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ASYMPTOTIC DISTRIBUTION OF EIGENVALUES AND
EIGENFUNCTIONS FOR A MULTI-POINT DISCONTINUOUS
STURM-LIOUVILLE PROBLEM

KADRIYE AYDEMIR, OKTAY SH. MUKHTAROV

ABSTRACT. In this article we study a class of generalized BVP’ s consisting
of discontinuous Sturm-Liouville equation on finite number disjoint intervals,
with usual boundary conditions and supplementary transmission conditions at
finite number interior points. The asymptotic behaviors of the eigenvalues and
eigenfunctions are discussed. By modifying some techniques of classical Sturm-
Liouville theory and suggesting own approaches we find asymptotic formulas
for the eigenvalues and eigenfunctions.

1. INTRODUCTION

The study of eigenvalue problems for boundary-value problems (BVPs) is a topic
of great interest. The problem of finding eigenvalues and eigenfunctions and study-
ing their behavior plays a crucial role in modern mathematics. These investiga-
tions are of utmost importance for theoretical and applied problems in mechanics,
physics, physical chemistry, biophysics, mathematical economics, theory of sys-
tems and their optimization, theory of random processes, and many other branches
of natural science. In many cases eigenvalue problems model important physical
processes. For example, the bound state energies of the hydrogen atom can be
computed as the eigenvalues of a singular eigenvalue problem. Eigenvalues appear
in many other places. Electric fields in cyclotrons, a special form of particle ac-
celerators, have to oscillate in a precise manner, in order to accelerate the charged
particles that circle around its center. The solutions of the Schrédinger equation
from quantum physics and quantum chemistry have solutions that correspond to
vibrations of the, say, molecule it models. The eigenvalues correspond to energy
levels that molecule can occupy. Many characteristic quantities in science are eigen-
values: decay factors, frequencies, norms of operators (or matrices), singular values,
condition numbers. Very often those problems arise due to the use of the method
of separation of variables for the solution of classical partial differential equations.
For instance, let us consider the one-dimensional wave equation

pout = (kug)s (1.1)
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with boundary conditions
u(0,t) =0, wu(L,t)=0 (1.2)

for the longitudinal displacement u(xz;t) of a string of length L with mass-density
po(x) and stiffness k(z), both of which we assume are smooth, strictly positive
functions on 0 < x < L. Looking for separable time-periodic solutions of —
(1.2) we get the Sturm-Liouville eigenvalue problem

= (k¢") = Apow,  ¢(0) =0, (L) =0, (1.3)
where A = w? is a constant frequency and () is a function of the spatial variable
only. In recent years, boundary value problems various nonstandard for Sturm-
Liouville equations have attracted extensive attention due to their intrinsic mathe-
matical challenges and their applications in physics, engineering, biology, medicine
and so on. For example, Sturm-Liouville equations with boundary conditions lin-
early or nonlinearly dependent on the spectral parameter were addressed by many
authors (see [11 [6] [13] 16, 17 [I8] and the references therein.). Such problems often
arise from physical problems, for example, vibration of a string, quantum mechan-
ics and geophysics. Because of its significance, a great deal of work has been done
in the theory of Sturm-Liouville equations [I1], 22, 28]. However, apart from clas-
sical Sturm-Liouville problems, also discontinuous Sturm-Liouville equations occur
in applications, with or without the eigenvalue parameter in the boundary condi-
tions. In this study we shall investigate a new class of BVP’s which consist of the
Sturm-Liouville equation

7(u) = —a(z)u” () + q(z)u(z) = \u(z) (1.4)

on finite number disjoint intervals 2 = U?:ll(fi,l,fi), where 0 = &y < & < -+ <
&nt1 = m, together with boundary conditions (BCs) at end points x = 0, 7,

