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EXISTENCE AND MULTIPLICITY OF POSITIVE RADIAL
SOLUTIONS TO NONLOCAL BOUNDARY-VALUE PROBLEMS
IN EXTERIOR DOMAINS

CHAN-GYUN KIM, EUN KYOUNG LEE

ABSTRACT. In this article, we consider nonlocal p-Laplacian boundary-value
problems with integral boundary conditions and a non-negative real-valued
boundary condition as a parameter. The main purpose is to study the ex-
istence, nonexistence and multiplicity of positive solutions as the boundary
parameter varies. Moreover, we prove a sub-super solution theorem, using
fixed point index theorems.

1. INTRODUCTION

Elliptic partial differential equations (PDEs) are fundamental for modeling nat-
ural phenomena. In mathematical modeling, elliptic PDEs are used together with
boundary conditions specifying the solution on the boundary of the domain. Dirich-
let, Neumann and Robin conditions are well-known classical boundary conditions.
It frequently happens that the process or phenomena cannot be described precisely
in classical boundary conditions. Thus, mathematical models of various physical,
chemical, biological or environmental processes often require nonclassical conditions
such as nonlocal conditions which express situations when the information on the
boundary cannot be measured directly, or when it depends on the data inside the
domain. The study on nonlocal boundary-value problems was initiated by Picone
[22], and later continued by Bicadze and Samarskil [2], I'in and Moiseev [9] and
Gupta [8]. Since then, the existence of solutions for nonlocal boundary-value prob-
lems has received a great deal of attention in the literature. We refer the reader
to [T, @, [5, 6 [T} 12, 13, 14} 18, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33] and the
references therein for more recent results.

We consider the quasilinear elliptic problems in an exterior domain

div(|Vz|P72V2) + K(|z|) fi(Jz],2) =0 in Q (1.1)
with one of the following nonlocal boundary conditions
Aa) =pon 00, lim 2(0) = [ Ulyl)=(u)dy, (1.2)
r[(—0o0 Q
z(z) = / 1(Jy|)z(y)dy on 09, |llim z(z) = p, (1.3)
Q r|—o00
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where @ = {z € RN : |z| > o}, 1o > 0, N > p > 1, u is a non-negative
real parameter, K(# 0) € C((rg,00), Ry ), Ry = [0,00), I € L*((rg,00),R,), and
f1 € C([ro, 00) x Ry, Ry ) which satisfies f1(r,s) > 0 for all (r,s) € [rg, 00) X (0, c0).
In this article, we use the assumption
(A1) K #0 and there exists a1 > p — 1 such that f;;o r*1 K (r)dr < oo.

Note that if K;(z) = K(|z]) € L'(Q), then

/ rNTUK (rYdr < oo,
ro

and (A1) holds for some a1 € (p— 1, N — 1) by the fact N > p.
Applying consecutive changes of variables, problems (1.1])-(1.2)-(L.3) are equiv-
alently transformed into the singular p-Laplacian problem

(op(W' (1)) + h(t) f(t,u(t)) =0, te(0,1),

(1.4)
uw(0) = afu], u(l) = pu,
where p > 1, ¢, : R —Risa homeomorphlsm defined by ¢, (s) = |s[P~2s for s # 0
and ¢,(0) = 0, afu] :== fo s)ds, k € L*((0,1),R), h(# 0) € C((0,1),Ry)
and f € C([0, 1} X R+,R+) satlsﬁes that f(t,s) > 0 for all (¢,s) € [0,1] x (0,00).
Since K satisfies (A1), the weight function h satisfies
1
/ 5%(1 — 5)°h(s)ds < oo (1.5)
0

for some a,b € [0,p — 1), and h may be singular at 0 and/or 1. It is well known
that h satisfies (|1.5]), then h € A, where

A= {h : /01/2 Sopl(/sl/zh(r)dT)ds+/1;2 <pp1(/1j2h(7)d7)ds < oo}

(for more details, see Section 4).

Throughout this article, we assume that h € A\ {0} N C((0,1),R;) unless
otherwise stated.

Recently, Zhang and Feng [31] studied the one-dimensional singular p-Laplacian
problem

App (W' (1)) +w(t) f(t,u(t)) =0, te(0,1),
au(0) — bu' (0) = /0 g(Bu®dt, (1) =0,

where \ is a positive parameter, a,b > 0, w,g € L'((0,1),R,). Using fixed point
index theory on cones of Banach spaces, they obtained several results about the ex-
istence, multiplicity, and nonexistence of positive solutions under various assump-
tions on the nonlinearity which satisfies L!-Carathéodory condition. Note that
L'(0,1) € A. When k = 0, i.e., a[u] = 0, problem has been studied in [15] [16]
for the case that h € A and the nonlinearity f(t,s) = s? with ¢ > p — 1.
Motivated by [15] [16 [31], using sub-supersolution method and fixed point index
theory, we study the existence, nonexistence and multiplicity of positive solutions to
with an integral boundary condition and a boundary value p as a parameter,
where the nonlinear term may not satisfy the L'-Carathéodory condition and it does
not need the superlinear condition at oo (see (A5) below). It seems not obvious
that sub-supersolution method can be applicable to p-Laplacian problem with
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an integral boundary condition. Thus we prove a sub-supersolution theorem (see
Theorem . For sub-supersolution methods concerning semilinear problems
with nonlocal boundary conditions, we refer to [19] 20} 2T].

