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MINIMAL WAVE SPEEDS OF DELAYED DISPERSAL
PREDATOR-PREY SYSTEMS WITH STAGE STRUCTURE

SHUXIA PAN

ABSTRACT. This article concerns the minimal wave speed of delayed predator-
prey systems with nonlocal dispersal and stage structure. By the method of
upper and lower solutions, we prove the existence of positive traveling wave
solutions. With the help of a contracting rectangle, we establish the limit
behavior of traveling wave solutions. The nonexistence of traveling wave solu-
tions is obtained using the theory of asymptotic spreading, and therefore, the
minimal wave speed is obtained.

1. INTRODUCTION

In this article, we sutdy the delayed predator-prey systems with nonlocal disper-
sal and stage structure,

%ﬁ’t) = (D1u)(z,t) + ae Mu(z, t — 1) — mu?(z,t) — ayu(z, t)v(z, t),
ov(z,t) (1.1)
Tt’ = (Dov)(z,t) + rv(z, t) + agu(z, t — m)v(z, t — ) — bv?(z, 1),

in which all the parameters are positive and

(Dyu)(a,1) = / (@ — y)[uly.t) — ulz, )]dy,

R

(D) (1) = / oz — ) oy £) — v(z, )]dy,

R
herein Jp, Jo : R — R™ are integrable functions satisfying some conditions specified
later.

Zhang et al [29] gave this model with state structure and nonlocal dispersal.
Moreover, they also established the existence of traveling wave solutions connecting
the trivial steady state with the positive equilibrium if the wave speed is larger
than a threshold. Such a traveling wave solution could formulate the existence of
a transition zone moving from the steady state with no species to the steady state
with the coexistence of both species in mathematical biology [29].

Although the existence of traveling wave solutions could reflect some phenomena
of population dynamics, the minimal wave speed depending on the existence and
nonexistence of traveling wave solutions is one of the most important thresholds
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in mathematical biology. However, the estimation of minimal wave speed is not
an easy job. Before presenting our methods and results of minimal wave speeds,
we first recall some important results on the topic. After the pioneer works of
Fisher [8] and Kolmogorov et al [9] on traveling wave solutions of reaction-diffusion
equations, Aronson and Weinberger [I] studied the asymptotic spreading of some
population models with reaction and diffusion, which describes some dynamical
results different from those in [8 [9]. Besides some results for reaction-diffusion
systems, integral equations and integrodifference equations, there are some results
appealing to abstract monotone semiflows, see some results by Chen [3], Fang and
Zhao [7], Liang and Zhao [I8], Weinberger [25], Weinberger et al [26], Yi et al [2§]
and a survey paper by Zhao [30].

However, for non-cooperation systems, it is difficult to obtain the minimal wave
speed due to the deficiency of comparison principle appealing to cooperative sys-
tems. On the traveling wave solutions of predator-prey systems, some classical
conclusions were established about three decades ago by Dunbar [4 5] 6], Gardner
and Smoller [10], Gardner and Jones [I1]. After 2000, several investigators further
studied the problem by phase analysis, perturbation theory and fixed point theory,
we refer to some results by Huang et al [12], Huang [I3], Hsu et al [I4], Liang et
al [I7], Lin [19], Lin et al [2I] and Wang et al [24]. In particular, Zhang et al [29]
proved the existence of traveling wave solutions by constructing upper and lower
solutions if the wave speed is larger than the threshold, and we shall investigate
the existence or nonexistence of traveling wave solutions when the wave speed is
the threshold and smaller than the threshold.

To further study the existence of traveling wave solutions, we shall first present
a result via generalized upper and lower solutions motivated by Lin and Ruan
[20]. Then the asymptotic behavior will be established by the idea of contracting
rectangles [20] (see the definition of contracting rectangle for functional differential
equations by Smith [23]) as well as the theory of asymptotic spreading given by
Fang and Zhao [7], Jin and Zhao [I5]. Finally, the nonexistence of traveling wave
solutions is confirmed by combining the asymptotic behavior of traveling wave
solutions with the theory of asymptotic spreading.

