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NON-OSCILLATION OF PERIODIC HALF-LINEAR EQUATIONS
IN THE CRITICAL CASE

PETR HASIL, MICHAL VESELY

ABSTRACT. Recently, it was shown that the Euler type half-linear differential
equations )
p—1 NV s(t _
[r)tP~ (")) + tlogpt<1>(év) =0

with periodic coefficients r, s are conditionally oscillatory and the critical os-
cillation constant was found. Nevertheless, the critical case remains unsolved.
The objective of this article is to study the critical case. Thus, we consider
the critical value of the coefficients and we prove that any considered equa-
tion is non-oscillatory. Moreover, we analyze the situation when the periods
of coefficients r, s do not need to coincide.

1. INTRODUCTION

In this article, we study the oscillation behaviour of the equation

t
PO e =0, e =l sr, (1)
where p > 1, log is the natural logarithm, » > 0 and s are continuous functions,
and ¢ is the number conjugated with p, i.e., ¢ = p/(p — 1). The main motivation of
the presented research comes from [25], where the equation

_ s(t)
P le () P(z) =0 1.2
e (12)
is proved to be conditionally oscillatory. It means that there exists the so-called
critical oscillation constant, which is a positive value given by coefficients r and s
with the following property:

(1) If the coefficients indicate a value greater than the critical one, then
18 oscillatory;

(2) If the coefficients indicate a value less than the critical one, then 15
non-oscillatory.

We point out that for the equations studied here, all solutions are oscillatory if and
only if a non-trivial solutions is oscillatory.

Note that, in [25], Equation is considered without the power —p/q in the
first term. Nevertheless, since function r is positive, it does not have any impact.
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We consider in the presented form only because of technical reasons, i.e., the
technical parts of our processes are more transparent. The described result from
[25] rewritten for is explicitly mentioned in Theorem [4.2| below.

Since the case when the coefficients indicate exactly the critical value is open, the
aim of this article is to fill this gap. We will consider with periodic continuous
coefficients. We will not require any common period for the coefficients r and s.

Now, let us give a short overview of the literature. The fundamental theory
concerning half-linear differential equations can be found in books [I, 5]. As ba-
sic papers about half-linear equations, we refer to [7, [§]. For the analyzed con-
ditional oscillation of half-linear differential equations, we mention, e.g., papers
[4, 111, 13| 23] 27] and the paper [25] which we have already mentioned as the pri-
mary motivation. The corresponding results dealing with difference equations and
with dynamic equations on time scales are also present in the literature, but they
are still behind the continuous case. See [24, 26] for the discrete equations and
[15] for the dynamic equations on time scales. In the linear case, there are many
relevant results. We mention at least the most relevant papers [9] 12 18] 2§].

This article is organized as follows. In the next section, we give only necessary
preliminaries including the half-linear trigonometric functions and the equation for
the Priifer angle, which will allow us to investigate the (non-)oscillation of . In
Section [3] we prove auxiliary results and we mention the later used known results.
Finally, in Section [d] we formulate, prove, and illustrate by examples the main
result. To the best of our knowledge, the presented result is new in the linear case
as well (see Corollary below).

2. PRELIMINARIES

In this section, we describe the equation for the modified half-linear Priifer angle
given by the studied type of equations. At first, we briefly recall the notion of
half-linear trigonometric functions.

The half-linear sine function denoted by sin, is introduced as the odd 2m,-
periodic extension of the solution of the initial problem

[@(2) + (p— 1)(x) =0, 2(0)=0, 2/(0)=1

on [0, 7], where
2m

~ psin(r/p)’
We denote the derivative of the half-linear sine function as cos, and we call it the
half-linear cosine function. It holds

|cospal <1, |sinyal <1, a€R. (2.1)

Tip -

For more details about sin, and cos,, we refer to [5], Section 1.1.2].
Now, let us turn our attention to the half-linear equation

t)
vl 1)) + =D () = 2.2
P 7] + g 2@) =0 (22)
and the corresponding equation for the Priifer angle

