk;20) ‘xlap

Using the dominated convergence theorem and Holder’s inequality, we obtain

\% 2Vu,V
lim sup Mo ||un||p| Un| V| "V un wgdxﬂ

n— oo |m|ap

p p 1
B(zy;20) |x‘ap
N—p

/N N
<o(f  wwffas) ([ (i) Tar)
B(xk;20) B(z;20)

LN N T
< L|B(z; 20)|" (/QXB(:E;C;2Q)(|$|_CLP|U|]D) N*”dm)

Np
Letting 0 — 07 on the above expression, we obtain (4.4). Thus, we conclude from

(4.3) that

0< lim [/Qd)gdyfmofﬂwgdu]

p—0F

That is,

0= Pli%lJr |:\/B(Zk;29) Ve = 1Mo /B($k;29) wé’d'u}
=v({ar}) — mop({zr})
< Z Vg, ({zr}) —mo Z Hz‘srz({xk})

icA ieA
= Vg — Molk-
So, we have moug < vg. It follows from (4.2) that

p* 1 1 P
v > (moCy )7 7 > (5 - ;)(mgC* )P/ p), (4.5)
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Now we shall prove that the above expression can not occur, and therefore the
set A is empty. Indeed, arguing by contradiction, let us suppose that (4.5)) hold for
some k € A. Thus, once that mo < My(t) < %mo, for all ¢t € R, and by using (f3)
we have

¢ = T(un) = £7'(0r) () + 00 (1)
o (M0 €0y [ T L,
+ (% _ %) ||7;T|Lb|:: dz + on(1)
> (% - Z%) |u|7;||bp¢g dz + o, (1).
Letting n — 400, we obtain
c> (% — pi)(moC )ppifp

But this is a contradiction. Thus A is empty and it follows that u, — wu in
LP" (€, |z|7%7).
Now we will prove that u, — w in DLP. Indeed, since u, — u in L"(Q, |z|%)
and in LP" (Q, |z|~""), it follows from the dominated convergence theorem that
lim F (@, tn) (i = dr = / T Ce )dx:O.
n—+o00 \x|5 nﬂJroo |33|bp

Therefore, as (un) is bounded in DX, J' (up,)(un —u) — 0 in (DLP)7L |lu,|| — to,
as n — 0o, and as M is continuous and positive, we conclude that

lim / 2|~ |V [P~ 2V, V(u, —u)dz = 0.
n—oo Q
It follows from Lemma that u,, — u in DLP. O

5. PROOF OF THEOREM [L.1]

In this section we prove Theorem which concerns to problem (|1.1)) when
r = p. The next two lemmas show that the functional J has the Mountain Pass
geometry.

Lemma 5.1. Suppose that v = p and let Ay be as in (1.4). Assume that the
conditions (H1)—(H4) hold. Then, there exist positive numbers p and o such that

J(u) > a>0,Yu € DEP,  with ||u| = p,
for all X € (0, %/\1)-

Proof. Let A € (0,F2A1). From (HI1), (H3), (H4), (L.4), and Caffarelli-Khon-
Nirenberg inequahty, we obtain

I(w) 2 (mo = 5 2) 3l = ~-Clul”"
Since p < p* and A < %)\1. The result follows by choosing p > 0 small enough. O

Lemma 5.2. Suppose that r = p. Assume that the conditions (H1), (H3), (H4)
hold. For each X\ > 0, there exists e € DLP with J(e) < 0 and |le]| > p.
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Proof. Fix vy € DLP\{0}, with vy > 0 in Q. Using (3.1)) and (H4) we obtain

\C P tP" "

Tewn) < Smot? el = 22 [ ol O]

p p Jo lzl p* Jo |zl
Since p < p*, we have lim;_, o J(tvg) = —oo. Thus, there exists ¢ > 0 large
enough, such that ¢||vg| > p and J(fvg) < 0. The result follows by considering
e = tvg. O

Using a version of the mountain pass theorem without the (PS) condition (see
[28]), for each A € (0, F2 A1), there exists a sequence (u,) € DLP satisfying

J(u,) — cx and J'(u,) — 0 in (D)1,
where

0 — inf J(y(t
<= inf max (v(t)),

I:= {7 € C([0,1],D;7) : 7(0) = 0,7(1) = two },

and vy € DLP is such that vy > 0.
To obtain the level ¢y below the level given by Lemma we will give some
estimates. We define the Sobolev space

Wb (@) = {ue L (@ |e| ") : [Vu| € LP(Q, |2]~P)},
with respect to the norm
lullw ) = lllp e + [Vl

We consider the best constant of the weighted Caffarelli-Kohn-Nirenberg type given
by