2. MAIN RESULTS

In this section, we shall present our main results. We first give some notation and
definitions. In what follows, we use the standard partial ordering and order intervals
in R or R?, and apply || - || to denote the norm in R?. That is, for u = (uy,us)
and v = (v1,v2), we denote u < v if u; < w; for i = 1,2, and v < v if u < v but
u # v. In particular, we denote u < v if u < v but u; # v; for i = 1,2. If u < v,
we denote (u,v] = {w € R:u < w < v}, [u,v) = {w € R*u < w < v}, and
[u,v] = {w € R?,u < w < v}.

Define

X = {U : U is a bounded and uniformly continuous function from R to R?},

then X is a Banach space equipped with the standard supremum norm. If a, b € R?
with a < b, then

X[a,b]:{U€X:a§U(f)§b,f€R}.
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C'(R,R?) is defined by
CHR,R?) = {(u,v) : (u,v), (u',v") € X}.
By scaling, it suffices to investigate
t
% = (Dyu)(z,t) + ae M u(x, t — 1) — u*(x,t) — au(z, t)v(z, t))],
(2.1)
t
% = (Dyv)(z,t) + ri[v(z, t) + bu(z, t — m)v(x, t — 1) — v3(z,t)],
A traveling wave solution of (2.1)) is a special translation invariant solution of
the form

(u(z,t),v(z, 1)) = (6(§), ¥(£)), &=ax+ct,
in which (¢,1) € C! is the profiles of the wave that propagate through the one-
dimensional spatial domain at a constant velocity ¢ > 0. If we substitute (¢, )

into (2.1)), then
/(€)= [ D€ =)o) - ey
T aem T [B(€ — en) — 6(6) — adl©) ()],
(O = [ Tl ~)ivt) - vy

+ 111 (€) + b€ — e2) (€ — c72) — Y (E)],

where £ € R. Same as that in [29], we also require that (¢, 1) satisfy the asymptotic
boundary conditions

Jim (6(6), (€)= (0,0) and  lim (¢(£), v (£)) = (k1. k2), (2.3)

(2.2)

§—o0
where
k_l—a _1+b
YU ixar P 1tab

provided that a < 1 which will be imposed throughout this paper.
For Ji, Jo, we assume that

(J1) J; : R — RT is symmetric and Lebesgue measurable for each i = 1,2;
(J2) for any A e R, 0 < [, Ji(y)eMdy < oo, i = 1,2.
Define

“+o00
Al(/\, C) = / Jl(y)(e)‘y _ l)dy — N+ Oleffyﬂef)\c'rl7

+oo
Ag(Nc) = / Jo(y) (e —1)dy — e\ + 1.

Using (J1) and (J2), we have the following results.

Lemma 2.1. There exists ¢* > 0 such that the following four items hold.

(i) For any given ¢ > c*, A1(\, c¢) has two distinct positive roots Ai(c) and
As(c). Moreover, assume that 0 < A1(c) < Az(c) holds. Then

ALM o) >0 for0< X< Ai(c) or A > As(c),
e <0 for Adi(c) < A< Asz(e).
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(ii) For any given ¢ > ¢*, Aqy(\,¢) has two distinct positive roots Aa(c) and
Aa(c). Moreover, assume that 0 < Aa(c) < Aa(c) holds. Then

>0 for0 <A< A(c) or A > Aa(c)

Aalhe) {< 0 for Aa(c) <A < Aafe).

(iii) If ¢ = ¢*, then at least one of A1(\, ¢) =0,As(\, ¢) =0 has a double root.
(iv) If ¢ < ¢*, then at least one of A1(A, ¢) and Ag(N, ¢) has no real root.