1 : [sin, (1) [P
#(0) = o [rO]cosy @)1 = @ (cosy o(1) sy () + 5() 2 EEE] - (23)

where r : R — R is a continuous, positive, and a-periodic function and s : R — R
is a continuous and F-periodic function.
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We use the Riccati type transformation
!/ t)
t)=rP/t tp—lcl><—x( )
w(t) =t (25
to (2.2)). This leads to the equation

WO+ 4 (p = D) 0 ()] T =0, (24)

Then, using the substitution

v(t) = (logt)aw(t), te (e,00),
in (2.4) and taking into account the modified Priifer transformation

z(t) = p(t)sin, @(t), [rP/9(t) P19 1! (1) = lpo(gt>t cosp, ¢(t),

we easily obtain (2.3). The more comprehensive description of the derivation of

(2.3)) is given in our previous paper [25].
Further, let us mention the definition of the mean value of an arbitrary periodic
function which is essential for our results.

Definition 2.1. The mean value M (f) of a periodic function f : R — R with
period P > 0 is defined as

1 [P
M) =5 [ 1w
Finally, for the upcoming use, we put
7i=sup{r(t):t >e}, §:=sup{|s(t)|:t>e} (2.5)
and we denote 2p := min{p — 1,1}.
3. AUXILIARY RESULTS

Let ¥ > 0 be arbitrary. We define

t+Ve
P(t) := %/t o(r)dr, t>e+7, (3.1)

where ¢ is a solution of (2.3) on [e+¥,00). Now, we formulate and prove auxiliary
results concerning this function .

Lemma 3.1. If ¢ is a solution of (2.3) on [e + ¥,00), then the function ¢ :
[e +9,00) — R defined by (3.1) satisfies

lo(r) — ()] < —m

Vitlogt’
for some constant C > 0.

t>e+0, 7€t t+ V1, (3.2)

Proof. The continuity of ¢ implies that, for any ¢ > e+, there exists ¢ € [t, ¢+ v/t
such that v (t) = ¢(t). Hence, for all t > e + 9, T € [t,t + \/t], we obtain

() = $(®)] = lo(7) — @(D)]

t+Vt
<[ Wl
t



4 P. HASIL, M. VESELY EJDE-2016/120

t+t
- “sgt {/ r(7)| cosp p()[P + |@(cos, ¢(7)) siny o(7)] dr

t+Vt
+/ |smp<,0( )P 1s(7)] dT},
i.e., we obtain (see , -

1 t+V't 3 C
— ()| < F1+ dr < ,
IR tlogt/t r p—l) "= Vilogt

where

= 1+ —— .
C:=7r+ +p—1 (3.3)

Lemma 3.2. The inequality
1 Hp [rve
W(t)— |005p¢( )l / T(T)dT
t

tlogt Vi
. t+Vt
— ®(cos, b(¢)) sing (t) + m /t sr)ar]|
D
< tltelogt

holds for some D > 0 and for allt > e+ 9.
Proof. For all t > e + 1, we have

o Lw(tﬂ/f)_s@(ﬂ_l vt
W=+ B 2D o |

\//H\/ T)dT + <p(t+\/ \F/ dr

t+vt
\/ / = 1og - {r | cosp o(T)|P — @ ( cos, ga(r)) sin, (T)

+s(r |s1np80 } 2\F/ [p(t + Vt) — o(1)] dr.
Since (see also . -, and ( .
Pt + V) — (1) dT‘

Q\F
SQf/HJ/ o)ldo dr

4Vttt 1 .
< 27\/5 / / |r(o)| cosp ()P — @ (cos, p(0)) siny, (o)

clogo

+ s(0) M‘ do dr

1 t+V't 3
< — F+1+ ——=|dodr
Qﬁlogt/t /t [ p—l}
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<<

~ 2Vt3logt’
it suffices to consider

t+\t .