This article is organized as follows. In Section 2, well-known theorems such as
generalized Picone identity and a fixed point index theorem are given, and a solution
operator related to problem is introduced. In addition, a sub-supersolution
theorem to the problem is proved. In Section 3, main results in this paper are

given. Finally, in Section 4, applications for p-Laplacian problems (1.1])-(1.2))-(1.3)
defined in an exterior domain in RY are provided.

2. PRELIMINARIES

First, we introduce the generalized Picone identity and some results from the
theory of the fixed-point index for completely continuous maps.

Theorem 2.1 (generalized Picone identity [I0, [I7]). Let us define

bly] = (ep(¥)) + b1(t)ep(y),
Lylz] = (0p(2"))" + b2(t)pp(2),
where by, by are continuous functions on a nonemitpy interval I. Let y and z be

functions such that y,z,0p(y"), @p(z') are differentiable on I and z(t) # 0 for
t € I. Then the generalized Picone identity can be written as

d |y|17<pp(z/) / _ P _ /\p o yf’z/ P
G e} = =)l = [P+ (- DI o

’ yz' ly|P ‘
— by Sﬁp(j)} —ylply] + app(z)LpM'

Remark 2.2. By Young’s inequality,

yz' y2'\ 1P 1y y2
ylsﬂp(j) B |y/90p(7)| B e + (1 - 5)|7‘p
Thus,
! !/
1P+ (= DI = o) > 0,

and the equality holds if and only if sgny’ = sgn(yz’/z) and |y |P = |yz’/z|P.

Definition 2.3. Let £ and F' be normed spaces and U C E. The mapping T :
U — F is completely continuous if it is continuous and the closure of T'(D) is
compact for every bounded subset D in U

Theorem 2.4 ([7]). Let K be a cone in X of a real Banach space X. Then, for
relatively bounded open subset U of K and completely continuous operator A : U —
K which has no fized points on OU. Then the following properties hold.
(i) Normality: i(A,U,K) =1 if Av =yo € U for any x € U.
(il) Additivity: i(A, U, K) = i(A, Uy, K) +i(A, Us, K) whenever Uy and Us are
disjoint open subsets of U such that A has no fized points on U \ (U UUsy).
(iii) Homotopy invariance: i(H(t,-),U, K) is independent of t (0 <t < 1) when-
ever H : [0,1] x U — K is completely continuous and H(t,z) # x for any
(t,z) € [0,1] x OU.
(iv) FEzcision property: i(A,U, K) = i(A, Uy, K) whenever Uy is an open subset
of U such that A has no fized points in U \ Up.
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(v) Solution property: If i(A,U,K) # 0, then A has at least one fized point in
U.

Theorem 2.5 ( [7]). Let X be a Banach space, K an order cone in X and O
bounded open in X. Let 0 € O and A : ONK — K be completely continuous.
Suppose that Ax # vz for allx € 0O NK and all v > 1. Then i(A,ONK,K) =1.

2.1. Operator. In this subsection, we define an operator related to problem (1.4
and prove its complete continuity. Throughout this paper, we assume

(A2) [5(1—s)k(s)ds € [0,1),
and f € C([0,1] x Ry,R,) satisfies that f(¢,s) > 0 for all (¢,s) € [0,1] x (0,00).

Then there exists a continuous extension f : [0,1] x R — R4 of the nonlinearity
f such that f(t,s) = f(t,0) for (t,s) € [0,1] x (—o0,0) and f(t,s) = f(t,s) for
(t,s) € [0,1] x R;.. Without loss of generality, we denote f by f again and consider
f:[0,1] x R — Ry, since we only consider nonnegative solutions to (L.4).

Let C[0,1] denote the Banach space of continuous functions u defined on [0, 1]
with usual maximum norm ||ul| := max;c(o ) [u(t)], and let K := {u € C[0,1] : u
is a nonnegative function on [0,1]}. Then, K is a cone in C[0,1].

We consider the problem

(ep(V'(t) = Blp, v] + 1)) + () F (p,v)(t) =0, £ € (0,1),

v(0) =v(1) =0, (22)
where F : R} x C[0,1] — K is defined by
for (u,v) € Ry x C[0,1] and ¢t € [0,1], and 5 : R4 x C[0,1] — R is defined by

1 1
ﬂhuﬂt—]__ﬁkl_sﬂigdsﬁé (s) () + ps)ds)

for (p,v) € Ry xC[0,1]. We notice that S[gn, vn] — Bluo, vo] as (tn, vn) — (o, vo)
in Ry x C0,1] and B[u,v] € Ry for all (u,v) € Ry x K.

By a positive solution to problem (or ), we mean a function u €
C[0,1] N C*(0,1) which satisfies (1.4) (or (2.2)) and w > 0 in (0,1). Note that
all solutions to problem (or (2.2))) are concave functions on (0,1). Indeed,
if v is a solution of (2.2)), then (¢, (v'(t) — Blu,v] + p)) = —h()F(p,v)(t) < 0
for all t € (0,1), and ¢, (v'(t) — Bu, v] + p) is monotonically decreasing on (0, 1).
Since ¢, : R — R is a strictly increasing bijective mapping for any p > 1, v’ is
monotonically decreasing on (0,1), and thus v is a concave function on (0,1). In
a similar manner, it is shown that all solutions to are concave functions on
(0,1).

