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EXISTENCE AND ASYMPTOTIC BEHAVIOR OF GLOBAL
REGULAR SOLUTIONS FOR A 3-D KAZHIKHOV-SMAGULOV
MODEL WITH KORTEWEG STRESS

MERIEM EZZOUG, EZZEDDINE ZAHROUNI

ABSTRACT. In this article, we consider a 3-D multiphasic incompressible fluid
model, called the Kazhikhov-Smagulov model, with a specific Korteweg stress
tensor. We prove the existence of a global unique regular solution to the
Kazhikhov-Smagulov-Korteweg model provided that initial data and external
force are sufficiently small. Furthermore, in the absence of external forcing,
the solution decays exponentially in time to the equilibrium solution.

1. INTRODUCTION

In this article, we study a 3-D Kazhikhov-Smagulov-Korteweg (KSK) model
describing the motion of a viscous incompressible mixture of two fluids having
different densities. This type model can be derived from the compressible Navier-
Stokes system. Let © be a bounded open set in R? with boundary I that is regular
enough. We denote by [0,T] the time interval, for T > 0. The mixture of two
fluids is described by the density p(¢,x) > 0, the mass velocity field v(¢,x) and
the pressure p(t,x), depending on the time and space variables (¢,x) € [0,T] x
2. According to Dunn and Serrin [8] (see also Bresch et al [6]), we consider the
compressible Navier-Stokes system

0 . .
a(pv) + div (pv ® v) = pg + div (S + K),
(1.1)
9]
a—f +div(pv) =0,
where g stands for the gravity acceleration (but it can include further external
forces). The viscous stress tensor S and the Korteweg stress tensor K given by

S = (vdivv — p)I +2uD(v),

1.2
K = (adp + BV + 6(Vp ® V) + 7D2p, (12

where D(v) = (Vv + VvT) /2 is the strain tensor and D2p is the hessian matrix of
the density p. The pressure p and the coefficients «, 3, v, §, v and p are functions
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of p. As in [9], choosing the viscosity coefficients v and p constants in the viscous
stress tensor S, we have

divS = vV(divv) — Vp + 2udiv (D(v)). (1.3)
In the Korteweg stress tensor K, we consider the special case:
o = Kp, ﬁ:ga 6:_“{/7 7:07

for some constant x > 0, called Korteweg’s constant. This choice corresponds
essentially to the Korteweg’s original assumptions connected with the variational
theory of Van Der Waals (see [10]). Therefore, the Korteweg stress tensor yields

K
K = (A — [VpP)T - 5(Vp @ V), (1.4)

and we obtain

divK = kpV(Ap) = kV(pAp) — kApVp. (1.5)
On another side, Fick’s law which relates the velocity to the derivatives of the
density (see [T} [1]), gives

v =u— AVlin(p), (1.6)

with a volume velocity field u that is solenoidal (div u = 0) and A > 0 is interpreted
as a diffusion coefficient. Consequently, we use in the compressible Navier-
Stokes system , and after some calculations, we obtain the following system,
that we call the Kazhikhov-Smagulov-Korteweg (KSK) model,

p(%? +(u- V)u) - pAu—A(Vp: V)u—A(u-V)Vp
A2 Vol —
+VP+ ?(ApVH(Vﬂ'V)W_TW) SBTEANE
dp _
divu = 0.

With Q7 = (0,T) x Q and ¥ = (0,7) x I, the unknowns for the model are
p: Q7 — R the density of the fluid, u : Q7 — R3 the incompressible velocity field
and P : Op — R the modified pressure. We attach to the following boundary
and initial conditions:

u(t,x) =0, g—ﬁ(t,x) =0, (t,x)€ex, (1.8)

u(O’X) = uO(X)7 p(O,X) = pO(X)7 x €4}, (19)

with the compatibility condition divuy = 0, where py : @ — R and ug : Q — R3
are given functions. We denote by n the unit outward normal on the boundary T'.
Throughout this work, we assume the hypothesis

0<m<po(x) <M <400, x€. (1.10)

Let us mention some known results about the Kazhikhov-Smagulov model with-
out the Korteweg stress tensor. Taking x = 0, many authors study the global
existence of solution for the so-called Kazhikhov-Smagulov model. We can refer
for instance to [I 111 [7, 14]. In [2], Beirdo da Veiga considered the same model
without Korteweg term and proved the existence of a unique local solution
for arbitrary initial data and external force and the existence of a unique global
regular solution for small initial data and external force. Moreover, he proved that
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if g = 0, the solution decay exponentially in time to the equilibrium solution with
zero velocity field. In [5], Beirdo da Veiga et al. have previously found the same
results obtained in [2], in the non-viscous case for an Euler system.