1 P
7 /t s [T(T)| cosy (7)[P = @ (cosp (7)) siny, p(7) + s(7) |sm;<p(17')| dr.
In fact, we will consider
1

t+Vt
e [ ot o) st

|sin,, p(7)[?
+ 5(7)7}7 1 ] dr,

(3.4)

because

vt
[ gl cos, on)l? = aleos, o(r))siny o(r)] dr

t+/t 1 p
—|—/ [siny ()] s(r)dr
+ Tlogr p-—1

vt |
_ / Tog i (7l cosy o(r)l” = @(cos, o(r) s ()] dr

/tW 1 |sin, o(7)P
t

d
tlogt p-—1 s(r)dr
t+vt :
] 1 1
< F+1 — d
_/t [+ +p71][tlogt TlogT] T

t(t + V1) log(t +V/t) — tlogt
t(t + V) log(t + V/t) logt

KC
<
~ tlogt
for all ¢ > e + 1, where K > 0 is such a constant that
(t + /1) log(t + /t) — tlogt < KV,
10g(t+\/)

Considering the form of (| , to finish the proof, it suffices to prove the following
inequalities

p tHViE 1 Ve E
‘M [ rmar— 2 [ e, i < Tiogts %)

| / (cos, (1) sin, U(1) dr — - / B (cos, () siny () dr

t>e+ 0.

(3.6)
té’logQQt

|siny ()P [TV Ej

| - /t \[/ lsing p(r) dr| < (a7

for some constants E1, Fo, B3 > 0 and for all t > e + ¢.
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From [5 pp. 4-5], we know that there exists A > 0 for which

|| cosp alP? — | cos, bP| < Ala —b|, a,b€R, (3.8)
|| sin, al? — |sin, bP| < Ala—b|, a,b€ER, (3.9
| sin, @ — sin,, b} < Ala—b|, a,beR. (3.10)

In addition, directly from the definition of ® and cos,, it follows the existence of
B > 0 such that

|®(cos, a) — ®(cos, b)| < [Bla — o™ P=1 g beR. (3.11)
At first, we consider inequality (3.5)) which follows from (see also (2.5)), (3.2),

and (3.8])

| = / (1 cosy Y1) | cos, @(r)|?) dr]
_\// A(E) — o) dr

< rAC t>e+ 9

*\/flogf - ’

Similarly, we can obtain (3.7) from (see (2.5)), (3.2, and (3.9))
t+\/
= / (1sin, w(OIF — |sin o(r)}?) dr|

t+Vt
< — s(T)|A|lY(t) — p(7)|dr
ﬁ/t SrIA(E) — (7
< SAC
- \/flogt7
It remains to show . We have (see (2.1))

t>e+ 7.

| / cosy (1)) siny (1) — B(cos, (7)) sy ()] dr|
< / [@(cos, (1)) iy () — Dlcos, (1)) siny ()] dr

- / [ (cos, Y1) siny p(r) — D(cos, (7)) siny ()| dr
< % / " sing ) — sing p() s

t+\/
2 [ @leos, 0lt) — o(con, w(r) r
for all t > e + ¥ and, using -, and (3.11)), we obtain

[ om0 s, )~ 8o, ) i ()]

t+Vt
< / Al(t) — p(r)| dr
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1 [tHvE '
+ % /t [Bl|y(t) — (p(T)Hmln{Lp_l} 0

1 [P oAC { BC }min{l,pfl}

<— +
“Vt)e  Vitlogt  Ltlogt
AC BC min{1,p—1}

<
~ Vtlogt \/flogt)
for all t > e+ ¢, i.e., (3.6) is valid for

T

+

By := AC + [BO™n1p=1),
The proof is complete. U

Now we recall a known result and we provide its direct consequence which we
will use in the proof of Theorem [£.1]in the next section.