Remark 2.2. By Fang and Zhao [7], Liang and Zhao [I8], Jin and Zhao [15], ¢*
can also be defined as

ST N(y) (€Y — 1)dy + ae e Aem

X :
ST a(y) (e = 1)dy + 11
[ 5 [}

¢ = max{ inf {
A>0

inf
A>0

Our main results reads as follows.
Theorem 2.3. Assume that (J1)-(J2) and
a(l+b) < 1. (2.4)

(1) If ¢ > c*, then (2.2)) has a positive solution satisfying (2.3)).
(2 Ir

JIZ R@) (e = 1)dy + ae™TmeAen
inf {
A>0 A
and Ay < \i(c*), where Ay is the positive root of Ag(N,c*) =0, then ([2.2)
has a positive solution satisfying (2.3)).
(3) If c < c*, then (2.2)) does not have a positive solution satisfying (2.3)).

Remark 2.4. Zhang et al [29, Condition (3.2)] proved the existence of traveling
wave solutions when

}<c*

1—a>a(l+D). (2.5)
Clearly, (2.4) is weaker than (2.5)).

Remark 2.5. Theorem [2.3] implies that ¢* is the minimal wave speed. However,
when ¢ = ¢*, the result needs further investigation.

3. EXISTENCE OF TRAVELING WAVE SOLUTIONS: ¢ > c*.

In this section, we shall prove the existence of positive solutions of (2.2 by
several lemmas throughout which (J1)-(J2) hold without further illustration.

Lemma 3.1. Assume that there exist ® = (¢,v) € Clo,m) and @ = (¢,9) € Cpo,
with M = (1,14 b) satisfy

(1) for T = A{T; € R,i = 1,...,m}, 3 and P’ exist and are bounded for
t e R\T;
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(2) for & € R\T, 3 and @' satisfy

B (€) > / J(E — )[B(y) — 5(©)dy

+ae I B(E — er) — 6 (€) — ad()Y(©));

7€) > / (€ — y)[b(y) — (©)dy

and

R

+ 1 [B(€) + b€ — o) B (€ — e7a) — B (€)]

/() < / J1(E = 1)[6(y) — 6()]dy

+ae "M Pp(€ —cmy) — éz(f) — ag(§)V(E)],

e (€) < / Jo(€ = ) [(y) — (©)dy

+ () + b (€ — em)P (€ — em) — P2(€)).

Then has a positive solution ($(€),1()) satisfying

(@(6), ¥(€)) < (2(£), ¥(€)) < (9(£),¥(€)), € € R

The proof of the above lemma is similar to that in Pan [22 Theorem 3.2], so
we omit it here. Different from that in Zhang et al [29], we do not require the
asymptotic behavior when £ — oo. Of course, this leads to a weaker result than

that in [29].

(3.2)

Lemma 3.2. If ¢ > c*, then (2.2)) has a positive solution (¢(£),¥(§)) € Cio,nm-
Proof. Define continuous functions as follows

#(¢) = min{e* (9%, 1}, 9 (€) = min{e*2(V% 4 prem>()¢ 14 b},

6(€) = max{eM (% —ppe™ (9, 0}, (€) = max{e*(I¢ — pye™ e, 0},

where p1, p2, p3 are constants which will be defined later, and 7 is a constant satis-

fying

Az(c) Aa(e) !

1<7]<m1n{)\1(c),/\2(c),

We shall prove that these functions satisfy (3.1)) and (3.2) by eight steps.
Step 1. If $(¢) = e*(9¢ < 1, then

/R Tu(E — ) [Bly) — $(©O)ldy + ae ™ [B(E — em1) — 82(€) — ad(€)(©)]

= / Ji(€ =) [d(y) — d(&)]dy + ae T G(E — emy)
R

< / T1(E = )[eM©Y — MOy 4 qe=rm M@ E=er)
R

_ exl(c)f[/ LMY — 1dy + ae~ e M O]
R

= c)\l(c)e)‘l(c)g
= ¢ (&),
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/R T(E = 9)[Bly) — $(©O)ldy + ae ™ [B(E - em) — B2(6) — ad(€)b(©)]

= /R T (& =) [By) — $©)dy + ae T [F(E — 1) — 6 (€)]

< ae M [B(¢ —en) — 6 (6)]
<0=cd(©).