We counsider transformations L; : Ry x C[0,1] — C]0,1], ¢« = 1,2, which are
defined by

vi=Li(p,u) :=u— ((1 —t)afu] +tu) for (u,u) € Ry x C[0,1] (2.4)

and
wim Lo(uv) = v+ (1= 8)8[uv] +tu for (u,v) € Ry x C[0,1].  (2.5)

Then, it follows that afu] = Blu, L1(p, w)] and Bu,v] = a[La(u,v)]. Moreover,

u is a solution to (1.4 if and only if v is a solution to problem (2.2)) under the
transformations (2.4)) and (2.5)), respectively.
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Define T : Ry x C[0,1] — C[0,1], for (u,v) € Ry x C[0,1], by

(Blu, v] = t+f0 ;1(<pp p— Blp, vl
+ [Mh(r (r)d ) 0<t<M,
T(p,0)(8) =
~(Bln, 1 >< t) 5 o5t (p(=n+ Blu, o))
+ [y h(r)F (1, 0)(7)dr ) ds, M<t<l,

where ¢! : R — R is an inverse function of ¢, which is defined by ¢, *(s) = |s| s
for s # 0 and ¢, '(0) = 0, and M = M (p,v) € [0,1] is a constant satisfying

(ﬁ[u,v]—u)MJr/oM@; (sap(u Blu, v] / h(r )dT)ds

@)~ @0 -0+ [ o (pplort sl + /Mh< )P 0)(r)dr ) ds.

2.6)
Indeed, for each (u,v) € Ry x C[0, 1], there exists a constant M := M (u,v) € [0,1]
satisfying (2.6). Let (u,v) € Ry x C[0,1] be fixed, and let us define = x,,, :
(0,1) — R by

—

I(t) = ﬂ[u,v] - ﬂ+z1(t) +1‘2(t), t e (071)a

m(t)z/otso;( (1 = Bl o] /h v)(r)dr )ds,
walt) = [ 1sap1(sop<u—mu, o) - [ P >dT) ds.

Clearly, lim;_ g+ z1(t) = limy_,1- 2o(t) = 0, lim;_,;- z1(t) > p — Blu,v], and
lim;_ g+ 22(t) < p — B[p, v]. Consequently,

lim z(t) <0 and lim z(¢) > 0.
t—1—

where

t—0t
For 0 < t; < ty, one has
ta
nit) = ni0) 2 [ o (enla = Sl + [ RGO r)ds @
and
to
rattn) = at) 2 = [ (= Bl + [ MRG0, (29

Thus, z(t2) — x(t1) > 0 for 0 < t; < to, and there exists a M = M(u,v) € [0,1]
such that (M) = 0, i.e., M satisfies (2.6).

Remark 2.6. We notice that M = M (u, v) may not be unique in [0, 1]. However, if
M?' and M? are the zeroes of x = z,, , satisfying M' < M?, then h(t)F(u,v)(t) =
0 for a.e. t € [M', M?]. Indeed, if h(t)F(p,v)(t) # 0 for a.e. t € [M', M?],
then z(M') < z(M?) by and with ¢t; = M! and t, = M?. This
is a contradiction to the fact x(M') = x(M?) = 0. In this case, one can see
that T'(u,v)(t) = || T(p,v)||eo for all t € [M', M?], and the operator T'(u,v) is
independent of the choice of zero of z = x(u, v).
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By the definition of M = M (u,v), we can easily show that T is well defined,
T(1,0)(0) = T(p, 0)(1) = 0, T (1, v)lloe = T, 0) (M), and (T (s, 0))'(M) = .
Moreover, since (T'(u,v))" is deceasing in (0,1), T'(u, v) is a concave function and
T(u,v) € K for all (u,v) € Ry x C[0,1]. Then we have the following lemma.

Lemma 2.7. Assume that (A2) holds and p € Ry. Then (2.2) has a positive
solution v if and only if T'(p,-) has a fized point v in K\ {0}.

Proof. Let v be a positive solution to problem (2.2)). Then there exists M € (0, 1)
such that v/(M) = 0, since v is a concave function and v(0) = v(1) = 0. By
straightforward integration,

(Bl o] = )t + Jy o (0l = B, o))

0 + [ h(r) P, v)(7)dr ) ds, 0<t<M,
v(t) =
~(Blse] = (1 = 1) + [ oy (en (e + Bl o))
+ h(T)F(uw)(T)dT)ds, M<t<l,

and we conclude that v =T (u,v) on [0,1] and v € K\ {0}.

Conversely, let v = T'(u,v) on [0,1] and v # 0. Since T'(u1,v)(0) = T(u,v)(1) =0
and T'(u,v) is a concave function on (0,1), v > 0 on (0,1). From straightforward
differentiation, it follows that v is a positive solution to (2.2). ([

Recall that a mapping T : R x C[0,1] — K is said to be completely continuous
if it is continuous and the closure of T'(¥) is compact for every bounded subset ¥
in Ry x C[0,1]. To show that T : Ry x C[0,1] — K is completely continuous, we
first prove the following lemma.

Lemma 2.8. Assume that (A2) holds. Let C > 0 be given and let {(pn,vn)} be a
sequence in Ry x C[0, 1] with py, + ||vnllee < C. If My = M(pn,v,) — 0 (or 1) as
n — 00, then |T(tn,vn)||co — 0 as n — oo.