To(u) == cos au(0) + sin au/(0) = 0, (1.5)
75(u) := cos Bu(rm) 4 sin fu’ (1) = 0, (1.6)
and the transmission conditions at interior points & € (0,7), k=1,2,...n
To—1(u) = 0%p,_qu' (& + 0) + d2p—1u(&x +0)
+ Vap—1% (€ — 0) + y2e-1u(& — 0) =0,
Tor (1) = 09U (& + 0) + d2ku(& + 0) + 72w (€ — 0) + y2xu(ér — 0) =0, (1.8)
where a(r) = a? > 0 for x € Q; = (§-1,&), i = 1,2,...n + 1, the potential

3
q(z) is real-valued function which continuous in each of the intervals (&_1,&;),
and has a finite limits ¢(¢; ¥ 0), A is a complex spectral parameter, o, 95, Vi
and 7, (k = 1,2,...2n) are real numbers. The problems with transmission con-
ditions has become an important area of research in recent years because of the
needs of modern technology, engineering and physics. Many of the mathematical
problems encountered in the study of boundary-value-transmission problem cannot
be treated with the usual techniques within the standard framework of boundary
value problem (see [5]). Note that some special cases of this problem arise after
an application of the method of separation of variables to a varied assortment of
physical problems. For example, some boundary value problems with transmis-
sion conditions arise in heat and mass transfer problems [12], in vibrating string
problems when the string loaded additionally with point masses [21], in diffrac-
tion problems [25]. Also some problems with transmission conditions which arise

(1.7)
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in mechanics (thermal conduction problems for a thin laminated plate) were stud-
ied in [23]. Although the boundary value problems of Sturm-Liouville equation
with spectral parameter have been studied in many literature, only few papers can
be found in the literature on the Sturm-Liouville boundary value problems with
transmission conditions. The spectral analysis and some properties of the regu-
lar symmetric (self-adjoint) boundary value transmission problems (BVTPs) have
been studied in [2] B, 4, B [7, [8, @, 10, 15, 24, 26, 27]. In these direct problems
there are at most two transmission points [9] 26] 27]. In [9] Kadakal et al. gived
an operator-theoretic formulation for considered problem. In [26] and [27], Wang
et al. studied such self-adjoint BCs when the definition of the maximum operator
involves positive multiples, for the case of k¥ = 2, and obtained some non-obvious
examples. M. Shahriari et al. have investigated the inverse problem with a finite
number of transmission points [20]. Hence, there is a gap in the regular and singular
(selfadjoint and nonselfadjoint) multi-interval problems. Some of those approaches
can be satisfactory in the case where only the first few eigenvalues are desired. But
their usefulness becomes questionable and the accurate computation of eigenval-
ues tends to be a challenging problem in the cases where one wishes to compute a
large number of eigenvalues. Since many applications in quantum physics, quantum
chemistry, science and industry are connected to Sturm-Liouville problems (SLPs),
their solution has drummed up interest of several researches. Many codes have been
developed to solve regular and singular problems.

We want emphasize that the boundary value problem studied here differs from
the standard boundary value problems in that it contains transmission conditions
in a finite number interior point. Moreover the coefficient functions may have
discontinuity at finite interior point. Naturally, eigenfunctions of this problem may
have discontinuity at the finite inner point of the considered interval.

2. NOTATION AND PREREQUISITE RESULTS

For further consideration we need the next Lemma.

Lemma 2.1. Let q(x) be continuous in each of (§—1,&) and f(X\),g(\) be given
entire functions. Then the initial value problem

—a(z)u” +q(x)u =M, z€Q;=(§-1,8), (2.1)

u(er+0.3) = (), ZAETEON ) (22

has a unique solution u(x) = u;(x,\). For each x € (§-1,&), ui(x, A) is an entire
function of N € C(i=1,2,...n).