Step 3. If (&) = 1 + b < (D€ 4 p e1*2(¢ then

—2

/R o€ — 9)[B(y) — DOy + 11 [B(E) + b(E — cra)B(€ — 1) — B7(6)]

< 11 [B() +bB(E — ema)ib(€ — em) — " (€)]
<1 [P(€) + b€ — e7a) — B (©)]
<0=cf'(€).

Step 4. If Y(&) = (¢ 4 pen?2(9)€ < 1 4 b, then

1+b
P1

= nAz(c)

and

/R o€ — 9)[D(y) — DOy + 11 [B(E) + bB(E — cra)B(€ — 1) — B7(6)]

= / Jo (& — y)[eX2()Y 4 prem2 (v _ ral)e _ ) gnra(e)e] gy
R
+r [[ekz(c)g + preM2 O] 4 per (D8 [A2(E ) omia()€]
— (6)\2(0)5 +ple77A2(C)£)2i|

< / Jz(g _ y)[e/\z(c)y + pleﬂ)\z(c)y _ P20 _ pleﬁ)@(c)ﬁ]dy
R

o [X2(O8 1 (€] 4 peM O [A2(0E | p ma(]

= [A2(X2(c),0) + c)\g(c)]e’\Q(C)5 + p1[A2(nA2(c), ¢) + c77)\2(c)]e’7)‘2(0)E

+ bePr(a)FAz(e)E 4 bple(nJrl)/\Q(c)g
= c\y (c)e’\z(c)5 + p1cn)\2(c)e”)‘2(c)5
+ p1As(nAa(c), )28 4 peP1(FA2(e)E | fyy o(FDA(0)E
< eAa(€)e (V% 4 prena(c)em
—/
=y (§)
if

P1A2(nA2(c), €)eM2(E 4 pePr(@+A2(E |y p(FDA2()E < ) (3.3)
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Clearly, holds provided that
P12 (nA2(c), C)enh(c)f + 2hePi(A)+A2(e)E < 0,
P12 (nA2(c), C)enkz(C)é + prle(nH)Az(C)E <0.
Note that nA2(c) < A1(c) + Az2(c), then is true if
2b
pr>1— 7A2(77)\2(C)7C) > 1.
At the same time, is true if £ < 0 and

2b
A(c)( <ln——F—
S WY REN?
which holds provided that
140 2b
In <0<yln ————;
oo A mhe(0), )

that is,
2b n 20
>(1+b [(—) +1} 1l =
= E A et Ba(elc)-0)
What we have done implies that if p; = p;, then (3.1)) is true.
Step 5. If ¢(§) = eM (& _ poen™1 (98 > () then

/R T(E = 1)[8(y) — $(O)]dy + ae—"™ [6(€ — em1) — G2(€) — ad(€)B(©)]

sl

1-

> / T1(E — g)[eMOY — poem @y _ MO L i (@€
!Raeim {e)\l(c)(ﬁfcn) — (M 7p267m(c)§)2]
— aae T (M8 — pyen i (E) (A2 | 5 mAa(0)E)
> A1 (e)eM D8 — enpadi (€)e™1E — pyAg(nAi(c), €)1 (S
— e T e2M()E _ e 1T e () FA2(e))E aae‘”lfale(’\l(C)"’”’\?(C))f
> A (c)eM O — eppodg (¢)em1(OE = cd'(€)
provided that
— paA1(nAs(c), c)en ()¢
> 28 4 gae TP (OFADE 4 eI el FnA2(e)E
which holds when

14+ ace™™ 4+ ace™ "y

+1>1.
—A1(nAi(e), c)

P2 =

Step 6. If (&) = 0 > eM1(IS — pren™1(9¢ then the result is clear.
Step 7. If y(§) = e?2(A)E _ paents(9€ > (), then

/R o€ — 9)[(y) — Oy + () + bS(E — era)b(E — ems) — B (E)]
> / o€ = 9)[0(y) — Oy + () — ()]
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> / Jo(& — y)[e?2(Y — pgenta(y _ A2(0)E 1 o enra(0)E) gy
+er [2(E _ puema(OF] _ . (X2 _ o mhs(e)E)?
> c)\z(c)eAz(c)i _ pgcnx\g(c)e")‘Z(c)g — p3QAa(nAa(c), C)enA2(c)§ . 7’162/\2(C)§
> cho(c)e 8 — paenhg(c)e2 (98
= (9
provided that ps = m +1, and so holds.