Proof. We only prove the case M, — 0, since the other case is similar. Since
tn + ||Vnlleo < C, there exists N > 0 such that ||F(tn, vn)]lco + |Bltn, vn]| < N for
all n € N. Then

1T (ks vn) [l oo
= T(Nm 'Un)(Mﬂ)

My,
= (ﬁ[“nvvn] _Un)Mn"’/O @;1(¢p(ﬂn _6[.“71’”71])

v / " B(T)F (i, ) (7)) ds
My,

h(T)dT))ds7

where v, = max{1,2¢71} for ¢ > 0. It follows from h € A that | T (tn, vn)|lcc — 0
as n — 00, and thus the proof is complete. ([

S(N+C)Mn+7p11/0Mn ((C+N)+80;1(N)90;1(/5

Lemma 2.9. Assume that (A2) holds. Then T : Ry x C[0,1] — K is completely
continuous.



EJDE-2016/127 EXISTENCE AND MULTIPLICITY OF POSITIVE RADIAL SOLUTIONS 7

Proof. Let ¥ be bounded in Ry x C[0,1]. We first show that T(X) is compact.
Since ¥ is bounded in Ry x C|0, 1], there exists C' > 0 such that 4+ ||v]lec < C for
all (u,v) € X. By the continuity of f, there exists N > 0 such that |G[u,v] — p| +
|1 F (1, v)]|oo < N for all (u,v) € . Then T(X) is bounded.

We now show the equicontinuity of T(X) on [0,1]. Let € > 0 be given. By
Lemma [2.8] there exists & > 0 such that if M = M(u,v) € [0,6) U (1 — 4,1], then
1T (11, 0)||oo < €. For (u,v) € ¥ with M € [0,0) U (1 — 4, 1], we have |T'(u,v)(t) —
T(u,v)(s)| < 2¢ for all t, s € [0,1]. For (,v) € ¥ with M € [§,1 — §], we have

(T2, 0)) ()] = |Bliase] = 1+ 5" (sl = Bliase]) + / h A(T)F (1, v)(7)dr ) |

<N+¢,! (@p(N) + N/;_S h(T)dT) =C

for all t € [6,1 — 6]. Therefore, if t1,t2 € [0,1 — 8] with [t; — t2| < ¢/C4, then
|T(p,v)(t1) — T(p,v)(t2)| < € by the Mean Value Theorem. For t3,t4 € [0, 0] with
t3 < tg,

T (p, 0)(t3) = T, 0) (t4)]

tq 1-6
< Ntz — t4] Jr/ o5 ((pp(N)JrN/ h(T)dT)ds
ts S

Mts — tal +7 1 ¢, (N) /t4 wpl(/léh(T)dr)ds.

ts s

SN +7v_o
Since h € A, there exists §; > 0 such that if ¢, s € [0,d] with |t — s| < &y, then
|T(p, v)(t) =T (1, v)(s)| < €. Similarly, there exists d2 > 0 such that if ¢, s € [1—7, 1]
with [t — s| < d2, then |T'(u,v)(t) —T(u,v)(s)] < e. Let 3 = min{e/C1, 61,02} > 0,
then for ¢, s € [0,1] with |t — s| < d3, we have

T (p, 0) () = T(p, 0)(s)| < 3€

for all (u,v) € X. This shows that T'(X) is equicontinuous on [0, 1], and, by Ascoli-
Arzela theorem, T'(X) is compact.

We finally show that T is continuous. Let {(un,v,)} be a sequence with (g, vy,)
converges to (o, vo) in Ry xC10, 1]. Since {(tn, vy,)} is bounded, there exists Cy > 0
such that |B[pn, vn]—pn]+ | F (fin, vn)|leo < Ca for alln € N, and by the compactness
of T, there exists a subsequence, say again, {(n, v, )} such that T'(uy,,v,) converges
to V in C[0,1] as n — oo. We may assume that M,, = M (p,,, v,,), appeared in the
definition of operator T', converges to My € [0, 1] as n — oo. First consider the case
My =0 (or 1). In this case, by Lemma 2.8] T(u,,v,) — 0 in C[0,1] as n — oc.
Since M, is a zero of z,,, ., , it follows from that h(t)F (tn, vs)(t) — 0 for a.e.
in [0,1] as M,, — 0 (or 1). Since (pn, vn) — (o, vo) in C[0, 1], h(t)F (1o, vo)(t) =0
for a.e. in [0,1]. Thus T(ug,vo) = 0, and T(un,v,) — T(po,vo) in C[0,1] as
n — oo. Next, consider My € (0,1). We will prove V' = T'(119, vo) on [0, 1]. Without
loss of generality, we may choose a monotone increasing subsequence {M,,} with
My, — My as nj — oo. Then

‘@;1<‘Pp(/$nj = Blpny, vn,]) + /sMnj h(T)F(”"f’””j>(T)dT)‘
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< QD;l ((,Op(02) + Oy /SMO h(’T)dT)

for 0 < s < M,,;. Since B[pn,vn] — Bluo,vo] as n — oo, by Lebesgue dominated
convergence theorem,

V(t) = JILIEO T(Mnj , U'ﬂj)(t)
= (B[po, vo] — po)t + /0 0" (‘P;D(,UO — Blpo, vo]) (2.9)