Proof. 1t is sufficiend to transform the initial value problem (2.1)—(2.2) to the equiv-
alent integral equation

u(z) = f(N) cos(ﬁ(:r —a1)) + —=g(A) Sin(ﬁ@ —ay))

S

" % /a"” sin(VA(z — a1))q(y)u(y)dy,

and then employ the analogue technique as in proof of [22 Theorem 5.1]. (]
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With a view to constructing the characteristic function w(A) we shall define two
fundamental solutions

¢1(£,/\), T [0761) X1($7/\), T € [0751)
P2z, N), x € (&1,&2) x2(x, ), z € (§1,62)
P(x, A) = S d3(x, A), r € (&,8) x(@A) = xs(z, ), r € (§2,83)

¢n+1(xaA)’ T € (fmﬂv Xn-‘rl(mv)‘), T e (fnaﬂ']a

by a special process. Let ¢1(z, \) and x,+1(z, A) be solutions of (1.4) on (0,&;)
and (&, ) satisfy the initial conditions

uw(0,\) =sina, u'(0,\) = —cosa, (2.3)
u(m,\) = —sinB, u'(m, \) = cosf (2.4)

respectively. In terms of these solution we shall define the other solutions ¢;(x, \)
and x;(z, A) by the initial conditions

1 doi (& — 0, A
¢it1(& +0,0) = Ay —(Ai230i(& — 0, \) + Az24%) (2.5)

99ix1(&+0,A) -1 o ~ 09i(& —0,A)
658 - Ai12 (Azld(bz (67, 07 )\) + A214 (958 ) (26)

and
Xi(& —0,A) = A_l (Ajraxi+1(& +0,A) + Ai%M) (2.7)
i34 x

Oxi(&i—, A 1 Oxit1(& +0,A

X (gx )) =~ A (Ajiaxir1(& +0,0) + Aizg%) (2.8)

respectively, where Ay (1 < j < k < 4) denotes the determinant of the j-th and
k-th columns of the matrix

091 O2i-1 Vi1 N2i-1
03 02 Vai V2i
where ¢ = 1,2,...n. Everywhere in below we shall assume that A;;, > 0 for
all i,j,k. The existence and uniqueness of these solutions are follows from the by
Lemma . Moreover by applying the method of [15] we can prove that each of
these solutions are entire functions of parameter A € C for each fixed . Taking into
account (2.5)—(2.8) and the fact that the Wronskians w;(\) := W(g;(z, \), x;(z, A)]
(¢=1,2,...n+ 1) are independent of the variable z, we have

Ixi(&it,A)  09i(§it, A)

wit1(A) = ¢i(&+, N) o o xi(&i+, A)
Ajsy oxi(&i—A)  09i(&i—, N
“2 ((bz(é-z 9 ) 633 - 813 Xl(gl_a )‘))
_ B Bjs1 (i=1,2,...n).

112 A‘712

It is convenient to define the characteristic function w(\) for problem (1.4)—(1.8) as

w(A) = wi(A H Aj;zwzﬂ (i=1,2,...n).
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Obviously, w(A) is an entire function. By applying the technique of [9] we can
prove that there are infinitely many eigenvalues \,, n = 1,2,... of the problem
(1.4)—(1.8) which coincide with the zeros of characteristic function w(\).

Theorem 2.2. Let Ao be zero of w(X). Then the solutions ¢(x, Ao) and x(x, \o)
are linearly dependent.

Proof. From w;(Ag) = 0 it follows that
Xi(T, Ao) = kigi(, Ao) (2.9)

for some k; #0 (i = 1,2,...n + 1). Next we show that k; = k;11 (1 = 1,2,...n).
Suppose that k; # k;11. Using (1.8) and (2.9) we have

—1 ox;i i+ 0,
Xi(& — 0, 0) = (As1axit1(& +0,X0) + Ajoy Xir1(E O))
AVEY! Ox
—k; 0¢iy1(& +0, A
= L (Ai1adig1 (€40, 00) + Dios Pir1 (6 0)) (2.10)
AVEV! ox
Eiv1(Ai1alizz — Nj2aAjr3)
— (€ — 0.\
NN Xi (ﬁz s 0)
The direct calculations gives A;14003 — Ajoali13 = Aj19A;34. Consequently
k;
Xi(§i —0,A) = ;:1 xi(& —0,A) (2.11)
Hence x;(& — 0,Xg) = 0. Similarly from (2.8]) and (2.9 we derive that
X; (i —0,20) = 0. (2.12)