Step 8. If () =0 > e?2()E _ paen?s (¢ then the result is clear.
By Lemma the proof is complete. O

By Carr and Chmaj [2], Li et al. [16] and Wu and Ruan [27], we have the
following result of scalar equations.

PAGE 7
Lemma 3.3. Assume that
S )Y~ Dy + acmen
o 3 )

J72 Bay) (e — Ddy + 7"1]

<inf{ 3

A>0

Then when ¢ = c*, the scalar equation

e (€) = / o€ — 9)lily) — $E)]dy + mb(€) — 3 €).6 R (3.6)

has a strictly positive solution satisfying

Jim g =0, Jimu@=r, tm

£——o00 ge*X25 -

Lemma 3.4. Assume that

i j_;o 1 (y)(eky - 1)dy + e 71 e~ AcT1
int | N ]
+oo A
J2(y) (e — D)dy +r
< inf [ffoo 2(y)( )dy 1} o
A>0 A

If Xy < M\ (c*), then with ¢ = c¢* has a positive solution (¢(§),v(€)) € Cio,an-

Proof. We shall construct continuous functions satisfying and . Let
B(&) = min{eM (%1}, §(€) = max{eM (¢ — pyen™ (% 0},

where py > 1 is a positive constants specified later and 7 satisfies

1 < nA1(c) < min{Az(c), A1 (e) + A2/4,3\1(c)/2}.

Define "
Y(&) = ¥(&),
where (€) is the positive solution of (3.6) and satisfies Lemma Further define
- 1+0, §£2 &1,
77/1(5) = Aof !
(M —2)e™2s, £ <&,

where M > 0 is a constant clarified later. Clearly, it M > 1+1 /b is large, then
(M — 2€)e*2¢ = 1+ b has two real roots, and here ¢; is the smaller root.
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We now verify that these functions satisfy (3.1) and (3.2). In particular, the
inequalities about 6(5),%(5) are clear. Moreover, if £ < &, then

bo(& — cra)Y (€ — era) —P*(£) <0

and the inequalities on ¢ () is true.
Moreover ps > 1 such that

MOE @ 5
implies that £ < & and

0< (M- 25)925 < eM2t/2,
Similar to that in Lemma we see that

/R 1€~ 9)[0(y) — S(E))dy + ae "™ [S(€ — ) — 63(€) — ap©B(E)] = (&)

if po > 1 is large enough. By Lemma the result follows. (]

4. NONEXISTENCE OF TRAVELING WAVE SOLUTIONS: ¢ < c¢*

In this section, we shall prove that if ¢ < ¢*, then (2.2]) does not have a positive
solution satisfying (2.3). We first consider the following initial value problem by
Fang and Zhao [7], Jin and Zhao [15]

&Ug, 2 /R J(@ —y)[w(y,t) —w(z,1)]

+dw(z,t — 1) + fw(z,t) — gw’(z,t), t>0,

(4.1)

w(z, s) = p(x,s), sé€[—,0],
where x € R,7 > 0,d > 0,d+ f > 0,¢9 > 0 and ¢(z, s) is bounded and uniformly
continuous in (x,s) € R x [—7,0].
Lemma 4.1. Assume that J satisfies (J1) and (J2). Define

T )N — )dy + de AT + f
co = inf .
A>0 A

If o(z, s) has nonempty support for each s € [—7,0], then

. . . g
lim sup w(x,t) = lim inf w(x,t) = ——
t—o00 |:1:\§I<):t () = g |z|<et =3 +f

for each ¢ < ¢q.