The aim of this work is to establish the same kind of results given in [2] for (L.7).
That is existence of a unique global in time regular solution of the Kazhikhov-
Smagulov-Korteweg model for small initial data and external force. Also, we
study the longtime behavior of the solution and show that it converges to a constant
solution with zero velocity field.

We think that the results presented here can be extended if we replace the
Laplace operator by the p-Laplace operator div (|Vu|”—2Vu)7 1 < p < o0, in the
momentum equation 1 [3]. Moreover, one aims to study the full regularity of
the steady KSK model in the framework of functional spaces C%*(Q) introduced
recently by Beirdo da Veiga in [4]. These will be investigated in future works.

The outline of the paper is as follows. In section [2] we present the functional
setting and the main result of this paper, that will be proved in section

2. FUNCTIONAL SETUP AND MAIN RESULTS

Let us introduce the following functional spaces (see [12} [T5] for their properties):
V={ueD(Q)?:divu=0in Q},
V = {ucH}Q):divu=0in Q},
H={ucL*Q):divu=0inQ, u-n=0onT}.
The spaces V and H are the closures of V in H}(Q2) and L?(Q) respectively. Denot-
ing by P the orthogonal projection operator of L?(2) onto H, we define the Stokes
operator A = —PA on H*(Q) N'V. The norms ||ul|g1(q) and ||Vul|p2(q) are equiv-

alent in 'V, and the norms [[u||g2(o) and ||Aul|;2(q) are equivalent in H*(Q) N'V.
Next, we consider the affine spaces

HfV:{pGHS(Q):S—rpl:OOn r, /Qp(x)dx:/ﬂpo(x)dx}.

Evidently, HY, = p+ Hy o, where p= ﬁ fQ po(x)dx and

H]S\I@ ={pe H(Q): g—rpl =0onT, /Qp(x)dx: 0}.

Thus, HY o, for s = 2,3, is a closed subspace of HY,. The norms |[|p[/gz(q) and
[Ap|lr2(q) are equivalent in H,, and the norms ||p||gs) and [[VApl||r2(q) are
equivalent in Hy.

Next we state and prove the main result of this article.

Theorem 2.1. Let ug € V, pg € H*(Q) satisfy (L.10), T > 0, g € L?(0,T;L?(12))

and
~ 1/
p=-—— [ po(x)dx.
al 0(x)

There exist positive constants y1, Y2, v3 depending on 2, X\, u, k, M, m, such that
if

VUQQ + PO*,IO\2 <7,
| ||L2(Q) | ||H2(Q) (2.1)

||gH%°O(O,+OO;L2(Q)) < 72
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then there exists a unique regular solution (u, p) of problem (1.7), (1.8), (1.9), global
in time such that

ue L2(0,T; H2(Q)) nc([0,T]; V),
p € L*(0,T;Hy) NnC([0,T]; HY).

Moreover if g = 0, the solution (u, p) decays exponentially in time to the equilibrium
solution (0, p), such that ¥Vt > 0,

IVu() |72y + o) = PllEei0) < (IVWollZ2(0) + [0 — PllEz0))e . (2.2)
3. PROOF OF THEOREM [2.1]

Intermediate results In this section we present some results to be used in prov-
ing Theorem [2.1] First of all, integrating the convection-diffusion equation (|1.7))2
over (), we see that

i t.x)dx =
% | Pt dx=0

and we note that the mean value of p is conserved:

[ ottxyax= [ i)

o=p-—p, (3.1)
such that p = Q\ Jo po(x dx and [, o(t,x)dx = 0.
Next, the KSK model | is equivalent to find (u, o) satisfying

Therefore, we set

Ou
]P’( 5 —) — pPAu =F(u,0),
do (3.2)
i Ao = G(u,0),
divua =0,

where
F(u,0) = }P’(pg — kApVp —p(u-V)u+A(Vp-V)u+A(u-V)Vp
- 7Apvp— f(Vp V)Vp+ e lVel p”' vp), (3.3)
G(u,0) = —u- Vo,
Problem (3.2) is coupled with the boundary and initial conditions

u(t,x) =0, Z—Z(t,x) =0, (t,x)en,
u(0,x) =up(x), 0o(0,x) =o00(x), x€Q,

where o¢(x) = po(x) — p. We introduce the spaces:

X = {ﬁ ra € L?(0,T;H*(Q)) NnC([0,T); V); %‘z € L*(0,T;H); a(0) = up;

_ _ ou
Hu”g([O,T];V) + ||UH%2(O,T;H2(Q)) + ||§H%2(0,T;H) < 2C4||V‘10||2L2(Q)}
and

Xy = {& 10 € L*(0,T;Hy o) NC([0,T]; Hy o) 9o

2 .yl .
BN €L (O,T,H (Q)),
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a(0) = oo; Ha'Hg([O,T];H?(Q)) + ||5'||2L2 0,T;H3(Q) = 2||00||H2(Q)7

0G4 _
157 130201 @) < Ko 16 = oolleqny < 5 }-

Here C4 is a positive constant depending on p, M, m and we denote by Ky a
positive constant depending on norms of initial data ||[Vugl|z2(q) and [|oo| g2(q)-
Now, we define the linearized problem as follows:
Given (,5) € X} x X3 such that & = p — p, find (u,0) € A} x X such that
o = p — p satisfying

ou _
[p)( 6t)—|—,uAu— F(u,7),
Oo = =
5 ~ Ao =G(w0), (3.4)
diVll = 07

/ o(t,x)dx =0,
Q

For (1,5) € X1 x Xa, we define the map
@ZX1XX2—>X1XX2;

such that ®(11,5) = (u,0) defined by (3.4). Since is a linear problem with
respect to u and o, it is clear that ® is well defined (see [2], §2], [I3, Vol.I, Chap.1,
Theorem 3.1] and [I3, Vol.II, Chap.4, Theorem 5.2]).

Analogously as in [2], we can prove the existence of a local regular solution in time
to for arbitrary initial data and external force in the three-dimensional case.
For this, we consider the linearized problem and we prove via an application
of Schauder fixed point theorem, the existence of a fixed point (u,d) € X; x Xy for
the map ®, such that

(,5) = (u,0).
(See [2] for a detailed study.) To prove the main result of this article, Theorem
we need some useful results. On one hand, from the estimate for the initial
density pg follows a similar estimate for p.

Proposition 3.1. Let ¢ € Xy. Then the function p = & + p satisfies
ME%Sﬁ(t,X)SM—i—%EM, (t,x) € Or. (3.5)
On the other hand, the right-hand side F(u, &) of (3.4 . defined by . satisfies
the following property.

Proposition 3.2. Let g € L*(0,7,L%(2)) and (0,5) € Xy x X,. Then F(a,0)
defined by ((3.3] ., satisfies

(1 2(1 2(1 (1
IB(8,0) 3200y < C(IVRITSE IVaITS) + Vol 1015 )

+IVVE3 o) IV Va5 ) IVl + 1V ]G0y (3:6)

2(1
1982 o IV e 195 oy + )

where C' = C(/\, K,M,m), and

g 1/2 ifd=2,
\1/4 ifd=3.



6 M. EZZOUG, E. ZAHROUNI EJDE-2016/117

Lemma 3.3. Let (1,5) € Xy x Xp and F(u,5) € L%(Q) satisfy (3.3). Then a
solution (u, o) of the linearized problem (3.4) satisfies the following estimates:

wd UED 3m &?0]\/[2
§a”quL2(Q) + ”AUHLQ(Q) + (- 1 M )HEHQLQ(Q) 57)
( )||F (0,5)[172(0)

d
—[Ac |72y + /\HVAalliz Q
dt (Q) () (3.8)

< Crea (IV8l3 @) + IV Vs 0y ) +2Caer ™ (IRI5GE, + VoIS, )
where €g, €1 being arbitrary, Cy, Ca are positive constants depending only on €,
and
3 ifd=2,
ka = .
7 ifd=3.