Theorem 3.3. If M, N > 0 are such that MP~'N = ¢P, then the equation
1 -p/q / ! 1 1
[(M+Z) O(a )} + (N +5)0(@) =0 (3.12)

is non-oscillatory.
For a proof of the above theorem, see [3].
Corollary 3.4. If M, N > 0 are such that MP~*N = q~P, then the equation

1
N+@

—=" = 1
tlogPt (@) =0 (3.13)

L \=p/a,p—1 nl’
M+ ) ()]
O+ 5) ()] +
is non-oscillatory.

Proof. Let us consider (3.13)), where z = z(t) and (-)’ = -%. Using the transforma-
tion of the independent variable s = logt when z(t) = y(s), we have

1d 1 -p/a,p_1x (1 dy\7]’ 1 1

Rl 5V i A7 @(7—)] (N +2)®(y) = 0.

tds[( +s) t ds +tsp( +s) )
This equation can be easily simplified into the form

1 —p/q ! ! 1 1
(M 4+ a(y)] + < (v + ~)e(y) = 0. (3.14)

s sP

Hence (cf. (3.12) and (3.14)), it suffices to apply Theorem O

4. RESULTS

Applying Lemma [3.2] and Corollary we prove the following theorem.
Theorem 4.1. Leta, 3> 0. Ifr : R — R is a-periodic and s : R — R is B-periodic
such that

1 [ p—11 [P
E / r(r) dr] 5[ s)dr = MEPTMGs) =7, (4.1)
0 0

(%

then (2.2)) is non-oscillatory.
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Proof. In this proof, we consider the equation for the Priifer angle ¢ and the cor-
responding equation for 1. The used method is based on the fact that the non-
oscillation of solutions of is equivalent to the boundedness from above of a
solution ¢ of (2.3)). We can refer to [25] or also to the papers [3], 4, 16, 17, 22]. In
addition, Lemma implies that a solution ¢ : [e + 9, 00) — R of is bounded
from above if and only if ¥ given by is bounded from above.

From Lemma [3.2] we have

cos potHvi
tligt [| p\}é(m /t r(7) dr — @ (cosp (1)) sin, P(t)

|sin, p(t)[p [V
(p— 1Vt

for all ¢ > e 4+ ¥ and for some D. Especially,

W(t) <

s(r)dr + ?g}

cos potHVE
V() < — [' pW)'/t r(7) dr — ® (cos (1)) siny ()

tlogt Vi
L Lsinup e 2
7( _1)\[ S(T)d7+10g72t]

for all t > e+ 9. Then, using the periodicity of coefficients r, s, we obtain (see (2.5)

and (4.2))

V) < o [ cos, w(e)|? (M(r) + %) — @ (cos, (1)) sin, (1) "
| sin, ()] 56 '
+ p—l (M(S)—F%)‘Floggt}

for all t > e + 1. Indeed, for any periodic continuous function f with period P > 0
and positive mean value M(f), we have

\[/Hf dT\}i(/HPnf( )dTJr/:fo(T)dT)

1 t+Pn t+P(n+1) fP
< — 7)dr + —/ )dr <M ,
<7 Mldr < M(f)+ L2

where f := max{|f(t)| : t € [0, P]} and n € NU {0} is such that Pn < v/# and that
P(n+1) >/t

For R := max{l,p — 1}, the well-known Pythagorean identity (see, e.g., [0l
Section 1.1.2]) gives

i p
R(| cos, al? + M) >1, a€eR (4.4)

Considering (4.3) and ( , we have

(1) < 1 ’ fa  RD
¢@<%gwwwﬂwm+ﬁ+m@
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for all ¢ > e + ¥ and, consequently, we have

V(0 < o [leos, vP (M) + )
. ) (4.5)
— ® (cos, (1)) siny, () + 'S“Z’# (M) + @)
for all large t.
The equation
(1) = i Jeos, ()P (M(r) + ) — ® (cos, (1)) siny (1)
tlogt P logt P P (4.6)

4 [sinp o(B)” (a0 + 1 )]

p—1 logt
has the form of the equation for the Priifer angle ¢ which corresponds to ,
where M = M(r) and N = M(s). Therefore (see (1)), Corollary guarantees
that any solution ¢ : [e + ¥, 00) — R of is bounded from above. Comparing
(4.5) with and considering the 27,-periodicity of the half-linear trigonometric
functions, we know that the considered function ¢ is bounded from above. This
means that any non-zero solution of is non-oscillatory. O

Now we explicitly mention a result which is the basic motivation for our current
research.