Lemma 4.2. Assume that J satisfies (J1) and (J2). If w(x,t) satisfies
ow(x,t)
_— >

0 > / J(@ — )@y, t) — (. 1)]

+dw(z,t — 1) + fw(x,t) — gw’(x,t), t>0,
w($7s) Z 90(3378)5 RS [_T7 O]

(4.2)

for x € R, then
w(x,t) > w(x,t), x€R,t>0.

By analysis, we have the following result.
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Lemma 4.3. Assume that (¢(£),v¥(€)) is a bounded positive solution of ([2.2)). If
d(&1) > 0 for some & € R, then ¢(§) > 0 for all £ € R, if (&) > 0 for some
& € R, then (&) > 0 for all £ € R. Moreover, ¢(§),¥(§) satisfy

0<¢() <1,0<9(§) <1+b¢ R
Theorem 4.4. If ¢ < c¢*, then does not have a positive solution satisfying
£3).
Proof. Were the statement false, then for some ¢; < ¢*, has a positive solution
satisfying . That is, there exist (¢(£),¥(€)) satisfying

qwgw=4 1€ - 9)[6(y) — 6()]dy
(€

+ae T [B(E — ery) — $2(€) — ad(E)Y(€)],
(4.3)
qwgwié 26— ) [ () — B(©))dy
+ () + b€ — cra)ib(€ — emo) — 2 (€],
and
Jim (9(6), () = (0,0), lim (6(6), ¥(&)) = (ki k2). (4.4)
If
) (e — )dy + aem e e
c¢* = inf [ ,
A>0 A

then there exists € € (0, e™7™) such that

|:f+oo§ Jl(y)(e’\y - l)dy + e~ YTie=AcT1 _ 26:|
A

=:C2g.

o< ot
By , there exists T' € R such that
G MY(E) <6 EXT,
and so
ae M p(E - er1) — ¢ (€) — ad(€)v(€)]
> ae (€ —en) — ep(§) —ae PP (E), E<T.
If ¢ > T, then and Lemma imply that there exists M > 0 such that

aae T H(E)Y(€) < M (€).
Therefore, 1(&) satisfies

¢ (§) = /RJl(f—y)kb(y)—¢(§)]dy+ae_7“¢(§—6ﬁ)—6¢(§)—(M+046_'m)¢2(§)

for all £ € R. Since & = = + ¢1t, we have
Ou(x,t)
ot

> (Dyu)(x,t) + ae™ "M u(z, t — 1) — eu(x,t)

(M + ae ™ R(z, 1)), t> 0, (4.5)

u(x,—s) = ¢(x +c15), s€[—7,0].
By Lemmas [4.1] and [£:2] we have

e’ —e€
lim inf w(z,t)> ——"— >
t—00 |z|<cot M + ae=771
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On the other hand, letting —x = cyt, we have
x4t =(c1 — o)t — —00, t— 0

and so u(—cat, t) = ¢(—cat + c1t) — 0, as t — oo, which is a contradiction.
If

¢ = inf
A>0

then there exists ¢« € (0,1) such that

ST Ia(y) (€Y — 1)dy + 11
| 5 J

S () = Ddy + (1)
¢ < inf [ } = c3.
A>0 A
At the same time, ¢(z + c1t) = v(x, t) satisfies
Av(z,t)

> (DQU)(Iat)+T1[’U(I7t)702(‘%315)]5 t>0,
v(z,0) = ¥(z),

where x € R. By Lemmas [£.1] and [£:2] we see that

lim inf o(z,t)>1>0.

t—oo |z|<cst

ot (4.6)

On the other hand, letting —x = c3t, we have
x4 et = (¢1 — e3)t — —00,t — 00

and so v(—cst,t) = ¢(—cst + ¢1t) — 0, as t — oo, which is also a contradiction.
The proof is complete. O

By the same process as above, we can obtain the following result.
Corollary 4.5. If ¢ < c¢*, then (2.2)) does not have a positive solution satisfying
Jim (69, 9(€) = (0.0), Hminf(§(©). v(€)) > (0,0).