+ /SMU h(T)F (10, vo)(T)dT)ds

for 0 <t < My. Note that for fixed J > 0 and for all a > 0,
1 s
/ 90;1 (QPP(C’Q) + C’g/ h(T)dT)dS < 00
a M,LJ

and

‘@;1 (‘Pp(_.unj + ﬂ[ﬂn;‘ ) U"j]) + /I; . h(T)F(M"J’U”j)(T)dT)‘

S

h(T)dT)

nJ

<o (en(C) +Co /M

for M,,; < s <1andj > J. Again applying Lebesgue dominated convergence
theorem, we obtain

V() = lim T(tn, vn,)()

= (Bl = 1)1 =0+ [ 7" [eplpot Alon)  (a10)

+ [ h(r)F (o, vo)(r)dr} ds

My

for My <t < 1. From (2.9) and (2.10), we have
V(Mo) = (Blpo, vo] — p0) Mo

My
+/0 <p;1<s0p(uo—ﬁ[M0>UO])+/s
= —(ﬁ[ﬂo,vo] - Ho)(l - MO)

+/1 sagl(@p(—qurﬁ[uo,vo])Jr/

MO MO

My
h(T)F (po, Uo)(T)dT) ds

S

h(7)F (10, vo)(T)dT) ds.

This implies My is a zero of x,,, 4,, and thus V' = T'(u0,v0). So far we have shown
that if a sequence {(pn,v,)} converges to (ug,vg) in Ry x C[0, 1], then there exists
a subsequence, say {(fin;,vn;)} such that

T(pin > vn;) = T(po; vo) in C0,1].

By a standard argument, we can show that the original sequence also satisfies
T'(pn, vn) — T(po, vo) in C[0, 1],

and this completes the proof. ([
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2.2. Sub-supersolution Theorem. We shall prove a sub-supersolution result for
the singular problem ([1.4)). First, we give the definition for sub-supersolution.

Definition 2.10. We say that v is a subsolution to problem (1.4)) if 1 € C1(0,1)
with ¢,(¢’) absolutely continuous and
(ep(¥'(1)))" + h() f(£,3(1)) = O,
¥(0) <aly], ¥(1) < p

We also say that ¢ is a supersolution to problem (1.4)) if ¢ € C1(0,1) with ¢,(¢")
absolutely continuous and it satisfies the reverse of the above inequalities.

te(0,1)

Now, a sub-supersolution theorem for the singular problem (|1.4) is given as
follows.

Theorem 2.11. Assume that (A2) holds, and that there exist b and {,respectively,
a subsolution and an upper solution of (1.4) such that 0 < (t) < ((t) for all
t €10,1]. Then problem (1.4) has at least one solution u such that

P(t) <u(t) <(t) foralltel0,1].
Proof. Define 7 :[0,1] x R — R, by

¢(t),  u=((1),
Vtu) = qu,  P) <u <),

and consider the modified problem
(op(W' (1)) + h(t) f(t,7(t, u(t)) =0, t€(0,1),
u(0) = ay[ul, u(l) =, @11

where o [u] = fol k(s)y(s,u(s))ds and p € Ry is a fixed constant. For given
v € C[0,1], define g, : R — R by

go(z) = /0 k(s)v(s,v(s) + (1 — s)x + su)ds for x € R.

By (A2), g, is a contraction mapping on R, since |y(s,z) —v(s,y)| < |z —y| for any
z,y € R and s € [0,1]. Then, there exists a unique solution 3,[v] of the equation
x = gy(x), and [ [v] satisfies

1
8.l = [ K65, 05) + (1= 95 [o] + sy,
0
Under the transformation

v(t) == u(t) — (1 — t)ayu] + tu), (2.12)

ay[u] = B4[v] and can be rewritten as follows
(ep0' () — By o] + )’ + (O E, (0)(6) =0, ¢ € (0,1),

v(0) =v(1) =0,

where F,(v)(t) := f(t,y(t,v(t) + (1 —t)By[v] + tpn)) for v € C[0,1] and t € [0, 1].
Consequently, u is a solution of (2.11)) if and only if v is a solution of (2.13)) under
the transformation (2.12)).

(2.13)
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Now, define T', : K — K, for v € K, by

(B10] = 1)t + Jy 2 (e = By [0

T (0)(t) +fsth (1)F. ('U)(’T)d’l’)ds 0<t<M,,
~(v)(t) =
~(Byo) = =1 + [ oy (o(—n+ B o))
+ fy b &(v)(ﬂw)ds, M, <t<l,

where M., = M, (v) is the constant satisfying

(B [v) — )M, + / T ((ealu= Bl + [ " B(7)F, (0)(r)dr ) ds

S

1
— =@l ==+ [ (el o)

~

+ /1\; h(T)Fy(v)(p, ’U)(T)dT) ds.