Thus we have x;(z,A9) = 0 for any = € Q; = (&,&+1), ¢ = 1,2,...n — 1 (2.11)
and (2.12)). But this is contradict with (2.7)-(2.8)). Consequently, k; = ki1 (i =
1,2,...n), so ¢(x, Ag) and x(z, \o) are linearly dependent. |

Corollary 2.3. If w(\g) = 0, then Ay is eigenvalue and ¢(x, Ng), x(z,Ao) are
corresponding eigenfunctions.

Lemma 2.4. The set of eigenvalues of problem (1.4)—(1.8)) coincide with the set of
zeros of the function w(\).

Proof. By Corollary each zero w(\) is eigenvalue. Now let Ay be eigenvalue.
We must show that w(Ag) = 0 Suppose , it possible, that w(Ag) # 0. Let ug be
eigenfunction corresponding to this eigenvalue. Since w;(Ag) #0 (i =1,2,...n+1)
the eigenfunction ug(z) can be represent in the form

hi1¢1(z, Ao) + hizax1(x, Xo), re€[0,&)
ha192(x, Ao) + haaxa(m, Ao), z € (£1,&)
ug(w) = < hz1¢3(x, Ao) + hsaxs(z, Ao), z € (§2,83)

Ant1)1Pn+1(7, A) + A2 Xnt1(2,A), @ € (€n, 7]

where at least one of the constants ;; (i = 1,2...n+1; j = 1,2) is not zero. Putting
in conditions 7 we obtain homogenous linear simultaneous equation of the
variables f;; (i = 1,2...n + 1; j = 1,2). By direct calculations it is easy to
show that the determinant of this system has the form cw()\g, where ¢ # 0 is
an constant. Consequently this linear simultaneous equation has the only trivial
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solution #;; (1 = 1,2...n+1; j = 1,2), and so we reach a contraction, which
completes the proof. ([

Now by modifying the standard method we prove that all eigenvalues of problem

* are real.

Theorem 2.5. All the eigenvalues of the boundary value transmission problem

* are real.

Proof. Let A9 be eigenvalue and ug be eigenfunction corresponding to this eigen-
value. Then integrating by parts we obtain

n ntl Ekt1—
Z 2 HA112 H A234/ Tug(z)ug(x)de
k=0 k41 ;20 i=k+1 &kt
ST 1T da [ womt
- JAVED) A134/ uo(z) Aug(z)dx
k=0 k+1 i=0 i=k+1 Ent (2'13)

= A134Q234 . .. Ayga (W (uo, Uo; &1 —) — W (uo,Uo; 0))
+ A1128034 ... Apsa (W (uo, To; E2—) — W (uo, Uo; &1+))
+ o A1 Apia (W g, T m) — W(uo, tos Ent))

where, as usual, W (ug,ug; z) denotes the Wronskians of the functions uy and .
From the definitions of transmission functionals we have

Ajza W (uo, uo; &i—) = Aj2W(uo, uo; §+) i =1,2...m (2.14)
Finally, substituting (2.14) in (2.13]) we have

n+1 §k+1_
(Ao — Ao)] Z HA212 H Az34/E )2dax

k=0 k+1 i=0 i=k+1
n+1 5k+1—
-3 Tl T s [ o o
=0 U i=0 i=k+1 Skt

Since A;jr > 0 we obtain Ag = Ag. Consequently all eigenvalues of the problem
(1.4)—(1.8) are real. The proof is complete. O

Theorem 2.6. For each eigenvalue Ao of problem (1.4} . ) there is at least one
real valued eigenfunction ug(x) corresponding to this ezgenvalue