Global solutions. Let (u, p) be a local solution of (1.7)), such that p = o + 5. We
will prove that this local solution is, in fact, a global solution. On the one hand,
we choose €9 = g37= in (3.7) to obtain

m  ou 1
< (~

82 [T ulaey + 2 mnm T Ay € (- ) Bl

)
Next, we use . ) for B = + as follows:
5/2 3/2 5/2 3/2
1320 < C(HVuHLé(Q IVull3 o) + 1 Vol3ie 1Al g,
1/2 3/2
+ [Vl o IVl o) 1V 12 @) + 1909 @

1 2 3/2
+ VYoot IV Vel o IVull2 20y + ||g||m>).
Applying the Young inequality (ab < a + 4()5/ 4), we obtain
5
5/2 5/2 3/2 3/2
1B 1320 < C((IVll35 0, + 19015 0) (IVul) + 1A )

+ g3z + 1015 @) )-

Consequently,
m, ou mu? 9
9 dﬁ”VUHL2 o T 5 5 = It ||L2(Q) 2 [Au]|72(0)
5/2 5/2 3/2 3/2 3.9
< OVl + Vol 0) (IVullifie, + 1A0llg) G

+ C|Vallf o) + Clelliz (o)
where C = C(A, k, M, m). On the other hand, using (3.8]) for k; = 7 and taking

— mi A mpu® :
€1 = min (ﬁ, m), we obtain

d A
fHAoIIZLa(Q) + 5 1IVAT|Zz )
(3.10)

m
< 3902 ”vu”Hl(Q) + O(HUHHl(Q) + HVJHHl(Q ),
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where C = C(\, u, M,m, Q). From (3.9) and (3.10)), and recalling the equivalent
norms [[ul| g2 (o) and [|Aul|r2q) in H?(Q) NV, it follows easily that

d (p m, ou
= (51Vula@) + 180132 ) + 3157 132
3mp? 2 A 2
+ W”AUHLZ(Q) + *||VAU||L2(Q) (3.11)

< OVl + 1A% @) + C(IVu g, + 20132,
() ()
< (A2, + IVAGIY2,) + ClAo]Sa) + Cllgle)

Using the Young inequality (ab < % + %b‘l/ d) inequality (3.11)) is rewritten as

d m, ou o

H 2 2
= (51Vula@) + 180132 ) + 5157 132

2
mp 2 A 2
+ T llAulle) + IVAGl )
< C(IVulf ) + 1801113 @) + g3 + 1A0]%:q)),

where C' = C(A, p, k, M,m,§2). Then, put o = min(%,1) and we write the above
inequality as

d m
—(||Vu||izm> + ||Ao||i2<g ) + o

ou
|| ot ||L2(Q

2

< E(HVUHLZ(Q) + ||AU||2L2(Q)) (Hvu||2L2(Q) + HAU||2L2(Q))
9 Vull2 Aoll2 2 Vull2 Acoll2 Q 2
T2 (l ufl720) + |l U||L2(Q)) (Il ul[72q) + | U||L2(Q)) T3 I&llz20)

Since ||Au||L2(Q) > CQ”VuHLz(Q) and ||VAU||L2(Q) > C’QHAUHLQ(Q), it follows
that for some positive constants c1, co depending on Q, A\, u, xk, M, m, we have

d
= (IVuliZq + 180]32q) )
4
< eollgllfz) — [er = o (IVullfe) + 18032 0) (3.12)
2
- C2(||V11||2L2(Q) + HAO-”%?(Q)) } (HVUH%Z(Q) + HAU||2L2(Q))-

Integrating in time from 0 to ¢t < 77, and taking into account that (u, o) € X1 X Xa,
we find for every ¢ € [0,T1),

IVu()||72(q) + 120 (®)]|72(0
< [VulZ2(0) + 12001720y = 2(Call Vol 72(q) + [Adol|72(0y)

4
X {Cl — 16¢9 (C4||VU0||2L2(Q) + ||A0-0H%2(Q)) —4cy (C4||VUOH%2(Q)
2
+ 118003 2(0))*| T3 + callgllEm 0,7, 22 Ti-

Consequently, for every ¢ € [0,T}),
Va1 220y + 180 ()72 () < Vuoll72) + [A00]l72(q),
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provided that

/2cc12_|_1 1)1/2

1
CallVuola(oy + 100/l < 5 (F—
£1
7 202 + 1 1/2
2
gl 0 +cs2) < 5 cl(iv?) -

Finally, we conclude that (u, o), such that o = p—p, is a global solution of (3.2)),
and for all T' > 0, we have

ue L2(0,T; H2(Q)) nc([0,T]; V),
p—peL*0,T;HY ) NC(0,T]; H ).