Then v is a fixed point of T', in K if and only if v is a nonnegative solution of .
It follows that 7', is completely continuous on K by the same argument as in the
proof of Lemma and T, (K) is bounded in C[0,1]. Then T, has a fixed point
v, and consequently (2.11)) has a nonnegative solution u. Now if we prove that
P(t) < u(t) < ((t) for t € [0,1], then, by the definition of ~, has a solution u
such that ¢¥(t) < wu(t) < ((¢t) for all ¢ € [0,1] and the proof is complete. To show
u(t) < ¢(t), set X(t) :=u(t) — ¢(t). Then, since

1
X(0) = u(0) = ¢0) £ [ k)5, u(s)) - ((s)ds <0,
0
X(1) =u(l)-¢(1) <0,
we assume on the contrary that there is to € (0, 1) such that X (t9) = u(to) —((to) >
0. Then there exists o € (0,1) such that

X(0) = X(t) > 0.
(o) Jnax, (t) >

Then X'(0) = 0 and there is a € (0,1) such that X'(¢) < 0 and X(¢) > 0 for
t € (o, a], which means that

uw'(o)=C"(0), d'(t)<{(t), u(t)>((t) forte (o al (2.14)
Then

7<()
< ( »(C'(t))) fort € (o,a).

Integrating this from o to t € (o, a], we obtain

ep(u'(t)) = ¢p(C'(2)), fort € (o,al.

Since ¢, is monotone increasing, u'(t) > ('(t) for ¢t € (o,a], and it contradicts
(2.14). Thus u(t) < ((¢) for t € [0,1]. In a similar manner, (t) < u(t) for ¢t € [0, 1]
can be proved, and thus the proof is complete. ([
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3. MAIN RESULTS

First, we give a list of assumptions which will be used in this section:

(A2) [i(1—s)k(s)ds € [0,1/2);
(A3) there is a compact interval I := [f1,62] C (0,1) such that

My 1= min h(t) > 0;
(A4) fo:=lim, o+ f(t,s)/s"~" = 0 uniformly in ¢ € [0, 1];
(A5) there exists B > 0 such that
f(t,s) > As?™  for s > B uniformly in t € I = [0, 0],

where

1 Tp  \P 2m(p — 1)/
= —_— 0 =

< my (92 - 91) s psin(m/p)

Remark 3.1. (1) Assumption (A4) implies that f(-,0) = 0. (2) Note that if
k(t) =t for ¢t € [0, 1], then (A2’) holds for any a > 0.

Lemma 3.2. Assume that (A2), (A3), (A5) hold. Then |jullc < B/O for any
solutions u to problem (1.4) with u € Ry. Here B is the constant in (A5) and
0 := min{6;,1 — 02} > 0.

Proof. Assume on the contrary that there exists yo € Ry such that (1.4) with g
instead of 1 has a positive solution ug satisfying ||ugl|ec > B/6. It follows from the
concavity of ug that

ug(t) > 0||uollee > B, tel= (0,00,
which implies that, by (A5),
(ep(ug(t)) + Acomnipp(uo(t)) <0, te€l=(61,02)
It is easy to check that w(t) = Sq(af%el(t —6y)) is a solution of

(O + (725) enlw®) =0, 1€ 1= (01.00)
w(01) = U}(Qg) = 0,

where Sy is the g-sine function with % + % =1 (e.g., see [3, B0]). Applying y = w,
Z=ug, by = (627? )P and by = Asomy, in (2.1) and integrating it from 6; to 6, we

01

have .

2

/ (( Ty )p - Aoomh>|w|pdt > 0.
o, \ b2 —0;
Thus 1
.
A < — PP,
mp (92 — 91)

This contradicts the choice of A. O

Lemma 3.3. Assume that (A2), (A3), (A5) hold. Then there exists a constant
i > 0 such that there is no positive solution of (2.2)) for > f.

Proof. Suppose on the contrary that there there exists a sequence {u,} such that
tn, — o0 and (1.4) with pu,, instead of p has a positive solution u,. Since up (1) = pn,
lttr||oc — 00, and it contradicts Lemma O
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Lemma 3.4. Assume that (A2’) and (A4) hold. Then there exists a constant
o > 0 such that (2.2), with po instead of p, has a positive solution.

Proof. Denote
1 o (1 + 8)k(s)ds

L:= 0, Cop:=2+
21— 11— o)k(s)ds) ° 1— [1(1 = s)k(s)ds

Q := max { /01/2 @;1(/51/2 h(T)dT)dS, /1;2 <p;1( 1; h(T)dT)dS} > 0.

Since 0 < L < 1 by (A2’), we can choose €1 > 0 such that

>0,

1-— L)P—l
QCo '
Now consider a function H : R — R defined by

H(t) := max{H"(t), H*(t)} for t € R,

0<er < ( (3.1)

where
1/2

HY(t) := /0 v go;l((u)l’*lﬂcg*l / h(T)dT)ds,

1 s
H2() = / oy (LY~ ey [ h(rydr)ds.
1/2 1/2
Since H is continuous and increasing on R and H(0) = L < 1, we may choose
€2 > 0 such that H(e2) < 1. Set € := min{e;,ea} > 0. From (A4), there exists
r > 0 such that
f(t,s) <esP™! for0<s<randtel01]. (3.2)

Define K1 := {z € K : [[z]oc < &} For 0 < pg < &, consider T}, : Ki— K
defined by T, v = T(po,v), then T, : Ki — K is completely continuous. If
v € 0Ky, then [[v[| = & and by using 0 < po < & = [|v/|o, We have

[v(t) + (1 = £)Bluo, v] + tpo| < ||vllos + [Blro, ]| + po

Jo (1+ 5)k(s)ds
) Vo 3.3
< +1—ﬁﬂ1—$M$@)”H .
=Col|vflo =7
and
Jo k($)[0(s)|ds + uo(1 — [ k(s)ds)
Blpo,v] — pol <
|Blu0,v] — ol 1— 11— s)k(s)ds (3.4)