Proof. Let Ao be any eigenvalue of the problem and let ¢o(z) = @o(x) + itho(x) be
an eigenfunction corresponding to this eigenvalue. This implies pg(x), ¥o(x) are
not both zero. It is easy to see that ¢g(x) = o (2) —ithg() is also an eigenfunction,
corresponding to same eigenvalue \g. Since ¢o(z) and @o(x) are eigenfunctions of

the problem (|1.4] ., at least one of the real valued functions w =
(z) and 2 z) Jol2) _ is not zero and therefore also is eigenfunction of

the problem (|L.4] . Thus there is at least one real valued eigenfunction,
corresponding to the eigenvalue \g. (I
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3. ASYMPTOTIC BEHAVIOR OF THE FUNCTIONS ¢(x, A) AND x(x, \)

To abbreviate notation we use the notation ¢;x(z) := ¢;(x, A), xix(z) := xi(z, A)

(i =1,2,...n+ 1). We can prove that the next integral and integro-differential
equations hold for k=0 and k = 1.

dk . dk sT ajcosa d* | sz
wqﬁp\(x) = sina—— cos (a—l) + 2 Pl (a—l) o)
3.1
1 [ d . s(x—vy)
+ as Jy ok S (<T)Q(y)¢u(y)dy,
d* 1 d* sz —¢&;
Wﬁb(iﬂ)x(l’) = E(Ams@v\(fi) + Ai24¢gx(§i))@ cos ((a+1))
ai d* . s(x—¢
- B (Buadn(@) + Busda(@)) g ((C—H) - @
1 rdk . s(z—vy)
G115 /& o s (TH)Q(?JW@H)A(Q)CZZ/
for x € (a,&) and for x € (§,&;+1), ¢ = 1,2,...n respectively. Also
dF . dF s(m—x Apt1 & s(r—x
e Xmn(e) = s o cos () 1 425 con o in (40
1 T gk s(x—vy)
2 ogp (2 Y d
anirs ). daF sm( i )q(y)X(n+1))\(y) Y
dk
@Xi,\(x)
1 d* s(x—&
= A (Aiaxcra(&) + Ai24X/(i+1))\(§i))W cos ((71))
a; ¢ sz —¢&
+ 5A 3 (Aiaxsa (&) + Ai23X/(i+1))\(£i))w Sin (%)
1 (5% db | se—vy
+ ais/ ok S0 (T))Q(y)XM(?/)dy
for x € (&,,b) and (&;,&+1) (i = 1,2,...n), respectively.
Theorem 3.1. Let Imu =t. If sina # 0, then
dk . dlc ST k—1 ‘t'i
Wd)p\(x) =sina—— cos[&—l] + O(\s\ e 1) (3.3)
dk
W@iﬂ))\@)
- T A s(& —E-1) N dF s(z — &)
=(=1)* 7 J J J . 4
(=1)'sinas (H 120, sm[ p» ])dack cos[ o ] (3.4)

i=1
. i (&5—€5—-1) (z—€;)
+O(Jsff 1 im TETIET) im 2,
as |s| — oo, while if sina = 0,

d* ajcosa d* . s ko |t
ﬁgbu(x) = — sm[a—l] + O<|s| e 1) (3.5)

s dxk
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dx A dk s€ s(x — &)
e O2A(8) = —eosa gy cos [ eos [FE R (3.6)

i (| |k 1 |t|(§1+(1~ 51)))

= (—1)icosasi—1% 861 (H A sin | (gj _fj_l)]) (3.7)

11 ]12% a;

d* S ; i M (2—€;)
X — €08 [ s@=¢ )] 4 O<|5|1726\t\((z_7, 1Siml)y oty) ))
da* i1

1=2,...nasl|s| — oo, (k=0,1). Each of this asymptotic equalities hold uniformly
for x.