5. ASYMPTOTIC BEHAVIOR OF TRAVELING WAVE SOLUTIONS

In this section, we study the asymptotic behavior of the traveling wave solutions
obtained in Section 3. The method is based on the idea of contracting rectangles,
which was earlier used by Lin and Ruan [20] in studying the asymptotic behavior of
traveling wave solutions of delayed reaction-diffusion systems. For s € [0, 1], define

a(s)=sk1 + (1 —3s)(1—ab)(1 —a)(l —eq1),
a(s)=sk1+ (1 —s)(1—a)(l+ea),
b(s) = ska + (1 —s)(1 —e3),
b(s) = ska + (1 — s)(1 +b(1 — a))(1 +&4),
where €1, ¢9,¢3,64 € (0,1) with
(I —ab)(1 —a)e; =2a(1+b(1 —a))ey,
(1+b(1 —a))ey = 2b(1 — a)eg,

(1 - 0,)52 = 2&53.

A
ol o
N =
S~—

We now illustrate that €1,e9,e3,e4 € (0,1) are admissible. Let £, = 1 and

. (l=ab)l=a) _ (1+b(1-a)_ _ 1l—-a_
Tt o(l-a) 2T w(l-a) b BT g *
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For any ¢ > 0, then
(¢1,€2,€3,€4) = (c, 2, CE3, CE4)
satisfy (5.1)-(5.3). Clearly, 1,¢€2,e3,£4 € (0,1) if ¢ > 0 is small enough.

Lemma 5.1. For each s € (0,1), we have

1—a(s) —ab(s) >0, (5.4)
1 —a(s) —ab(s) <0, (5.5)
1+ ba(s) — b(s) > 0, (5.6)
1+ba(s) —b(s) <0 (5.7)

Proof. If s € (0,1), then
1—a(s)—ab(s) =1—sky — (1 —5)(1—ab)(1—a)(l—e)

—asks —a(l —s)(1+b(1 —a))(1+¢e4)
=1-s)1—-(1-ab)(1—a)(1—e1)—a(l+b1—a))(l+ey)]
> (1=38)[(1—ab)(1—a)e; —a(l+b(1—a))ey)
=(1-29)a(l+b(1—a))es >0,

by (1 —ab)(1 — a)er = 2a(1 + b(1 — a))es. The above inequality implies (5.4).
Since 2ae3 = (1 — a)eq, we have
1—a(s)—ab(s) =1—sk; — (1 —9)(1 —a)(1+e3) —asks —a(l —s)(1 —e3)
=(1-9)[1-(1—-a)l+e2)—a(l—e3)
=(1—-38)[aecs — (1 — a)eq)
= —(1—s)aez <0,

which implies (5.5]).
Moreover, ({5.6)) holds since

1+ba(s) —b(s) =1—sky — (1 —5)(1 —e3) + bsky
+b(1—s)(1—ab)(1 —a)(l—ey)
=(1—s)(es+b(1l—ab)(1—a)(l—e€1))>0.
Note that 2b(1 — a)ez = (1 + b(1 — a))e4. Then
1+ba(s) —b(s) =1 —sky — (1 —8)(1+b(1 —a))(1+e4) + sbky
+b0(1—3s)(1—a)(l+e2)
=(1-5)1-0Q+b1-a))(14+es)+b(1—a)l+eq))
=(1-9)(b(1—a)ea — (L +b(1 —a))eq)
=—(1-s)b(1l—a)z <0,
which implies . The proof is complete. ([

Lemma 5.2. If (¢(£),¥(€)) is a positive solution of ([2.2), then
(I1—ab)(1—a)< ligminfqzﬁ(g) <limsup¢(§) <1-—a,
oo oo

1< ligminfw(f) <limsup¥(€) <1+ b(1 —a).