1
< 1
1— fo (1 — s)k(s)

We only give the proof for the case that M = M(ug,v) < 3, since the case M =
M (po,v) > 1/2 can be proved in a similar manner. For v € 9K; and po € (0, &),
we have two cases: either (1) B[uo,v] — o > 0 or (i) Bluo,v] — po < 0. First, we
assume that S[uo,v] — po > 0. Recall that

F(j10,0)(8) = F(t,0(t) + (1 )Blpo, v] + tho) for t € [0,1]

[v]loe = 2L|v]|oo-
ds
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Then, by (31), (2), B-3) and B4), we have
[ Tyovlloe = T'(p0, v)(M)

(B[po,v] —uo)MJr/OM %1(/:\4 h(T)F(uoyv)(T)dﬂdS

IN

1 ) 1/2 1/2
§(ﬁ[uo,v]—uo)+aﬁco||v|\oo/0 e ([ nyar)as

1
< Lol + 777 CoQlJv]| oo

= (L+e77CoQ)[[v]loc < [|V]lo0-

Next, we assume that ([ug,v] — o < 0. Using the fact that H'(e) < H(e) < 1, by
the similar argument above, we have

[Tovlloe = T (10, v) (M)

IN

M

</ "o (vl — Bl + | PG 0) i) as
1/2

1/2
g/o @;1<(2L)p_1+508’_1/ h(r)dr ) ds|o]|

S

= H'(e)llvlle < [[v]loc-
Thus [|T,,v]lsc < [[0]loo for v € 9Ky and po € (0, & ). In view of Theorem
i(Ty, K1, K) = 1.

Since 0 is not a solution of (2.2]) with ug instead of p, this problem has a positive
solution in Ky, and the proof is complete. O

Now we give the first main result.

Theorem 3.5. Assume that (A2’), (A3)—(A5) hold. Then there exists a constant
w* > 0 such that problem (2.2)) has at least one positive solution for u € (0, u*] and
no positive solution for u > p*.

Proof. Let A = {p : (2.2) has a positive solution} and p* = supA. Then, by
Lemma and Lemm A # @ and 0 < pu* < co. We show that , with
w* instead of u, has a positive solution. Indeed, there is a sequence {u,} in A such
that u, — p*, and let v,, be a positive solution of with p, instead of u. By
Lemma [3.2] [|vy]loc < C for some C' > 0. By complete continuity of 7', {v,} has
a convergent subsequence converging to, say v* and v, is a solution of (2.2)) with
w* instead of . Let u. := La(p*,vy). Then u, is a positive solution of with
w* instead of p, and thus p* € A. For 0 < pu < p*, ¢ = 0 is a trivial subsolution
of by (A4), and the positive solution u* of (2.2)), with p* instead of y, is a
supersolution of . Then by Theorem (2.2) has a positive solution u such
that 0 < u < u* for p € (0, u*), and thus the proof is complete. O

For a multiplicity result on positive solutions to problem (|1.4]), we need an ad-

ditional assumption

(A6) there exists ¢ € (0,1) such that k(t) > 0 for t € (1 —¢,1) and for each
t €10,1], f(t,u) is monotone increasing in (0, B/6] with respect to u, where
B is the constant in (A5) and 6 = min{f;,1 — 62} > 0.
Then we have the following main result in this paper.
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Theorem 3.6. Assume that (A2’), (A3)—(AG) hold. Then there exists a constant
w* > 0 such that problem (1.4) has at least two positive solutions for p € (0, u*),
one positive solution for p € {0, u*}, and no positive solution for p > p*.

Proof. Define T : Ry x K — K by

Ty (ps w)(#) := T (py L (p, w)) (£) + (1 = t)afu] + tp

for (p,u) € Ry x K and ¢t € [0,1]. Here, L; : Ry x K — C0,1] is the continuous
mapping defined in , and it maps bounded sets in Ry x C[0, 1] into bounded sets
in C[0,1]. Then T} is completely continuous, T3 (u, ©)(0) = afu] and T1(u, w)(1) =
w. Moreover, if Th(u, u) = w in K, then w is a nonnegative solution of (L.4)).

Let po € [0, 1*) be fixed, where p* is the constant defined in Theor Let
u be a positive solution of problem with z* instead of y, and € > 0 be given.
Set I' = {u € C[0,1] : —e < u(t) < ux(t), t € [0,1]}. Then T' is an open set
containing 0. We show that T3 (uo,u) # vu for all w € XN OT" and v > 1. Assume
on the contrary that there exists v > 1 and u € K N 9I" such that T} (po, u) = vu.
Then, u satisfies

(p(u/ (1)) + ' 7Ph(t) f(t ult) = €(0,1),

u(0) = v tafu], u(l) =

From the facts that v € X NIT and 0 < w(l) < p* = wu.(1), it follows that

0 < u(t) < uy(t) for all t € [0,1] and 0 < uw(0) < afus] = u4(0) by the fact that

k(t) > 0 for ¢ near 1. Then there exists to € (0,1) such that u(ty) = u«(to) and

u'(tg) = ul(tp). By Lemma and (A6), f(t,u(t)) < f(t,u(t)) for t € [0,1].
Thus, for t € [0,1], we have

(p(ul (1)) = (p(u' (1)) = =h(t)(f(t,us(t)) — V' 7P f(t,u(t))) < 0.