(3.13)

Uniqueness. Let (uy, p1), (ug, p2) be two solutions of (|1.7) such that u;(0,x) =
uz(0,x) = up(x) and p1(0,x) = p2(0,x) = po(x). We put u = u; — uy and
p = p1 — p2. The system verified by (u, p) reads

IP( a—“)ﬂ?( 8“2)+ﬂAu_F1 F,,

Py ot
% v Voo = AA
57t Vo+u-Vps =M, (3.14)
diva =0,
u(0,x) =0, p(0,%) =0,
where
Fi =F(u,p)
= P(pl g — RAp1Vp1 — p1(111 . V)u1 + A(Vpl . V)u1
)\2 )\2 v 2
+ Auy - V)Vpr — —Ap1Vpy — —(Vpl 'V)Vm + )\2#V,01),
P1 p1 P1
Fy = F(uy, p2)

= ]P’(pgg — kApaVps — pa(ug - Vius + A(Vps - V)uy

\? \? Vi 2|Vpa|” P2|
+ )\(llz : V)V,oz — Angpg — (Vpg . )Vp + A V,oz)
P2 P2 p3

First, taking the inner product of (3.14)); with u in H, we have
ou Oouy
(0020 ¢ (1 72).0) ) = (7).
Then, by using the definition of operator P, such that
(IPu, v) = (u, v), Yu € L?(Q), Vv € H,

(i) = 3 o) -5 (5 v“)-

Since p; is a solution of the convection-diffusion equation (|1.7)2, we obtain

1d
2.dt

we have

(pru.u) + pll Vul3 o,
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A 3md) - o Ton) () (B )

By using Green’s theorem and Cauchy-Schwarz and Young inequalities, we arrive
at

1d I
5@(/’1‘%“) + §||Vu||%2 Q)
A C Oug o C\?
< 180l + (S 155 e + 5 Vo1l (3.15)

+ IVl ol o )l ) + (Fy — ).
Second, taking the inner product of (3.14), with —Ap in L?(92), we obtain

1d
—IVollZ20) + 5 HAP|\2Lz(n)
2 df (3.16)

1
< XH“lH%w(Q)HVPHiz(Q) + XHVPQH%OO(Q)HUH%?(Q)‘
By adding (3.15]) and (3.16)), it follows that
d
L (o) + IVl ) + V220 + 51800200,
< 1) (mllulaa) + [Vol3e) ) + 2(F1 ~ Fz,u),

where ¥, € L! ([0, T]) dependent on uy, us, p1, p2. In particular, applying Cauchy-
Schwarz and Young inequalities (ab < ea® + g), the embedding H?(Q) C L>=(Q)
and the equivalent norms, we obtain the inequality

2|(F1 = Fo,w)| < Wa(t) (mllulFaay + 1900320y + (11l oy + Ioley):

where Uy € L! ([O, T]) dependent on €, uy, ug, p1, p2, g, with € > 0 being arbitrary.
Therefore, using this last estimate in (3.17) and choosing ¢ > 0 such that ¢ <
min (u, %), we arrive at

(3.17)

d
Z((praw) + Vol e(g ) < (92(0) + W2(t)) (mllulfao) + [ VolE2(e )-

Since py is a solution of ([1.7)) satisfying the maximum principle, we have ||u||2L2(Q) <

m~*(p1u,u) and we obtain

;lt((plu W)+ [9pl30)) < (W10) + T2) (1w w) + [ Vpl32(0))-

Finally, from the Gronwall Lemma and from u(0) = 0, p(0) = 0, we deduce the
uniqueness of the solution of (|1.7)).

Asymptotic behavior. Let us prove the inequality (2.2)) in Theorem Assume
that g = 0. Then under hypothesis (3.13))1, the inequality (3.12) is rewritten as

d 7
= (IValZ 0 + 1801320 ) < —ger (IVullfz@) + lA0]Ezq))-

Consequently, since 0 = p— p and from Gronwall Lemma, we obtain (2.2)). Finally,
from this inequality (2.2)), we conclude that the solution (u, p) of (1.7)), converges
to a constant solution as t — 4-oc0:

u(t,x) - 0 inV,
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plt,x) =7 in H.
The convergence is exponential in time. The proof of Theorem [2.1]is complete.
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