Jo o vy
Jew Lol =02 fulp” )" S

We also set R}l”’g (Q) as the subspace of W;g’ (Q) of the radial functions, more pre-
cisely

Sa = inf
T uewliE\©) { (

1’ 17 . —
RyD(Q) = {u e WIHQ) s u() = u(la])}
with respect to the induced norm
HuHRi‘ﬁ(Q) = ||UHW(§;§(Q)-

Horiuchi [I7] proved that

ga,p,R = inf
u€R,Y(RN)\{0}

{ S~ 2] 7P| VulPde }
(f]RN |$\_bi”*|u\17*dx)p/p*
is achieved by functions of the form

Ue(T) = ko p(e)ve(z), Ve >0,

where .
—p—aj — —ap
uple) = e/ () = (= o] B ) T,

Moreover, u. satisfies

/ ||~ |V, [Pdx = / 2|7 ue [P da = (Sap,r) 7 (5.1)
RN RN
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From ([5.1) we obtain

/N 2|~ |Vve [Pdz = [ka,p(g)]_p(ga,p,R)ﬁ> (5.2)
R
/N |$|_bp*‘”6|p*d$ = [ka,p(g)}_p* (S’a,p,R)ﬁ- (5.3)
R
Let Ry be a positive constant and set ¥(x) € C§°(RY) such that 0 < ¥(z) < 1,
U(xz) =1, for all |z| < Ry, and ¥(z) = 0, for all |z| > 2Rg. Set
Ue(z) = W(2)ve (), (5.4)
for all z € RY and for all ¢ > 0. Without loss of generality we can consider
B(O, 2R0) c Q.
Lemma 5.3. With the above notation we have
o ||P
. lod? ____
e—07t (fQ |x|_bp*‘1js p*d.'I:)p p

Proof. By a straightforward computation we obtain

[0 < [ka,p(g)]_p(sa,p,R);j +C, (5.5)
/ |$‘_bp*|l~)5‘p*d$ _ E_gngdpp* . C7 Ve € (07 1)7 (5.6)
Q

where C' denotes a positive constant. Therefore, for all € € (0, 1), from (5.5) and
(5.6) we obtain

||’175||P < [kthp(g)]_p(gaﬂy]%)ﬂ +C
(fﬂ || =P" D, p*dx)p/p* - (671\7%@1)* ) C)p/p*
C_p(gap R)%gNd;pdp(Pfl) + Ce N;pdpp
- c
Since p > 1, we have
5_||P
lim [T -
=0 (fQ || =P |, p*dx)p P

Lemma 5.4. Let A € (0, G2A1). Assume that (H1)-(H5) hold. Set

*

[* = min { (%mo - %MO(tO)>t07 (% - ]%)(moC’;’p)ﬁ }

Then, there exists 1 € (0,1) such that
sup J(tv:) < I*,
>0

forall e <eq.

Proof. Let 0 < ¢ < 1 and 9. be as in (5.4). Since from Lemmas and the
functional J satisfies the Mountain Pass geometry, for each A € (0, ’g—;’)\l), there
exists t. such that

sup J (t0:) = J(t0e),
>0
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for each A € (0, E2A1). So, we have

1~ 1 - .
sup J(t5.) = LN ([t |?) — /\/ o~ P, 1.5, ) — 7/ |~ || d
t>0 p Q P Ja

¢ . 1. et o
S};motﬁl\vellp—ﬁt’a’ le\ P oel? de,

for each A € (0, G2A1). Now we consider the function g : R* U {0} — R* U {0},
given by

o9) = (Smallocl?)s = (= [ a7 o de) "

It is easy to see that

5= ( smo 1717 )wip
Jo 270" 0[P da
is a maximum of g and we have

*

g(s) = (% - 1%) (gmo)m ((fQ |l,|b,|;|*ﬁz~|lp . )p/p* ) o

p*

>0 v ]13 o Z%) <§m0>m((fﬂ ”f]e”p )p/p )p*fp’

for each A € (0, F2A1).
It follows from Lemma [5.3] that there exists 0 < ; < 1 such that

sup J (o) < I*,
>0

for all ¢ < ¢ and for each X € (0, TC”—;’M). O

Remark 5.5. Let A € (0, 72A1) and let us consider the path 7v.(t) = t(tve,),
for ¢t € [0,1], which belongs to I'. It follows from Lemma that we obtain the
following estimate

0 = inf J(y(t)) < sup J(sb I*
< on = inf max (())_iglg (s0e,) <1,

for all A € (0, F2A1).