Theorem 3.2. Let Ims=1t. Ifsin3 # 0, then

d* dk s(m— 1) t] &=
4 = —ginfB— 28 Of]s|F e e 3.8
o X(n+1)A () smﬁdxk cos[ - ] + (|s| e ¥ ) (3.8)
dk
d:TkX("*i)A(x)
‘ : : An—j)24 5(&nt1—j — &n—j)
= (=1)"sin ﬂsZ“( 2 sin . ! ) 3.9
E) A(nfj)34a7l+1—j [ Prt1—j ] (3.9)
dk S(SE _ gniz) . |t|((21 (Ent1—j5—&n—j) )+ (I*Snfi))
. O( 7 =0 Apnt1—j Ay — g ,
X 7 cos [7%—@ | +0(]sl'e )

fori=0,1,2,...n—1 as |s| — oo, while if sin 3 =0,

d* Qnyqcos B dF s(m— ) po |t =)
Ak X(n+1)/\(z) T s dek sin [m] + O<|S| e ntl ) (3.10)
dk ATL -/ Qqn - Sn
WXn,\(x) = —cosf3 e [S(W &) cos [S(x ¢ )]
x

ant+18n34 U1 an (3.11)
(‘” §n) (1‘ §n)
—I—O(‘ ‘k 1 1t R ))

dk
WX(nfi))\(x)

Ao 5(7T _gn)] d* [s(x—fn,i)]
PRVl S dzk i
n+123n34 n+1 n—1

A(71—]')24 n [S(EH 1—j —&n— J)})

< ( i
j=1 A(nfj)34an+1—j Qan—j

; (£ —j—&n—j) (x—&n—i)
<|S|Fle‘tl((z-;:° mtlod onodoyy oo ))

= (=1)"tsin g5t

i

Ant+1—j Ap—q

+0

as |s| - o0 i =1,...n—1 (k = 0,1). FEach of this asymptotic equalities hold
uniformly for x.
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4. ASYMPTOTIC BEHAVIOUR OF EIGENVALUES AND EIGENFUNCTIONS

Since the Wronskians of ¢ (x) and xa(x) are independent of = in each Q; (i =
0,1,...,n+ 1), in particular, by putting £ = 7 we have

_ - Ajl? _ . Aj12
A) - gl Aj34wn+1(A)|$:‘ﬂ' - jrzll Aj34w(¢n+1(777A),Xn.l,_l(ﬂ")\))

(4.1)

n A ) '
=11 Aj;i {cos B (n1)(m, A) = sin B(, 1) (T, A}
j=1

Let Imp = t. By substituting (3.8) and (3.12)) in (4.1) we obtain the following
asymptotic representations:

(i) If sinew # 0 and sin 3 # 0, then

IPTCTE DFN Lo i (fj —&-1)
w(A) = (—1) smozsmﬁan-s_1 (H A]34a_] Py ]) )
rs(m— &) n JH(y Simii=1)
X sin | — ]+ <| |"e ),
(ii) If sin # 0 and sin @ = 0, then
w(A) = (—=1)" sin « cos Bs™ (H Ao n[s(fj ;.gj—l)})
3344 j
(4.3)
nt1 (§5—€5-1)
xcos[i(z n )]+0(| "t H(E 7 ))
n+1
(iii) If sina = 0 and sin 8 # 0, then
w(})
o ynt2 s" % 351 (§j —&j-1)
=(-1) smﬁcosozawr1 (H A]34a] sm Py ]) (4.4)
s = &) n—1 (S5 w>
x sin | — 1+ <| | ),
(iv) If sinaw = 0 and sin 8 = 0, then
w(\)
= (=1)"cos Beosas™ ! 2124 851 (H AJ;E; sin [ (fj afj_l)]) ws)
s(m—&n) =2t |(2”“ )
X COS [7%“ |+ (| | ),

Corollary 4.1. The eigenvalues of problem (1.4)—(L.8) are bounded below, and they
are countably infinite and can cluster only at co.

Proof. Indeed, putting s = it(t > 0) in (4.2)—(4.5) it follows that w()\) — oo as
t — 00, s0 w(A) # 0 for A negative and sufficiency large. O

Now we are ready to derived the needed asymptotic formulas for eigenvalues and
eigenfunctions.