For t € (to,1), integrating it from ¢y to ¢,

pp(u(t)) < pp(u'(1)),
and u) (t) < u/(t) for t € (tp,1). Integrating this again from ¢y to 1, u.(1) < u(1),
which contradicts the fact that u(1) < u.(1). Thus, by Theorem
i(Tl(uo,-),ICﬂF,IC) =1. (35)

Thus has a positive solution in I" for all ug € (0, u*).

On the other hand, by Lemma we know that there is p1 > 0 such that
has no positive solution at g = pq. This implies that T3 (11, -) has no fixed point in
K. Thus, by Solution property, for any open set I in C]0, 1], we have

(T (), KN U K) = 0. (3.6)

Then by Lemma 3.2 we may choose R > 0 such that all possible solutions u of
(2.2) for all p € Ry satisfy that u € B and I C Bpg. Here Bp is an open ball with
center 0 and radius R. Define a homotopy g : [0,1] X (BgR N K) — K by

9(m,u) = Ti(Tp1 + (1 = 7)po, ).
Then, g is completely continuous on [0,1] x K. Furthermore, by Lemma
g(1,u) # u, for all (r,u) € [0,1] x (0Bg N K). Thus by Homotopy invariance
property and (3.6)), we have
i(Tl(/Lo, '), BR N ’C, IC) = i(Tl(/Ll, '),BR N ’C, IC) =0. (37)

1
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From (3.5) and (3.7) with Additivity property, we have
i(Tl(,an ')a (BR \f) N ’C,K) =-1

Therefore (2.2), with pg instead of g, has another positive solution in (B \T)NK
for all pg € [0, u*), and this completes the proof in view of Theorem [3.5 O

4. APPLICATIONS
In this section, we illustrate problem (1.1))-(1.2])-(1.3)), introduced above. By ap-

plying consecutive changes of variables, r = |z|, w(r) = z(z) and t = (£) PNflp, u(t) =

w(r), problem (L.1)-(1.2) is equivalently transformed into problem (|1.4)), where f,
h and k are given by

ftw) = fi(rot ¥ ),

—1\» —p(N— —(p—1)
ht) = (=) it K (ot ),

N-p
p—1 —p(N—1) —(p—1)
k(t) = (N—p)ré\,t N=p l(rot N=p )

If K = K (r) satisfies (A1), then there exists a € [0, p—1) such that fol s*h(s)ds <
00, which implies that h € A. In fact, since a € [0,p — 1), -4 > —land

1/2 1/2 1/2 1/2
-1 < —1 Tya
/0 o (/ h(T)dT)dS_/O o (/ (2)*h(r)dr )ds
1/2 2
< @51(/ Tah(T)dT) / sTP-1ds < 00.
0 0
Also, if [ satisfies

(A7) 1 - QIT? (1- (%)%)Z(T)TN_ldr > 0, and there exists d; > 0 such that
I(r) > 0 for r € (ro,ro + 61),

then (A2’) holds and k(t) > 0 for all ¢ near 1.
On the other hand, if K = K(r) and f1 = fi(r, s) satisfy

(A8) there is a compact interval J := [p1, p2] C (ro,00) such that

mg = %?K(T) > 0;

(A4’) lim,_ g+ % = 0 uniformly in r € [rg, 00);

(A5’) there exists B > 0 such that
fi(r,s) > AysP=  for s > B uniformly in r € J,
where

A1::L< Tp )p>07 élz:(@)%’ é%:(&)%;

mk 92 — 91 To To

(A6) for each r € [ro, 00), f1(r,u) is monotone increasing in (0, B/6) with respect
to u, where 6 := min{6;,1 — 6-}.
then (A3) holds and (A4)—(A6) hold. Thus, in view of Theorem we have the
following corollary.
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Corollary 4.1. Assume that (Al), (A7), (A8), (A4’), (A5’), (A6’) hold. Then there
exists a constant p* > 0 such that problem — has at least two positive radial
solutions for p € (0, u*), one positive radial solution for p € {0, u*}, and no positive
radial solution for p > p*.

In a similar manner, by applying consecutive changes of variables, r = |z,
N

N
w(r) =z(z)and t =1— () p‘lp, u(t) = w(r), problem (L.1)), (1.3) is equivalently
transformed into problem (1.4), where f, h and k are given by

)

7(1_77
F(tu) = fi(ro1 =) 5 u),
_ p—1 L _ —p({;l) _ —<p:p1)
h(t)—(N_p) B0 =075 K (o1 - ) F),
(PN N =p(N-1) _ sl
k:(t)-(r_p)ro (1—1)~% l(ro(l 1) )
Then we have the following corollary.

Corollary 4.2. Assume that (A1), (A8), (A4"), (A5), (AG’) with

—N —N+p

b1 (2)7TT ot h—1 ()7

To To

Also assume
(A7) 1— 2f7?(%)2111vl(r)rN’1dr > 0, and there exists r1 > 0 such that [(r) >0
forr € (r1,00).
Then there exists a constant pu* > 0 such that problem , has at least two
positive radial solutions for u € (0, u*), one positive radial solution for u € {0, u*},
and no positive radial solution for pu > p*.
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