Lemma 5.6. Suppose that r =p, A € (0, %A1)7 and (H1), (H2), (H4), (H5) hold.
Let (uy,) € DLP be a sequence such that

J(up) —cx and J'(up) — 0 in (DYP)"Y  asn — +oo.
Then, for alln € N, we have ||u,||P < to.

Proof. Suppose by contradiction that for some n € N we have ||u,||? > tg. From the
definition of My(t), (H5), and (3.1]) we have that (u,) bounded. Thus, we obtain

[T (tn) - (un)| < | () [ (un)[| = O,
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as n — +o0o. Which implies

ox = J(un) — %J’(un)(un) +on(1)
%]\//f\o(ﬂunﬂp) - %Mo(to)HUan + 0, (1) (5.7)

V

1 1
> (mo = gMolto) ) unll” + 0 (1).

Since mg < M (tg) < %mo we have %mo — %Mo(to) > 0. So we obtain

1 1
c\ > (ETTLO — EMO(tO))tO > 0.

Since A € (0, g—g)\l), this contradicts the Remark Hence we conclude that

lun||P < to. O
Proof of Theorem [T, Let A € (0, E2Aq). It follows from Remark [5.5] that
1 1 *
cy < (E - E)(moC;p)Pfi*P. (58)

From Lemmas and there exists a bounded sequence (u,,) C DXP such that
J(un) — cx and J'(u,) — 0, (DP)~1 as n — oo. Since holds, it follows
from Lemma that, up to a subsequence, u,, — uy strongly in DLP. Thus uy is
a weak solution of problem . By Lemma we conclude that u) is a weak
solution of problem . (I

6. PROOF OF THEOREM

Here we consider the case p < r < p*. The main idea of the proof is essentially
the same as in Theorem we apply the mountain pass theorem and use Lemma
EIl The next two lemmas show that the functional J has the Mountain Pass
geometry.

Lemma 6.1. Suppose that p < r < p*. Assume that the conditions (H1)—(H4)
hold. There exist positive numbers p and o such that

J(u) > a>0,Yu € De®,  with |lu|| = p.
Proof. From (H1), (H3), (H4), and Caffarelli-Kohn-Nirenberg inequality, we obtain

mo ~ s 1 - *
J(u) = —|ull” = AColul]" = = Cllul” .
p p
Since p < r < p*, the result follows by choosing p > 0 small enough. (I

Lemma 6.2. Suppose that p < r < p*. For all A\ > 0, there exists e € DEP with
J(e) <0 and |le|| > p.

Proof. Fix vy € DLP\{0}, with vy > 0 in . Using (3.1) and (H4) we obtain

AC r P v
Tivo) < Smoolp — X [ W0l gy T [0l
P r a |zl p* Ja |z
Since p < r < p*, we have lim;_, o, J(tvg) = —oo. Thus, there exists ¢ > 0 large

enough, such that ¢|lvg|| > p and J(tvg) < 0. The result follows by considering
e = tvy. O
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Using a version of the mountain pass theorem without the (PS) condition (see
[28]), there exists a sequence (u,,) € DLP, satisfying

J(up) —cx and  J'(u,) — 0 in (DLP)7H
where

0<ex=inf Jnax J(y(1)),

I':={y e C([0,1],Dy7) : 7(0) = 0,7(1) = tvo },
and vy € DLP is such that vy > 0.

Remark 6.3. From Lemmas [6.1] and [6.2] Lemma [5.4] holds for all A > 0, when
p <1 < p*. So, if we consider the path ~,(t) = t(tv., ), for ¢ € [0, 1], which belongs
to I', we obtain the estimate

0 <cy = inf J(v(t)) < J(ste,) < I*
ey = Inf max (v )ng (s0e,)

for all A > 0.

The next Lemma is a version of the Lemma[5.6] when p < r < p*. By hypothesis
(H5) and Remark its proof is similar to the proof of Lemma

Lemma 6.4. Suppose that p < r < p*, and (H1), (H2), (H4), (H5) hold. Let
(un) € DLP be a sequence such that

J(uy) = ex  and J/(un) —0 m (Di’p)_l, as n — +oo.
Then, for all n € N, we have |u,||P < to.

Proof of Theorem[I-3 Tt follows from Remark [6.3] that
1 1 p*
ex < (= ——=)(moC; )7 —>. 6.1

(7~ ) moCs,y) 1
From Lemmas and there exists a bounded sequence (u,) C DLP such that
J(un) — cx and J'(u,) — 0, (D2P)~1 as n — oo. Since (6.1)) holds, it follows
from Lemma that, up to a subsequence, u,, — uy strongly in D}P. Thus uy is
a weak solution of problem (3.2)). Moreover, by Lemma we conclude that uy is
a weak solution of problem ([1.1J). O
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