10 K. AYDEMIR, O. SH. MUKHTAROV EJDE-2016/131

Theorem 4.2. The boundary-value-transmission problem (1.4 . ) has an pre-
cisely numerable many real eigenvalues, whose behavior may be expressed by the se-

quence {sg)} (t=1,2,...,n+1) with the following asymptotic behavior as n — oo:
(i) If sina # 0 and sin 8 # 0, then
Q) atwk 1 .
s = WL o(2), (t=1,2,...n+1), 46
F (& — &i—1) (k?) ( ) (4.6)
(i) If sina # 0 and sin 8 = 0, then
(n+1) 1, apnym 1 ®) (k+ Dam 1
s = (h+ )" L 0(2), s\ = 2T TTT L o(2), 4.7
* bt ey TG Zag g O @)
fort=1...n

(#i) If sina = 0 and sin 8 # 0, then

1. am ( ) RO (k+ a,m

(k+2)§T+O 2(& — &)

+0(7), (4.8)

fort=2...n4+1,
(iv) If sina = 0 and sin 8 = 0, then

1 n 1. an 1
sV = (k+ )al—ﬂJrO() S,&+1):(k+*)u+0(%),

27 & 2 (7T - fn)
(4.9)
s(t) N (l{i + 2)at7r 1 _ n
k 2(&7&_1) O(k)7 (t 27 )7

Proof. Let sina # 0 and sin 8 # 0. By applying the well-known Rouche Theorem
which asserts that if f(z) and g(z) are analytic inside and on a closed contour I', and
lg(2)] < |f(2)] on T then f(z) and f(z)+ g(z) have the same number zeros inside T
provided that the zeros are counted with multiplicity on a sufficiently large contour,
it follows that w(\) has the same number of zeros inside the suitable contour as
the leading term

r+1
; 1 3
wo(A) = —sin asin Bs”"( H — sin [M])
=1 Pi Pj
in (4.2). Hence, if A\g < A\ < A2... are the zeros of w(\), we have the needed
asymptotic formulas (4.6]). Other cases can be proved similarly. O

Using this asymptotic expressions of eigenvalues we can obtain the corresponding
asymptotic expressions for eigenfunctions of the problem 7. Recalling
that ¢y, (z) is an eigenfunction according to the eigenvalue A,, and by putting
in the — for K = 0,1 and denoting the corresponding eigenfunction
as (b,(:) () (t=1,2,...n+1) we get the following asymptotic representation for the
eigenfunctions if sin @ # 0 and sin 3 # 0, then

sin a cos [#’gﬁ} +0(3), forze (a,&)

i ak 1% i A s oTaem(§i—€i—1)k
(bg) (x) = (=1) Slna[(ft—ﬁt—l)] (ijl Ajljzj s [ aj(ft—&—ll) ])
% COS [ armk(x—E;) ] + O(szl)’

ait1(&—E&c—1)

for z € (§i7£i+1)5 i= 1723""”‘
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where t = 1,2,...n+ 1. If sina # 0 and sin 8 = 0, then

and

sinacos [(k+ 3) 25y ] +O(1), forz € (a,&1)

;. Apt1TT i
(=1)isina[(k+ 3) (ng”)]

n+1 ; . £ T
¢§€ + )(g;) = X(H;:1 Affzzzj sin [(k + %)w])

aj(m—&n)
% COS [(k + %)anﬂﬂ(z‘—&)] + O(kiil),

ai+1(7"_£n)

forz € (&,&+41) 1=1,2,...n

sin o cos [%} +0(3), forze(a,&),
i a;m(k+1) 1t
(-1) sma[im&(& 1))]