£—o0
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Proof. By the definition, ¢ (x 4 ct) = v(x, t) satisfies
0 t
% > (Dav)(x, 1) + r1[v(, 1) —v3(2,1)], t>0,
v(z,0) = ¥ (),
where x € R. By Lemmas and we have

liminf v(0,¢) > 1 > 0.

t—oo
which implies
liminf (&) > 1.
§—00

Let 8 > 0. Note that ¢(£) and ¥(£) are bounded and positive, then there exists
£ > 0 such that

50(5) — 006) [ By +ae ™ 6(s — cm) = 62(5) = ad(s) ()
is monotone increasing in ¢(s) and

30() =00 | Faw)dy -+ rafbs) = 3(s) + bos = crai(s = em)
is monotone increasing in 1 (s). Moreover, ¢(€) and (€) also satisfy

3 B(e—s
o(6) = 1 / e~ 252 / Ii(s = 9)[6(w) — 6(s))dyds

— 00

3
4 / [Bé(s) + ae™ M [g(s — ery) — ¢3(s) — ad(s)w(s)] Hds,

3 B(E—s)
b(E) =2 / e / Jo(s — 9)(y) — (s))dyds

—00

£
4 / [B(s) + r1[1(s) — 9%(5) + b(s — cra)p(s — cra)] .

Since liminfe oo ¥(§) > 1. Applying Fatou’s lemma in the integral equation of
(&), we see that

ae T {lim sup (&) — (limsup ¢(¢))? — alimsup ¢(§)] > 0;

then the boundedness of lim sup,_, ., ¢(§) indicates that
limsup ¢(§) <1 — a.
§—o0

Further applying Fatou’s lemma in the integral equation of ¥(£), we see that
limsup,_,,, ¥(§) > 1, and

limsup ¢(§) — (limsup w(§)>2 +b(1 — a)limsup¥(§) > 0,

§—oo §—o0 §—oo
which leads to
limsup () < 1+b6(1 —a).

§—o0

Returning to the integral equation of ¢(&), we see that
ligminf o(&) > (1—ab)(l—a)
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if liminfe_, o0 ¢(€) > 0. In fact, by Lemma we see that ¢(¢) satisfies

cd/(€) > /R T1(€ = 1)[6(y) — S()]dy + ae ™ [b(€ — em) — a1 + B)(E) — ¢*(€)).

That is, u(z,t) = ¢(x + ct) satisfies
ou(z,t)

Eramie (Dyu)(w,t) + ce ™ u(z, t —71) — a(l + b)u(w,t) — u?(x,t)], t>0,

u(z,s) = ¢z +cs), se€[—m,0],
where z € R. By Lemmas [£.1] and we see that
ligigfu((),t) >1—-a(l+0b) >0,
which implies that
lgnigf¢(f) >1—a(l+b)>0
by the invariant form of traveling wave solutions. The proof is complete. O

Lemma 5.3. If (¢(£),¢(€)) is a positive solution of ([2.2)), then

Proof. By Lemma we see that there exists s; € (0,1) such that
als) < lminf 6(6) < limsup 6(6) < ().
—00 £—o0

b(s) < liminf $(€) < limsupyp(€) < b(s)

E—o0
for all s < s; since a(s),a(s),b(s), b(s) are continuous and monotone, and
a(0) < (1 —ab)(1 —a)<1—a<a(0),
b(0) <1< 1+b(1—a)<b0).
Define
so = sup {(5.9) hold}.

s€(0,1]
Then sq is well defined.
If sg = 1, then the result is true. We now assume that sg < 1. Without loss of
generality, we suppose that

a(s0) = liminf 6(¢),

a(s0) = lim inf §(€) < limsup o(¢) < a(so), (5.10)
b(so) < liminf §(€) < limsup)(¢) < b(s0).-
o P

By the definition of liminf, there exist a sequence {&,,} such that

lim inf [ / Tu(Em — )[6(y) — dEm)ldy| > 0.

m— 00

At the same time, implies that
liminf ae™ ™ [¢(&n — c71) — 6% (Em) — ad(Em)(ém)]

m— 00
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> ae” "™ [a(s0) — a*(s0) — aa(s0)b(s0)]
= ae " a(so)[l — a(sg) — ab(so)] > 0.
This is a contradiction, so sg = 1. The proof is complete. (I
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