Theorem 4.2. Letr,s: R — R be periodic.
(i) If [M(r)]P~tM(s) > q7P, then (2.2)) is oscillatory.
(i) If [M(r)]P~1M(s) < qP, then (2.2)) is non-oscillatory.

The statements of the above theorem can be obtained immediately from the
main results of [25]. Using Theorem [4.2] we can generalize Theorem as follows.

Theorem 4.3. Let r,s : R — R be periodic. Equation (2.2) is oscillatory if and
only if [M(r)]P~1M(s) > q~P.

We get a new result even for linear equations. Thus, we formulate the corollary
below.

Corollary 4.4. Let r : R — R be continuous, positive, and periodic function and
let s : R — R be continuous and periodic function. The equation

t o, s®)
_ = 4.
[T(t)m] + o1 =" (4.7)
is oscillatory if and only if AM (r)M(s) > 1.

To illustrate the presented results, we give some examples of equations whose
oscillation properties do not follow from previously known oscillation criteria. First,
we mention an example to illustrate Theorem

Example 4.5. For any p > 1, the equation
2 + si t)\ —P/ ! -1 t
[(M) Y qt”’lfb(x')} Gl gy g (4.8)
2q ptlog? t
is in the critical case because
2 + si t 1 -1 t
M(r) = p (VD Sl;(ﬁ] )) = o=y (P v )) = M(s).
q q p
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Hence, [M(r)]P~*M(s) = ¢~ P and (4.8) is non-oscillatory due to Theorem [4.1

Of course, the oscillation behaviour of (4.8]) is solvable in many slightly modified
situations as well. For example, its coefficients may involve parameters. Thus, we
can apply Theorem [4.3] as follows.

Example 4.6. Let a > 1 and b,c,d # 0 be real parameters. We consider the
equation
a + sin(ct) ) -p/a i . .1  p—1+cos(dt)
_ PP } 9 =0 4.9
[( 7 @] + ot 2@ (4.9)
with
a+ sin(ct)) a
q q’
p—l—l—cos(dt)) _p—1
b b

Therefore, by Theorem Equation (4.9)) is oscillatory for a?~1p/b > 1 and non-
oscillatory for a?~1p/b < 1.

M(r) = M(

M(s) = M(

Finally, we mention the following simple example of linear equations whose os-
cillation properties are solvable by Corollary [4.4]

Example 4.7. Consider the equation
t
[al + by sin(e;t) + dy cos(crt)
as + by sin(cat) cos(cat) + do arcsinfcos(cat))

* tlog®t
where a;,b;,¢;,d; € R, ¢; #0,4 € {1,2}, a1 > |by| + |d1|- It is seen that M (r) = ay
and M(s) = ag (cf. and (£.10)). Hence, (£.10) is oscillatory for ajas > 1/4
and non-oscillatory for ajas < 1/4. We emphasize that this conclusion remains
valid even for, e.g., ¢; = 1 and ¢o = 7 or ¢2 = /2, when r and s do not possess any
common period.

x’]/

(4.10)

z=0,

As a final remark, we consider again the critical case. In this paper, we deal
with the critical case of equations with periodic coefficients. It is not possible
to categorize as oscillatory and non-oscillatory equations in the critical case for
“too general” coefficients. We can illustrate this fact by the Euler type half-linear
equations

() (2")] + %@(:ﬂ) = 0.

We refer to [3, 6, 14, 22]. Concerning equations of the form given by , we
conjecture that the critical case is not generally solvable even for almost periodic
functions r, s (for the definition of almost periodicity, see, e.g., [2 [10]). This con-
jecture is based on constructions in [20] (see also [19] 21]).
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