(M _  aum(e; € 1) (k1)
k (x) X<HJ 1 AJfZZZJ ln[ 2‘1;(5;7‘51"*1) ])

e (k+1)(x—&) i—
X COS [7‘;%“(&7271) ] + Ok )

for x € ({i,éi“) i=1,2,...n

where t=1,2,...n. If sina = 0 and sin § # 0, then

and

V(@) =

—aycosaf(k+ 3)%

=] sin{(k + 1)22] + O(f), for @ € (a,61)
—cos a3 cos [(k+ 5) ] cos [(k+ 3) g =] +0(7)
for z € (&1,&2)

(—1)"cosa[(k + )a&—”] cos [(k+ %)L;fll] cos [(k + %)7(“;(;612?)]

i A ~ arm(€;—€;-1) i
X(Hﬂﬂﬁ Kk*@#]) +O(k'?)
for x € (&,&+1) 1=2,...n

—aycosa|(k + 1)%} ~sin [(k+ 1)%] +0(zz)
for z € (a,&),

—cosa% cos [(k + 1)#_%_1)] cos [(k + 1)%] +0(3)
for z € (&1, &),

(—1)icosa[(k+1)7( “‘g )]i_ cos [(k+ )7‘“’”51 ]

2E: ¢ a1(§s—E6t—1)
x cos [(k + 1) go i —ey)

i Agi- arm(§—&i—1)
(Tms mrizs sin [+ 157251
+0(ki=2)

for x € (&;,&i41), 1 =2,...n
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where t =2,...n+ 1. If sina = 0 and sin 3 = 0, then
—aicosaf(k + 3) %] "sin[(k + 4 3) ]+ 0()
for « € (a,&1),
— cosaizt cos [(k + 3)58] cos [k + 3) “EEE] + O()
Mgy = forze (&, &)
(1) cosa[(k + )‘““] cos [(k + 1) 9] cos [(k + 1) amle—]

a1é1 a;i+181

X(H?_ AG-1)24 sin [(k+%)alﬂ(€j*$j—1)])_’_O(kifz)

J=2 A _1)12a; aj&1
forz € (&,&41)1=2,...1;

—ay cosaf(k + )8:-%—17")]7 sin [(k + )a??;iz)] + 0(7%)
for x € (a,&1),

—cos a% cos [(k + %)aal"(jrl_”;:)] cos [(k + %)%(fgf)l)] +0(%)
for x € (§1 52)

o1 (@) = § (D cosal(k + §) 5] cos [(k+ ) ]

x cos [(k + 2)7‘1"“”%95 £ )]

ait1(m—&n)

i Ag-1 : 1\ @n+17(§—&j—1)
% (Tm ezt sin (b + ) =rEg=])

+0(k'~?)
forz € (&,&41),i=2,...1n

and
s -1 . LT
—arcosal(k+ 2)ggi—]  sin [k +2) g te ] + O,
for z € (a, &)
— cos a% cos [(k + 2)#271)] cos [(k + Q)%] +0(3)
for z € (&1,&2),

(t) — 7 ap T i—1 a T
i (@) =< (1) cosaf(k + 2)72(&7&71)] cos [(k + 2)72%(&7%71)]

xcos [(k + 2) g7 s5Te =6 )

i Ay : arm(€5—E€;—1)
(TTis mtzey sin [k + 2572265
+0(k'~2)

forz € (§,&41,1=2,...1n

Conclusion. The main results of this study are derived under the simple condition
Ajr > 0. We can show that this condition cannot be omitted. Indeed, let us
consider the next simple special case of the problem (|1.4)—(L.8)),

—y"(z) = Ay(z) ze€[-1,0)U(0,1], (4.10)
y(=1) =0, (A—=1y'(=1)+ (1) =0, (4.11)
y(0-) =y(0+), y'(0-) = —y'(0+). (4.12)

for which the condition Ajj2 > 0 is not valid (Aj12 < 0). It is well known that
the standard Sturm-liouville problems has infinitely many real eigenvalues. But
it can be shown by direct calculation that the problem (4.10| - has only one
eigenvalue \ = 1.
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